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PREFACE TO THE INSTRUCTOR

This Instructor’s Solutions Manual contains the solutions to every exercise in the 9th Edition of CALCULUS
AND ANALYTIC GEOMETRY by Ross L. Finney and George B. Thomas, Jr., including the Computer Algebra
System (CAS) exercises. The corresponding Student’s Solutions Manual omits the solutions to the even-numbered
exercises as well as the solutions to the CAS exercises (because the CAS command templates would give them all
away).

In addition to including the solutions to all of the new exercises in this edition of Thomas/Finney, we have
carefully revised or rewritten every solution which appeared in previous solutions manuals to ensure that each
solution

» conforms exactly to the methods, procedures and steps presented in the text

» is mathematically correct

includes all of the steps necessary so a typical calculus student can follow the logical argument and algebra

includes a graph or figure whenever called for by the exercise

» is formatted in an appropriate style to aid in its understanding

Every CAS exercise is solved in both the MAPLE and MATHEMATICA computer algebra systems. A
template showing an example of the CAS commands needed to execute the solution is provided for each exercise
type. Similar exercises within the text grouping require a change only in the input function or other numerical
input parameters associated with the problem (such as the interval endpoints or the number of iterations}.
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CHAPTER 8 INFINITE SERIES

8.1 LIMITS OF SEQUENCES OF NUMBERS
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-1 _ _1_1 -1 _1 _1_1
a T T h ST Tyt M T T

__( 1)2_ _( 1)3_ ( 1)4 1 (_1)5 1
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%9 = 362,880’ *10 = 3.698,800

(-1)*(2) (-1)%1) 1 1
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10. a.1=—2,a.2= 5 _—_—l,a.3= 3 =~—§,a4= 7 :—5,35: z =—%,aﬁ:-—§,

11. a.1=1,a2=1,a3=1+1:2,a4z2+1:3,a5=3+2=5,a.6=8,a7:13,38:21,a9:34,a10=55
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13.

15.

17.

2 Chapter B Infinite Series

&

—_1 _ 1 -
.a1:2,a.2=_1,a3_—§,a.4_~ - zj,as_v(—l)z—l,a6=—2,a7=2,38=-—1,a9=—
]

S

b3 [

=1
,310—'2-
a,=(-1"1 n=12 . 4. a, ={-1)n=1,2...

_1yn+1
an=(‘*1)n+1n2gn=1,2,... 16. a.n=( 11)2 ,n=1,2,...

a,=n’-1,n=1,2,... 18. 2, =n—4,n=1,2,...

1. a, =4n-3,n=1,2,... 26 a, =4n-2,n=1,2, ...

21. a,

23

24

25

28.

27

28,

29.

30

14 (-1)"H!
:—2—-——-,n:1,2,... 22, ag=—F—F il n=1,2,...

_|n\/ﬁ_1]<10_3=>_1()1w{(%)”"_1 <Wl{}ﬁ:¢»(%)n<%<(@)nz>n>_

1/n
<> N=6922,=(})" and Jim a,=1

-3 1 1 1 999 \" 1001Y"
AVE-1]<107 5 — i <nt Rt e oo (F) <n < (108 = 0> 9123 5 N = 0123,

an*—*“\/l_l:nlf“andnli_.rrcloan:l

n_ -3 _ —3In 10 g =(OY : -
(09" < 10780 ln(09) < 310 = n > 2l 65,50 = N = 65 af(w) and lim a, =0

n
% <1077 = n! > 2107 and by calculator expetimentation, n > 14 = N = 14; a, = %? and nlggo a, =0

2_ .2 2
4o E ) g (008

{b) x; =2, x, = L.75, x5 = 1.732142857, x4 = L.73205081, x5 = 1.732050808; we are finding the positive
number where x? — 3 = 0; that is, where x* = 3, x>0, or where x = \/3-

@ ) =xl—a > ) =% > x,, =x, -

X; = L5, x4 = 1.416666667, x, = 1.414215686, x, = 1.414213562, x, = 1.414213562; we are finding the
positive number x* — 2 = 0; that is, where x? = 2, x > 0, or where x = V@

Xy = 1, X = 1 +cos (1) = 1.540302306, x; = 1.540302306 + cos (1 + cos (1)) = 1.570791601,
¥, = L.5T07916061 + cos (1.570791601) = 1.570796327 = -725 to 9 decimal places. After a few steps, the

arc(xn_l) and line segment cos(xn_l) are nearly the same as the quarter circle.

- (a) 8, =6.815, 5, = 6.4061, 5; = 6.021734, S, = 5.66042996, Sy = 5.320804162, S, = 5.001555913,
S7 = 4.701462558, Sy = 4.419374804, Sy = 4.154212316, S, = 3.904959577, S, = 3.670662003,
8,7 = 3.450422282 so it will take Ford about 12 years to catch up
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32.

33.

34.

38,

36.

37.

38.

39.

