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Thick Spherical Shells

Consider a thick hemispherical
shell element of radius r, under
a compressive radial stress P
as shown in Figure 4.0

Let w be the radial deflection
at any radius r, so that

Hoop strain(og) =W/,

Radial strain(P) = 4w/ d

r
Fig. 4.0: Thick hemispherical shell element

From three-dimensional stress-strain relationships,
w
E?=O'—VO'+VP 4.1
dw
E—=—-P—vo—vog =—P —2v0o 4.2
dr


http://www.codecogs.com/users/23287/ThickWalled-CnS-0007.png
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Multiplying 4.1 by r
Ew=0c*«r —vo*xr +vP xr

And differentiating with respectto r

dw do do dP
Eﬁz a+rﬁ—va—vra+vP+er
Which gives,
dw do dP
E%=(1—v)<a—r5>+v(P+rE> 4.3
Equating 4.2 to 4.3,

do dP
P—2vo=(010-v){o—r—|+v|P+r—
dr dr
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Simplifying, we get

do dP
(1+v)(0+P)+r(1—v)—+er= 0

Considering now the equilibrium of the hemispherical shell element,

gx2nr xdr = P*nr? — (P +dP) *m * (r + dr)?
Neglecting higher order terms, we get

—1\ dP
o+ P = ( > ) Ir
Substituting equation (4.6) into equation (4.4),

—r\ dP do dP
(2)dr(1+v)+T(1_v>(dr>+w<dr>_O

4.4

4.5

4.6

4.7
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Simplifying, we get

do_1dP _
dr 2dr
Integrating, we get
P P
G_MEZ:A‘:>U::/1+EZ
Substituting equation (4.8) into equation (4.6)
P —1\ dP 3P —1\ dP
14+“§4_P::(:2:)dr ET_FA;:(:ZZ)dr
We get,

dP d(Pr3
3P+ (r)—— = —24 = (dr ) _ o

4.7

4.8
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Integrating, d(Pr?)

= —2Ar?
dr 4
—2Ar3
Pr3 = + B
3
,_B_24
3 3

Substituting equation (4.9) into equation (4.8)

L 1B 24
AU IR

A 1 B A
— —_— ¢ — — —
° 2 r3 3

4.9

4.10



By putting: a = % and b = 8B

We then have the general equations:

P=—-a+— (4.11)
and
09 =a+- (4.12)

If the inside and outside diameters are d, and d, and the
pressures on these surfaces are P, and P, respectively, we
can write Equation (4.11):

b b
P1=_a+_3 and P2=_a+_3
a3 d3



Solving these equations for a and b gives:

p — (P1—P,)d3id5
ds—d3

and

b P,d3-P,d>

a=——P =

a3 d;—dy

Hence, from Equations (4.11) and (4.12);
P,d3—Pid; | (Py—Py)d3id;

P="4e Y (@

and

(Py—P,)d3d3
(d3-d3)2a3

P,d3—P,d>
(d3-ai)

Og = +

(4.13)

(4.14)



Equations (4.13) and (4.14) are the general equations for thick
spherical shells whose inside and outside diameters are d, and
d, and whose pressures on these surfaces are P, and P,

respectively.
Specific cases are then determined according to specific

scenarios.

1. If there is internal pressure only (P, = 0):
The Equations (4.13) and (4.14) become:

_ Pdi (d3
and
o, = S1di (dg +1) (4.16)
9 ™ a3-a3 \243 |



The Maximum Stress is the value of oy at the inside radius I.e.

_ Pi(d3+2d7)
O0max — 2(d3-d3) (417)

And the maximum Shear Stress, at the inner radius:

1 3P, d>
Tmax = 5 (0-9 + Pl) — 4(d:231_;i,) (418)

2. If there is external pressure only (P, = 0):

This is an unusual situation for thick spherical shells, but
the student may easily determine the equations for radial
and hoop stresses at any diameter, d, using equations
(4.13) and (4.14).



Example

A thick spherical shell of 200mm internal
diameter is subjected to an internal fluid
pressure of 7N/mm?. If the permissible
stress in the shell material is 8N/mm2
compute the;

(a) thickness of the shell

(b) minimum value of the hoop stress
(c) maximum shear stress




Assignment 2

For a thick spherical shell of internal and external radii r,
and r,, respectively, under external pressure p,, find the
expressions for the following:

(@) The radial stress at any radius r;

(b) The circumferential stress at any radius r;

(c) The maximum radial stress and where it occurs;
(d)

d) The maximum circumferential stress and where it
occurs; and

(e) The maximum shear stress and where it occurs.
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