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THICK SPHERICAL SHELLS

Fig. 5.0: Thick hemispherical shell element

Consider a thick hemispherical 

shell element of radius r, under 

a compressive radial stress P, 
as shown in Figure 5.0

Let w be the radial deflection 

at any radius r, so that

𝐻𝑜𝑜𝑝 𝑠𝑡𝑟𝑎𝑖𝑛 𝜎𝜃 = Τ𝑤
𝑟

𝑅𝑎𝑑𝑖𝑎𝑙 𝑠𝑡𝑟𝑎𝑖𝑛 𝑃 = ൗ𝑑𝑤
𝑑𝑟

From three-dimensional stress-strain relationships,

𝐸
𝑤

𝑟
= 𝜎 − 𝜈𝜎 + 𝜈𝑃

𝐸
𝑑𝑤

𝑑𝑟
= −𝑃 − 𝜈𝜎 − 𝜈𝜎 = −𝑃 − 2𝜈𝜎

5.1

5.2
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𝐸𝑤 = 𝜎 ∗ 𝑟 − 𝜈𝜎 ∗ 𝑟 + 𝜈𝑃 ∗ 𝑟

Multiplying 5.1 by r

And differentiating with respect to r

𝐸
𝑑𝑤

𝑑𝑟
=  𝜎 + 𝑟

𝑑𝜎

𝑑𝑟
− 𝜈𝜎 − 𝜈𝑟

𝑑𝜎

𝑑𝑟
+ 𝜈𝑃 + 𝜈𝑟

𝑑𝑃

𝑑𝑟

Which gives,

𝐸
𝑑𝑤

𝑑𝑟
= 1 − 𝜈 𝜎 − 𝑟

𝑑𝜎

𝑑𝑟
+ 𝜈 𝑃 + 𝑟

𝑑𝑃

𝑑𝑟
5.3

Equating 5.2 to 5.3,

𝑃 − 2𝜈𝜎 = 1 − 𝜈 𝜎 − 𝑟
𝑑𝜎

𝑑𝑟
+ 𝜈 𝑃 + 𝑟

𝑑𝑃

𝑑𝑟
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Simplifying, we get

1 + 𝜈 𝜎 + 𝑃 + 𝑟 1 − 𝜈
𝑑𝜎

𝑑𝑟
+ 𝜈𝑟

𝑑𝑃

𝑑𝑟
= 0 5.4

Considering now the equilibrium of the hemispherical shell element,

𝜎 ∗ 2𝜋𝑟 ∗ 𝑑𝑟 = 𝑃 ∗ 𝜋𝑟2 − 𝑃 + 𝑑𝑃 ∗ 𝜋 ∗ 𝑟 + 𝑑𝑟 2 5.5

Simplifying and neglecting higher order terms, we get

𝜎 + 𝑃 =
−𝑟

2

𝑑𝑃

𝑑𝑟
5.6

Substituting equation (5.6) into equation (5.4),

−𝑟

2

𝑑𝑃

𝑑𝑟
1 + 𝜈 + 𝑟 1 − 𝜈

𝑑𝜎

𝑑𝑟
+ 𝜈𝑟

𝑑𝑃

𝑑𝑟
= 0 5.7
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Simplifying, we get

𝑑𝜎

𝑑𝑟
−

1

2

𝑑𝑃

𝑑𝑟
= 0 5.7

Integrating, we get

𝜎 −
𝑃

2
= 𝐴 ⇒ 𝜎 = 𝐴 +

𝑃

2
5.8

Substituting equation (5.8) into equation (5.6)

𝐴 +
𝑃

2
+ 𝑃 =

−𝑟

2

𝑑𝑃

𝑑𝑟

3𝑃

2
+ 𝐴 =

−𝑟

2

𝑑𝑃

𝑑𝑟

3𝑃 + 𝑟
𝑑𝑃

𝑑𝑟
= −2𝐴

We then get,

⟹
𝑑 𝑃𝑟3

𝑑𝑟
= −2𝐴𝑟2
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Integrating, 𝑑 𝑃𝑟3