40,

Section 8.1 Limits of Sequences of Numbers 723

(b} 3.5 = 7.25(0.94)° = (0.94)" = 32

7.25
5
Inj 2=L
— i 3.5 _ (7.25)
= nln(0.94) =in 795 = 1 =060 (0.9)

= na 11764 % 12 s
2 4 6 4 10 12 14

3n+1D+1 3n41_ 3n+4_3n+1

2 2
a, .y >a, = i+l n+l =532 T nsl = 3n“+3n+4n+4>3n“+6n+n+2

In+1
n+1

= 1 < J; the steps are reversible so the sequence is bounded above by 3

<3=>3n+1<3n43

= 4 > 2; the steps are reversible so the sequence is nondecreasing;

@@+1)+3)!_ @n+3)! _ (n 450 @20+3) (2045 (n+2)
M2 T DA ) i S @ (@m 43 n Iy

= (2n + 3)(2n +4) > n + 2; the steps are reversible so the sequence is nondecreasing; the sequence is not

(2n + 3)!
(n+1)!

bounded since =(2n + 3)(2n + 2)- - {n + 2) can become as large as we please

2n+13n+1 2!131! 2n+13n+1 (n + 1)!
<
B I e T B L
reversible so the sequence is decreasing after ag, but it is not nondecreasing for all its terms; a; = 6, a; = 18,

= 2:3 <n+1 which is true for n > 5; the steps are

a; — 36, a; — 54, ay = %i = §4.8 = the sequence is bounded from above by 64.8

2 1 2 1 2 2 1 1 2 1, -t oS
an+123n:>2—*m“'ﬁ2 2hﬁw§ﬁﬁﬁ_mzm_§ﬁ:n(n+l)2_2“*1’1’thestepb are

reversible so the sequence is nondecreasing; 2 — %— 2% < 2 => the sequence is bounded from above

a, =1 _% converges because % — 0 by Example 2; also it is a nondecreasing sequence bounded above by 1

=n-1 diverges because n — oo and 1_.p by Example 2, so the sequence is unbounded
35 n i

a, = 2‘_‘_2%_1_ =1 _ZL“ and 0 < —2% < %; stnce 11_1 — 0 {by Example 2) = -2-15 — B, the sequence converges; also it is

a nondecreasing sequence bounded above by 1

_2—1_f2Y _ 1. ot oy 1.1 .
an = “om ..(-3-) -:—3"5,{}(( ) <(3) and0<3n<n=>the sequence converges by definition of

convergence

Larp

a, ={(-1)"+ 1)(1:1 I l)diverges because a, = 0 for n odd, while for n even a_ = 2(1 +“}T) converges to 2; it

diverges by definition of divergence

Xp = max {cos 1,cos 2,cos 3,...,co8 n} and x;, ,; = max {cos 1,cos 2,cos 3,...,cos(n + 1)} > x_ with x, <1

so the sequence is nondecreasing and bounded above by 1 = the sequence converges.
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41. If {a,} is nonincreasing with lower bound M, then {—a_} is a nondecreasing sequence with upper bound —M.
By Theorem 1, {~a,} converges and hence {a,} converges. If {a,} has no lower bound, then {—a_} has no

upper bound and therefore diverges. Hence, {a_} also diverges.

13+1
42, a, >a, ., ﬁn:1>(n+ )+ ®n2+2n+12n2+2n<=>120a.ndn—lll_lzl;thusthesequenceis

= n+l1
nonincreasing and bounded below by 1 = it converges

v/ 144/2
43, an_>_an+1¢1+\/ﬁ2n2 +\/ E:;—I)c} n+]+\/2n2+2n2\/ﬁ+v‘2n2+2n@\/n+12\/ﬁ
n
andl+\n/2n

/5 > 4/2; thus the sequence is nonincreasing and bounded below by v/2 = it converges

n+1
44, a, 2 an+] ey 1 Erl.‘ln 2 1 ;nil o 211-1'1 _ 2n+14n Z on _ 2n4n+1 pEY 2n+1 —9n Z 21‘11‘141‘[ _2n4n+1

& 2-1224"-4"H o 1 >4%2—-4) < 1> (=2) -4 thus the sequence is nonincreasing. However,

a, = Elﬁ - 3—2 = 2% — 2% which is not bounded below so the sequence diverges

5. i’i;j_ylzﬂ(%)n s0a, > a,,; & 4+(%)n24+(§)n+1 - (%)n 2(%)’”1 & 1>3and

n

4 +(%) 2 4; thus the sequence is nonincreasing and bounded below by 4 = it converges

6. a;=1,5,=2-3,8,=2(2-3)-3=22-2.3,a,=2{22-2.3)-3=22_(23—-1)3,
ag=2{22—(B-1)3]-3=24—(20-1)3,...,a =21 (221 _1)3=9n2_3.921 43
=27 H1-3)43=-2"+8a, 28, & - +3> - 4130 P> 9t o 1 <2

so the sequence is nonincreasing but not bounded below and therefore diverges

47. Let 0 <« M < 1 and let N be an integer greater than T}Iﬁ Thenn>N=n> l-h-iM =n—nM>M

:>n>M+nM=>n>M(n+l)$;i—1->M.

