Deflection of Straight Beams
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Deflection of a point — distance between its position before and after loading.

Slope at a section in deflected beam — The angle, in radians, which the
tangent at the section makes with the original axis of the beam.

Stiffness of a beam — Ratio of max deflection of beam to its span.

Relationship between Curvature, Deflection and Slope.

Due to imposed ,r 1\
load, let the beam A | B
AB bend to the A B X
curve A'B'. \ /‘
From the relationshi \
rom the relationship Elastic Curve
c E M
r R | Of which
We have El — Flexural rigidity
1 M R - Radius of curvature
= (1) M — Bending moment causing deflection of

R | the beam



Elastic Curve

Consider two points P and Q on the elastic curve.
Let 0 - Angle made by tangent at P with X-axis .
do - Angle between normals to the curve at P and Q.

Now PQ=Rdé&
Slope at P = 0; at Q = (0+d0). Slope

Or 1 - do - do decreases with increase in dx
RPQ o ' do Is -ve
. dx

(For very small deflections, PQ = dx)
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Hence 1 do

R dx

But dy =tanf =40 (small angle &)

dx

d2y do 1 M

Therefore — — =
dx*  dx R El
Since ,
2
Therefore = d y:_|\/| % IS - Ve, SO d Z IS - Ve.
dX2 dx dx

The B.M causing deflection is + ve.



But in the case below B.M is —ve and the slope at Q is more than at P.
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At P the slope is O whereas at Q is (0+d0)

d®y

, do . .
. Here  — s+veandsoils —;

dx dx

In both cases arc PQ = Rd6@
~ PQ=dx (sincethe arcis very small)

Therefore Rd @ = dx
dg 1

2
or 99 _ dey M
dx R

1
r —:—2_
R dx El

(Compare with egn (i), M is —ve for cantilever)

d®y

dx® =M

Therefore El




When M is +ve (case of beams) — is —ve
dx
d 2
M is —ve (case of cantilever) Y s +ve.
dx’
General equation of deflection
d 2
E1SY =M
dx
. . dy .
By integrating it once we get —2~  -the slope equation.
dx
By integrating it twice we get Y - the deflection.

The above equation is known as Differential Equation of Flexure.



Sign Convention

B W N

When measuring along the beam from left to right, x is taken as +ve.
Deflection y is +ve downwards.
Bending moment M is positive (+ve) when sagging.

Slope 0O is +ve if while going from left to right along the beam tangent to
the elastic curve while inclined downwards.

Below: Distance x; deflection y; bending moment M and slope 0, are positive.

18:20

Whereas 0; is —ve.
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Standard Cases using the deflection equation of flexure.
1. Cantilever

a) Concentrated load W at the free end.

YMax

Consider a section X-X at a distance x from the fix end A.

AB = |

M, =-w(l-Xx)
d 2
El d—gl:—M = W(l — X) = wl —wx
X
Integrating we have 2
WX
EI d_y :WIX—T-FC]_
X
dy where C; — constant of integration

At A where x=0 the slope {y is zero, therefore C; =0



Hence 2
g :wlx—""xT ()

dx

For slope at B where x = |

9_;w:1(w*hymj_m2 (@

® dx El 2 | 2EI

For deflection, integrate equation (i)

2 3

wxl  wx : :

Ely = — +C where c, - const of integration
6 2 2

2

Deflection at A is zero, thus y=0 when x=0 therefore C, =0

wix?  wx®

Hence Elv = _ (i
y=—3 5 ()




For deflection at B where x = |

1[yWﬂ2_wPJ_wP ()

Yo =5 | T2 6 | 3El

Eqgns (i) and (ii)) = Slope and deflection resp.

Egns (a) and (b) = Max values of slope and deflection at the free end resp.

2) Carrying u.d.l at the of w/unit length over entire span.

/ X |- x % .
% : /w/unlt length
ZA Ll iiwiié
|
/ : \ __Ymax
« B
X
Consider a section X — X at distance x from fixed end A.
—w(l — x)*
v~ ~WI=X)
2
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El

2 Y
d 2’:_|\/| :W(I X) :ﬂ(IZ—ZIXerZ)
dx 2 2

Integrating both sides we get:

2 3
El = dy _w 1°x — 2bx X +C,
2 3

dx 2
. . , __dy
Now at point A the slope is zero, .. putting d_ =0
X
when x=0 = C =0
d W x° .
o AL LV N ()
dx 2 3

For slope at B, put x = |

g =W W (o e D)Wl W where
> dx 2El 3

6EI  6El W =l

...(a)



Integrating eqgn (i) for deflection, we have:

w(l°x® Ix* x*
Ely =— ——+ +C,

2\ 2 3 12

Deflectiony at Ais zero. Thus y=0whenx=0, .. C,=0

Hence 5 o 3 4
ayzwp’(—”-+xl (i)

2\ 2 3 12

For deflection at B, put x=|

W(Pﬂzlﬂj_wﬁ_WP

- N ()
2El 2 12 8El 8El

Ye

where
W =wil



2) Simply Supported Beam
a) Point load at mid-span

X
!
|
|
!
|
X

Consider a section X =X at a distance x from the support A but within the
portion AC. By symmetry the support reactions at A and B are equal to

W w
R, =R, =— S M, =—X
A B 2 X 2
But d2y W d2y
El —=-M = ——x=EI

dx? 2 ax?
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Integrating above expression for the slope, we have:

2

g WX
dx

+C, Wherec, -integration const.

At mid span C, the slope is zero

e. Q:O where x=l
dx 2

{3)
El dy 2 +¢,=0 = ¢ =

ax 4 16

£

dy  wx® wl’?

El —=-— +
dx 4 16




For slope at A where x=0

dy wl? wl?
0,=—= By symmetryg, = -6, =—
* dx 16El sy O TY=T
For deflection, further integrate expression (i) above:
wx®  wl?x .
Ely =— - + 15 +C, where ¢, — Integration const.

At A deflection is zero, ie. Y =0 when x=0. .. C,=0

wx®  wl?

X .
Ely =— + (1
Y 12 16 (i) _ _

) )]

El| 12 16 | 48El

I
For deflection at C, put X = > Y. =




b) U.D.L of w/unit length over the while span
X W/unit length

[T

I
l
I
I
|
I
|
I
I
I
I
!

/2

Consider a section at distance x from the support A and within portion AC. By
symmetry, support reactions at A and B are each equal to ﬂl =R, =R,

2

MX:WIX_WX

2 2
2 2
Bt EId Z:_M:_WIX+WX
dx 2 2
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Integrating the above for slope, we have:

2 3
EIQ:—WIX +WX +C,
dx 4 6
At mid-point, slope is zero ie.
%zO where x:l
dx
wl (1Y w(lY WE
— | = —| = | +¢ = C =+—r
4 \ 2 6\2 4
2 3 3
EIﬂ__wlx +WX +W| (i



For slope at A, put x=0

0, = Wi’ and by symmetry
A 24El
0, =-0;
3 2
o, =M _WI" iy wherew =wi
24El  24El
For deflection, further integrate expression (i) above: ) )
EIy__W|X3+WX4+W|3X+C Ya =
12 24 24 7 atx=0
| G =0

For deflection at Cput x=1/2

1 wl(lj?’ w(lj4 w|3(|j 5wl BWI°
Y. = — — | +—| = +—]| = — —
El 12\ 2 24\ 2 24 \ 2 384El 384E]|



Moments applied on a beam

| Determine the slope and

? X maximum deflection at B
e X
? A |X B ]
7
M .
X Determine the slope and
A B . .
3 | b maximum deflection at C
X |
| |
|
IX
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