𝑑𝑟
= −2𝐴𝑟2

𝑃𝑟3 =
−2𝐴𝑟3

3
+ 𝐵

𝑃 =
𝐵

𝑟3
−

2𝐴

3
5.9

𝜎 = 𝐴 +
1

2

𝐵

𝑟3
−

2𝐴

3

𝜎 = 𝐴 +
1

2
∗

𝐵

𝑟3
−

𝐴

3

Substituting equation (5.9) into equation (5.8)

∴  𝜎𝜃=
2𝐴

3
+

𝐵

2𝑟3
5.10



By putting: 𝑎 =
2𝐴

3
 and    𝑏 = 8𝐵

We then have the general equations:

𝑃 = −𝑎 +
𝑏

𝑑3        (5.11)

and

𝜎𝜃 = 𝑎 +
𝑏

2𝑑3                (5.12)

If the inside and outside diameters are d1 and d2 and the 

pressures on these surfaces are P1 and P2 respectively, we 

can write Equation (5.11) as follows:

𝑃1 = −𝑎 +
𝑏

𝑑1
3     and  𝑃2 = −𝑎 +

𝑏

𝑑2
3
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Solving these equations for a and b gives:

                           𝑏 =
𝑃1−𝑃2 𝑑1

3𝑑2
3

𝑑2
3−𝑑1

3   

and  

               𝑎 =
𝑏

𝑑1
3 − 𝑃1 =

𝑃1𝑑1
3−𝑃2𝑑2

3

𝑑2
3−𝑑1

3

Hence, from Equations (5.11) and (5.12);

𝑃 =
𝑃2𝑑2

3−𝑃1𝑑1
3

𝑑2
3−𝑑1

3 +
𝑃1−𝑃2 𝑑1

3𝑑2
3

𝑑2
3−𝑑1

3 𝑑3                    (5.13)

and

𝜎𝜃 =
𝑃1𝑑1

3−𝑃2𝑑2
3

𝑑2
3−𝑑1

3 +
𝑃1−𝑃2 𝑑1

3𝑑2
3

𝑑2
3−𝑑1

3 2𝑑3          (5.14)
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Equations (5.13) and (5.14) are the general equations for thick 

spherical shells whose inside and outside diameters are d1 and 

d2 and whose pressures on these surfaces are P1 and P2, 

respectively.

Specific cases are then determined according to specific 

scenarios.

1. If there is internal pressure only (P2 = 0):

The Equations (5.13) and (5.14) become:

𝑃 =
𝑃1𝑑1

3

𝑑2
3−𝑑1

3

𝑑2
3

𝑑3 − 1      (5.15)

and

𝜎𝜃 =
𝑃1𝑑1

3

𝑑2
3−𝑑1

3

𝑑2
3

2𝑑3 + 1     (5.16)
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The Maximum Stress is the value of 𝜎𝜃  at the inside radius i.e.

𝜎𝜃max
=

𝑃1 𝑑2
3+2𝑑1

3

2 𝑑2
3−𝑑1

3       (5.17)

And the maximum Shear Stress, at the inner radius:

𝜏max =
1

2
𝜎𝜃 + 𝑃1 =

3𝑃1𝑑2
3

4 𝑑2
3−𝑑1

3 (5.18)

2. If there is external pressure only (P1 = 0):

This is an unusual situation for thick spherical shells, but 

you may easily determine the equations for radial and hoop 

stresses at any diameter, d, using equations (5.13) and 

(5.14).
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Question 1

A thick spherical shell of 200mm internal 

diameter is subjected to an internal fluid 

pressure of 7N/mm2. If the permissible 

stress in the shell material is 8N/mm2, 

compute the;

 (a) thickness of the shell

 (b) minimum value of the hoop stress
 (c) maximum shear stress



Question 2

For a thick spherical shell of internal and external radii r1 
and r2, respectively, under external pressure po,  find the 
expressions for the following:

(a) The radial stress at any radius r;

(b) The circumferential stress at any radius r;

(c) The maximum radial stress and where it occurs; 

(d) The maximum circumferential stress and where it 
occurs; and 

(e) The maximum shear stress and where it occurs.



Grazie Signore
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