48. Since M, is a least upper bound and M, is an upper bound, M; < M,. Since M, is a least upper bound and M,
is an upper bound, M, < M;. We conclude that M, = M, so the least upper bound is unique.

1"
2
but it clearly does not converge, by definitio

1 3

%, gy This sequence is bounded above by 3

g!

49. The sequence a, =1+ is the sequence

1
g1
n of convergence,

50. Let L be the limit of the convergent sequence {a,}. Then by definition of convergence, for % there

corresponds an N such that for all m andn, m > N = |aj, ~L|{<§and n >N =>]a.n—L|<%. Now
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|am —23,]=]an — L+ L—a,]<|ap —Li+|L-a {%—i-% = ¢ whenever m > N and n > N.

51. Given an ¢ > {}, by definition of convergence there corresponds an N such that for all n > N,
ILy—a,|<cand|L, —a | <. NowILZ—Lli=]L2—an+an—L1|S|L2—an|+|an——L1]<£+f = 2¢.
[L2 -L | < 2¢ says that the difference between two fixed values is smaller than any positive number 2.

The only nonnegative number smaller than every positive number is 0, so |L; = Ly|=0 or L; = L,.

52. Let k(n} and i(n) be two order-preserving functions whose domains are the set of positive integers and whose
ranges are a subset of the positive integers. Consider the two subsequences e(n) and e where A(ny = L,
m) = Eg and Ly # Ly, Given an € > 0 there corresponds an Ny such that for k(n) > Ny, |ak{n) —L;|< ¢, and
an N, such that for i(n} > N, Jai(n) -L, ’ < e Let N = max{N;,N;}. Then for n > N, we have that
|ag —Li|< € and |2, —Ly[<e. Thisimplies a, — Ly and a, — L, where Ly # L,. Since the limit of a

sequence is unique {(by Exercise 51), a, does not converge and hence diverges.

53. ay, — L <> given an € > 0 there corresponds an N, such that [2k >N, = |a.2k -L | < f]. Similarly,

g4y — L @[2k+1 >Ny :>|a2k+1_L[{ f]- Let N = max{N,,Ny}. Thenn>N =>|an—L|<f whether

n is even or odd, and hence a_ - L.

54. Assume a, — 0. This implies that given an ¢ > ) there corresponds an N such that n > N = |a|n — 0]< €
= |ag| <€ = ||ag|| <= ||an|—0|< ¢ ={a,|— 0. On the other hand, assume |a | — 0. This implies that
given an ¢ > (0 there corresponds an N such that for n > N, “an]—0|< €= ||an|| <e=|a,| <€

=|a,—0|<e=a, — 0.

55-66. Example CAS Commands:

Maple:
a:=n-> (n){(1/n);
ji= 9400: k:= 9800: A:= plot(a{n), n=)..k, style=POINT,; symbol=CIRCLE):
fr=x -> (.999: g:= x -> 1.001:
B:= plot({f(x}, g{x)}, x=j.k):
with(plots): display({A,B});

Mathematica:
Clearfa,i,n]
an.] = n'(i/n)
atab = Table[ afi], {1.25} ] // N;
ListPlot{ atab ]
L = Limit[ a[n}, n-> Infinity ]

Note: for this a[n], the first n for which |a[n]-L|{<0.001 is n = 1! Let’s
find the next...

a[l] - L

First check several orders of magnitude, then zoom in by trial & error:
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Table] {i, Nfa[107]—L]}, {i,10} ]
N[a[9000] — L]
Nfa[9200] — L}
Na{9123] - L}
N[a{9124] - L]

This is the first n for which [a[n]-L]<0.001; for 0.0001, we get the rough
estimate:

N[a{120000] — L]

67. Example CAS Commands:

Maple:
n:='n’;
recur;= proc(f,al,n} local i,j;
a(0):= evalf{a0);
fori from 1 to n do

a(i):= evalf(f(a(i — 1)})

od;

(G.20)] Si=1.1;

end;

ar="a"i fima-> (1 +r/m)*a+b;

r:= 0.02015; m:= 12; b:= 50;
recur(f,1040,100):

plot(" style=POINT,symbol=CIRCLE):
a(60);

Mathematica:
Clear[a,r,m,b]
an_] := (I+r/m) aln—1] + b
(a)
af0] = 1000; r = 0.02015; m = 12; b = 50;
atab = Table[ afi, {i,0,50} ] // N;
ListPlot[ atab ]
a[60]
a0} = 1000;r = 0.02015; m = 12; b = 50
akln_] := (1 +r/m)n (a[0) + mb/r) — m b/r
atab = Table[ {a[il,2k[il}, {3,058} ] // N
akln+1] == (1+r1/m) ak[n] + b // Simplify

68. Example CAS Commands:

Maple:
n:= 'n:
iterate:= proc(f,al,n) local 1,j;
a{0):= evalf(a0};
for i from 1 to n do

a(i):= evalf(f(a(i — 1)))

od;

([, a(i)] 8j= 1..n};

end;
a:="a’: fi= a -> rsas(l —a);
= 3.75;

iterate(f, 0.301, 300):
piot(*, style=PQINT, symboi=CIRCLE, title='LOGISTIC PLOT, r = 3.75, a = .301");
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Mathematica:
Note: We could define aln] recursively, but here we need only the first
several values so it's easier tc use an iterated function:

Clear{a,r,n,i]

iter] an_ ] = r an (1 —an)

r = 3/4;

atab = NestList[ iter, 0.3, 100 ];
ListPlot][ atab ]

To plot several lists together:

<< Graphics’MultipleListPlot
r = 3.65;

MultipleListPlot]

NestList{ iter, 0.3, 300 ],
NestList[ iter, 0.301, 300] ]
r = 3.75;

MultipleListPlot]

NestList[ iter, 0.3, 300 ],
NestList[ iter, 0.301, 300 ] ]

8.2 THEOREMS FOR CALCULATING LIMITS OF SEQUENCES

1. lim 2+(0.1)" =2 => converges (Table 8.1, #4)

oy L _1yn
2. Jlim B-ihgl-ml)—zr}Lr& 1+( 1}) =1 = converges
1
]2
3. lim 1=20. Jim £L_—, lim 52 = —1 = converges
n—do 14 2n  n—=oo (_L)+2 n—aoc 2
i}

1
1 -5
4 lim -2t _ jin —(l-l—)— = oo => diverges 5. lim _IT-_—__5_n_3 =lim 27 - 52 converges
n=oo 1 __3./n n—oo l_ 3 n—oo nd 4 ogn n—oo 1+(§
RV "

. n43 oy n-+3 I 1 _
O T ST AR @R ETD) i g T O onverees

2 _ —
n—2n+l=lim (r—1)(n 1)_

7. Jim —3 Jim ] = lim {n-1) =00 = diverges
1y
1-n® ( 2) " .
8. lim -~=R_ — iim = 0o = diverges

n
520 70 _4p?  now (m)_4
2
n
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11.

12.

14.

15.

16.

17.

18.

19.

20,

21.

22.

23.

24,

25.

Jim {1+ (~1)™) does not exist = diverges 10. ligy (——1)“(1 —%) does not exist = diverges

nanc}c (%)(1 ‘Tli) = nILngo (% + -Qlﬁ)(l — %) = % = conveiges

. ] -1 n+1
Jm (2 —%)(3 +21—n) = 6 = converges 13, Hm -(—-—)—ur =0 = converges

n—oc  2n —

n — n
lim (—%) = lim (-1 = [ => converges

n—oo 2n -

: 2n  _ : Zn  _ : 2_ N\
nll‘rgo \/n+l*_\ﬂ1h—-n§o Tr1” nangD( 1)—\/§:>c0nverges

I+
lim L= }im (E)n = oo = diverges
n=eo (0.9)7  noco \G) T &
Jim sin (% + %) = sin (nlergo (32[ + %)) = sin % =1 = converges

lim nw cos(nw) = Aim (n7}{(—1)" does not exist = diverges

U210 — ) because —% < Sl?.l L 3‘—] = converges by the Sandwich Theorem for sequences

R oo i1

. 7 .2
litn mg_nn = 0 because 0 < ﬂ‘%ﬁ-—q < gin = converges by the Sandwich Theorem for sequences

ot 27 =M 5

= 0 = converges (using ’Hopital’s rule)

n 2 n 3
n° T 3n n—co 6n Do 5

Jim = o0 => diverges (using PHépital’s rule)

i 2y )

lim

n—oo V/E n—éo (_1_) n—=oc n-+1 n—ox I-I-(%)

=0 = converges

: Inn _ —
mite 28 = nlergo (-2——) =1 = converges
2n
Jim 81/" = 1 = converges (Table 8.1, #3)

26. lim ({].03)1"'n = 1 = converges (Table 8.1, #3)

27.

4]
Jim (1 +%) = e’ = converges {Table 8.1, #5)



28,

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

4],

42.

Section 8.2 Theorems for Calculating Limits of Sequences

=)
a =e™' = converges (Table 8.1, #5)

n
im (1-1) = Jim

Jim 3/10n = lim (AT LU QU Y converges (Table 8.1, #3 and #2)

Jlim V= Jin (‘“\/1_1)2 =12 =1 = converges (Table 8.1, #2)
gy Jim 8
Aim (ﬁ) = [—-——17—1; =1= 1 = converges (Table 8.1, #3 and #2)
im n
N—00
nli_@Q {n + 4)1Kn+4) = lim =l converges; (let x = n + 4, then use Table 8.1, #2)

lim Inn

Jim_ :; A= Pt % =00 = diverges  (Tabie 8.1, #2)
n=sce
Jim flen—In(a+ ]= i ln(n _r; 1) = ln(nl_i_)rxgo T 1): In 1 =0 = converges
Jim n\/ﬁ = lim 4 %/n=4-1=4= converges (Table 8.1, #2)
Jim ”\/F;ﬁ = lim 32+(Un) = lim 2.3/ =g.1=9 converges {Table 8.1, #3)

nleralo ‘3111 = nli.“ao n(n _ l)(n) < ll.rgo (%) =0 and n >0= nli_'n(}‘J :—;, = 0 = converges
lim D 0 = converges (Table 8.1, #6)
n—oo nl = g i

. 1 . .
SJim 1:]16“ = Bim -—-E-l-alg}n— = oo => diverges (Table 8.1, #6)

( n! )

) 1 . X .

Jim é—,—ln-gﬁ = lim (é) = oo =+ diverges (Table 8.1, #86)
n'

[heri n—oo In n

lim (Il—l)umn)znli.nc}o exp(ﬁln(%)): lim xp(w) e~! = converges

n 1]
lim ln(l +%) =In (nango (1 -i-%) ): In e =1 = converges {Table 8.1, #5)

n—oc

720
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4. Jig, (3221) = Jim, exp(n 1n($241)) = i up(‘“("'“ﬂ)*ln(?ﬁn—l))

n=oc \3n —1 dn-—-1 n—co 1
71
33 )
_ 3n+1 3n-T114_ . 6n - By _ .2/3
nl_l_'ng.‘:> exp| —L— " = nl_l_{rglg exp(—-——--~—#(3n @R 1)) = exp(g) = e"/” = converges

1l_
4 fim () = dim, exp(nin(50)) = Jim, P(%) = dizg, exp n‘(_T)l
n2

n

2
= lim exp(—m) =e~! = converges

. i, (725) = Jin, x(girr) = i, exo(k In(geler)) = x fim, exp(=22 %)

— T =2 \_..0_
=x lim exp (m_l) =Xe =X, x >0 = converges

n n—oo

1 2 1
" 1 (1 -3) (3)/(-)
46. nlLrgo (1 ——2) = lim exp(n ln(l—;i))znllngo exp| ———= |= li.ngo exp| —F———_ -~

=1 =2n
= Jim, exp(nz_ I

) =el=1= converges

47. lim So-6" oy, 367

-3z 270 . p1 T n—ac  pl

=0 = converges (Table 8.1, #6)

Gil (§) (1) i3
48. lim. W = lim (%)n(lg_o n+(_%)n (¥)n = lim W = 0 => converges

(Table 8.1, #4)

n -n in In
Etm = lim ST 1. Yim 28— lim 1=1= converges
e e n=oo G20 L 1 nito 2e2n n—oo

49. lim tanh n = lim
N—0o n—os

. - . e]'n n_ e~ Inn . - %) .
50. lim sink(ln n) = lim = lim = 00 = diverges
n—éo n-+eo 92 n—ioe 2
- IV 1
n? sin(%-) sin(%) (cos(n )(,ﬁ) —cos 1
5l. lim —w————= lim ———c= 1 = lim

%) = 5 = conv
——-—gj =3 erges



52.

53.

56.

57.

58.

60.

61.

62.

63.
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in(1))(L
(l—cos %) [sm(n (ni? 1
A, n(l—coan)_ lim (1) = lim (1) = lim 51n(ﬁ):(}:>converges
u ]
n
lim tan~!'n =Z = converges 4. lim —L-tan ln=0-%=0 = converges
n—oo 2 T nooo \/H - 9= E

. _him (l)n-f- L_— lim (-L)n-r 4y =0 = converges (Table 8.1, #4)
ni—oo L3 \/2_11 n-—+3a 3 \/§

L om in{n? .
lim n‘+n= nll,ngo exp[_r}_(_nﬂ+_n)] = nll.nclo exp (i—g—j—l) =eP=1= converges

—_
n—oC n

. 198
f 200199 (n 0)'%

A0 n

o= lim 20—1101 =0 = converges

(In n)200 . 200(In n)1%®
— llm —_n =

Ao n Ao

5(In n)*
( ( nnn) ) _ 10(in n)? _ 80(in n)* _

() [ A

{In n) I

n=co \/H T n—oc

— 1 3840 _
o= lim 7;1— = {} = converges

2
lim (n—\/nz—n):nlggo (n— n?—n)(i}%):nﬁ_{& n———-nz—znlggo 1 __

1

= 5 = converges

= lim

: 1
Hm
—ee \/ng—l—\/n2+n n_’oo(\/n?'—l-\/nzﬁ—n

1 )(\/n2—1+x/n2+n)=lim v —1+vn+n

vnZ~14++vn%+n neo —l-n

= —2 = converges

RS ey

Jim Jim ,1-1-:: 0 = converges {Table 8.1, #1)

)
_—
e —
S
=
I
'i'_
g8
uig
=
N

lim
=430

n
;%dx:niert}o[ 1 1 ] = lim L( ] —1)=p£1=>convergeswhenp>l;

——

diverges for p < 1

1,1,2,4,8,16,32, ...=1,20 21,97, 23 99 95 o x —tandx, =2"Zforn>2
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64. (a) 12-2(1)% = —1, 32— 2(2)2 = 1; let f(a,b) = (a + 2b)* — 2(a + b)% = a® + 4ab + 4b? — 2a% — 4ab — 2b?
= 2b? —a% a? ~2b% = -1 = f(a,b) = 2b® —a? = 1; a? - 2b% = 1 = f(a,b) = 2b%? —a? = —1

2 2 2 2 2 2 2
ab +4b%—2a® — dab—2b% _ —(a?-2b?) &1 2
b r2_2=(a+2b) _g—a’+dab+d _ ol 54
( ) n a+b (a+b)2 [a+b)2 yi n (yn)
In the first and second fractions, ¥, > n. Let g represent the {n — 1)th fraction where 2 b >landb>n-1

for n a positive integer > 3. Now the nth fraction is aa12bb and a+b>2b>2n-22>n =y, >n. Thus,

Jig, r, = V2

65. {a) f(x) = x% — 2; the sequence converges to 1.414213562 ~ \/i
(b} f(x) = tan (x) — 1; the sequence converges to 0.7853981635 z—}
(¢) f(x) = e*; the sequence 1, 0, —1, =2, -3, —4, —5, ... diverges

. 1N HAx) . f(0 + Ax) — £(0) 1
66. (a) lim_ nf(ﬁ) = ailjlo"' “Ax "~ Qiljlo*‘ B ca—— f'(0), where Ax = &
{b) [lim n tan” ( ) (0) = I he =1, f(x) = tan™

() Jim nle'™ 1) =#0) =0 =1, f(x) = o*
. 2y _
(@ Jim nin{1+2) =)= 1+2{m_2 f(x) = In (1 + 2x)
2 2 2
67. (a) Ifa=2n+l,thenb=|_a—2-j:L%—Ijzpn2+2n+§=2ﬁ+2n,c=[%1=[2n2+2n+%1
2
=2%+2n+1and a2+b2=(2n+1)2+(2n2+2n) =4n? +4n + 1 + 4n? + 8n% + 4n?

2
:4n4+8n3+8n2+4n+1:(2n2+2n+1) =2,
2

%] [‘1
b} lim “2° - lim M lor lim = lim sinf= lim sind=1
2
— a’ a> 9?4 on 41 a=eo I'i-i a—son f—wi2
2

27
68. (a) lim (21,”1,}1/(2:1) = lim exp(lnz%) = Jm exp((gg“)) = lim exp (%) =el=1;

n! = {3)"%/2n7, Stirlings approximation => /nlx (%)(2:1#)1/(2“) ~z ¢ for large values of n

® » Vil 2
40 15.76852702 14.71517765
50 19.48325423 18.39397206

60 23.19189561 22.07276647




69.

71,

72.

73.

74,

7a.

77.

78,

79.

80.

81.

82.

83.

84.
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S —

(a) lim M0 jim (_)1= lm =0
n—oc NS0 o n—o0 ¢p

2]

{b) For all ¢ > 0, there exists an N = e~ 9/¢ such that n > e PNV lnn > — inTc = Inn°> ln(%—)

:rn‘:>%-:>Lc<c:¢’l—]¢-—U[<f:> im L =0
n n n=ca g

. Let {a,} and {b_} be sequences both converging to L. Define {c,} by ¢;, = b and ¢, _; =a,, where

n=1,23,.... Forall ¢ >0 there exists N, such that when n > N, then |an -L | < ¢ and there exists N,
such that when n > N, then |bn - L]< €. If n > max{N,N,}, then both inequalities hold and hence

|cn — L] <€ s0 {c,} converges to L.

i, w0 = i, (b 100) = i, {f)=
Jim o = lim exp(n Innj=lim exp{f)=¢ =1
Jim X = n]i_{'gQ exp(% In x) = e0 = 1, because x remains fixed while n gets large

Assume the hypotheses of the theorem and let ¢ be a positive number. Tor all ¢ there exists a N, such that
when n > N, then|a, —L{<¢= —e<a,—L<e= L—e<a,, and there exists a N, such that when
n > N, then |cn—L1< e —e<e, —L<e=e, <L+e Ifn>max{N;,N;}, then

L-Eéanﬁbngcn<L+c=>|bn—L[<c=>nligé° b, = L.

la, - L]< & = |f(a,) - f(L}] < ¢ = f(a,) — H{L)

g(x) = /x; 2 — 1.00000132 in 20 iterations; .1 — 0.9999956 in 20 iterations; a root is 1

.gx) = x%; X = -5 — 0.0000152 in § iterations; —.5 — 0.0000152 in 5 iterations; a root is 0

g(x) = —cos x1 x5 = .1 — 0.73908456 in 35 iterations
g(x) = cos x — 1; xg = .1 — 0 in 4 iterations

g(x) = 0.1 +sin x; x5 = —2 —0.853748068 in 43 iterations
g(x) = (4= /THX) : xo = 3.5 — 3.51562548 in 85 iterations
Xg = initial guess > 0 = x; = /X =()(U)1*’2 = Xy = \J'x{,lﬁ = XOI'M, e X, = xolf(zn) = x, —lasn—co

2
Xg = initial guess = x; :xgéxz :(x%) =xé, e xn:xozn;|x0|< l=x, —0asn— oo

|x0|>i:¢-xn—rooasn—roo

gx)=2x+3=>g (x) =2 5 3 and when the iterative method is applied to g 1(x) we have x, = 2

— —2.00999881 in 23 iterations = —3 is the fixed point

glx)—=1—-4dx = g lx) = 1 ;X and when the iterative method is applied to g~1(x) we have Xg=2

— 0.199999571 in 12 iterations = 0.2 is the fixed point
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8.3 INFINITE SERIES

10.

11.

i2.

Oy TR
e @) G
n _ — n -
0 () (rew)
_m) 1-(-4Y
= = NICRETOS
5, = 1- (_2)11, a geometric series where |r|> 1 => divergence

Ty

wrn =i arr=w=0- G-+ G- D G- G- =k

= lim s, =5
==

r3
-4I"'
M
¥
-y
o
-
=
o
=3
-
'
r
13
&
-~
3]
=
Lad
=
=]
o
Er-]
5
)
o
o,
le]
o0
o
2.
@
5
-
&
a
/-]
5
e




13.

14.

15.

16.

17.
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%— 125)+ ..., 18 the sum of two geometric series; the sum is

25t 125 1_(%) 3

o7 Tmo3)

2—1— 5 o5 8 +35¢ 16 +. 2(1+2+ 4 8 +.. );t.he sum of this geometric series is 2(__1__)=1(]

4 _ 11
(dn - 3}(dn +1)  4n—3 4n+1

S
e
-+
T
o
|
L
R
_+_
—
=t
i
&l
S’
+
_+.
.

.

= s, _( -z

1L N4 1 - I
Hams )= LT = Wi, s = Jim, (1 o)< !

6 A B A(Zn +1)+B{2n-1)
Gn D@t -1t +1"  @a-DEat])

2A4+2B=0 A+B=
A— B=6 A-B=

= A(2n+1)+B{2n-1) =6

=>(2A+2B)n+(A-B)=6=>{ gﬂ 2A =6 = A=3and B =-3. Hence,

k
6 1 Y_afl_1.1_ 1,1 1 - 1 1 __1
L GaicD@m T 32(2:1—1 2n+1)_3(1 373 55 7T TR T ¥ k=1 2k+1)

= 3(1 —-ﬁlq_—-l—):r the sum is kli.rgo 3(1“'ﬁlﬁ)=3

40n __A B C D
(2n—1)%2n+1)* (2n-1) * (2n—1)2 * @+ (2n +1)?

_AEn -1+ 1)* + B(2n + 1)+ C(2n + 1)(2n ~ 1)* + D(2n — 1)?
(2n - 1)2(2n + 1)?
= A(2n— D20+ )2+ B{2n+ 1)> + C(2n + 1)(2n — 1)® + D(2n — 1)? = 40n
= A(8n®+4n® —2n~1}+B{4n2 +4n+1)+C{(8n%—4n? —2n+1)=D(4n® —4n + 1) = 40n
= (8A +8C)n® + (4A + 4B — 4C + 4D)n? + (-24 + 4B~ 2C—4D)n +{—-A + B4+ C + D) = 40n

8A+8C = 0 8A+8C = 0

4A +4B-4C+4D = 0 A+ B-C+ D= ¢ B+ D= 0 _ e
24 +4B-2C—4D =40 " ) —A+2B—C—2D = 20 {28—2Dx20:>4B"20:>B_5‘md

-A+ B+ C+ B=10 -A+ B+C+ D=0

. A+C=0 . 40n
D=-5= = C=10and A =0. Hence,

? {—A+5+C—5:D ¢ 'n; [(Zn—1)2(2n+1)2]

=53 1l _Jesfilyl t i 1 L 1 |

nsl (zn-l)2 (2n + 1)* 99202 T (2k-1)+1) (2k—-1)% (2k+1)?

—_

1 Y 1
——=— {=> thesam i1s lim 5{l1—-~-——=—}=5
(2k + 1)2) n=co ( (2k + 1)2)

.
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18.

19.

20.

21.

22,

23.

24.

26.

28.

29.

30.

31.

32,

In+1 1 1 1 1_1 1_1 1 1 1
=t L = sa=(1-2)+{3-5)+(g—g)+. -+ =|+| =%
n’(n+1)* n® (n+41)2 " ( 4) (4 9) (9 16) [(n -1)? nz] [n2 (n+1) ]
. o 1 .
= lim s, = lm [1 _{n " ])2]_ 1
1 1 1 1 1 1 1
sp=(1=—zm |+ ==+ === )+ + +
» ( \/‘E) (\/i \/5) (\/5 \/Z) (\/n— 7) (f \/n+1) Yo+ 1
= lim s = lim f1- 1 =1
n=ae n+1
_f1_ 1 1 1 1 1 1 1 11 _1__ 1
Sﬂ‘(§“21;2)+(21;2 21/3)+(21;3 21;4)+" +( 1/(n~1) 1,!n)+(21/n 21/(n+1}) T 2T L1t
i -1 1__1
R R R
=(1 .1 0 S W0 YVIY O E 1 1 11
Sn_(ln 3 In 2)+(l 4 In 3)+(ln 5 In 4)+ +(1n(n+]) I n)+(ln(n+2) In{n+ 1))
1 i = 1
w3t In{n +2) e
s, = [tan™1 (1) — tan™! (2)}+[tan™! (2) ~ tan™! 3)]+...+[tan™! (n ~ 1) — tan"1 (n)}]
+[tan™!(n) —tan™" (n + )] =tan"! (1) —tan"' (n+1) = Jim s, = tan~! (1) —% = % —% = —%
. . . 1 f
convergent geometric series with sum = =24
Bent & ANVt Y?
NZ]
)
divergent geometric series with |r|= \/E >1 25. convergent geometric series with sum — i
' 1-(-3)
Jim (=1)"*!n # 0 = diverges 27, Jim cos(nr) = lim (-1)"# 0 = diverges
cos (n7) = (—1)™ = convergent grometric series with sum —1—1 = %
1—(-3)
. - . 1 e?
convergent geometric series with sum —*1 = 1
e —
()
Aim In %: —oo # 0 = diverges
convergent geometric series with sum —2—1—— 2= 29—0—%& = %
1-(1)
convergent geometric series with sum =_*




33.

34.

35.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49,
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difference of two geometric series with sum Ll __3_ % = %

EORRH

iim (1 *—rli)n = nli»rglo (l + "Tl)n = e ! # 0 => diverges

n—oo

. . o - - -
= oo # = diverges 36. lim_ n;f=nll_,m I{'Igl::

: n!
AT, 19008

é m(ﬁ):é} [In(n) —In(n+1)] = s, =[In (1) —In(2)]+]Ia (2) ~ In (3)]+[In (3) — In (4) ] + ...

+{lz(n—1)—in(m}]+[In{n) ~In{n + 1}] =in(l)-ln(n+1)=-In(n+1) = Jim s, = —oco, = diverges

. o n \_1.{1 .
Jm a, = lm In (m) = ln(g) # 0 = diverges
convergent geometric series with sum I l(e)= ==

AT

. . . . . e’ . 23.141
divergent geometric series with jr|= €~ 55150 >1
%o: (-1)"x" = § (—xY* a =1, r = —x; converges to —L =L grxici
n=0 n=0 ’ ’ ’ 1—(—x) Il+x
X [= =} I
3 (—1)“)(2“ =3 (—xg) ca=1,1=—x% converges to ] g forx1< 1
n=0 n=0 14+x

—_ _ X - 1. 3 — 6 _ )(_"'i _
a=3r= 53 converges to 1_(){—1)_3—}:&“ 1 < 5 <lor-1<x<3

2
1

& EDY 1 YR 16 v N1 -1 (5)

n)‘zjo 2 (3+sin x) _ngg §(3+Sin x) A= IS g i x converges to 1__( —1 )
3+sin x

Stsinx _ 3+sinx forallx(since%ﬁ-——-—]—<lforal]x)

“34feinx) B42snx 3¥sinx-2
—1 = 9y 1 1
a=1,1=2x; converges to T for[2x] < 1 or X} <3
2
a:l,r:—%;convergesto 1 =X for]xzi<lor1x|<1
x

=1 x+1
1= =2
(#)

a=1,r1r=—(x+1)% converges to

1 __1 —
1+(x+1}—2+xfor[x+1f<lor 2<x<0

= —3—x. 1 __2
a=1,r= 5 ,convergestol_(s_x)—x_lfor

2

J—x
2

|<10r1<x<5

- — sin x: —1 T i
a=1,r =sin x; converges to ;———- for x # (2k + 1) 5 k an integer

737

> lim n = oo = diverges
O—oo
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1

1

50. a=1, r = In x; converges to T forlinxl<loret<cx<e
—inx
sr_ & 23/ 1Y (1—20%) 23 57 234 { 1Y (1206;0) 234
5. 023 = 3 W(F) :1_(¢)=§§ 52 0351 = £ m(]_os) =0 )=@§
100 1000
7 d
7o R T(1Y_ (Tﬁ) .y J= 4(iV_ (ﬁ) —d
53.0.7= 2, 16(10) ()7 54. 0.d= 3. (1) ()"
10 10
c_ R 1V IY (%) 6 _ 1
5. 0.08= 3 (ﬁ)(m)(m) :1_(L)=9_5=T3
10
. (414)
TME=1+5 A4/ 1\ _ 1000/ _ ., 414 _ 1413
5. 1412=1+ 1. 1 0(103) ‘“’1_( i )‘”'9”9'@“ 999
1000
(i)
n
_124 R 1230 1\ _124 0, 194 123 _ 124 . 123 _ 123,763 _ 41,251
57. 124123 = g+ 3 Tﬁﬁ(ﬁi) =100 71\ T 100 " TgP_ o7 100 99,900 ~ 99,900 — 33,300
108
(142,85?)
.. % 142,857/ 1 Y _ 105 ) | 142,857 2,857,140 _ 317,460
58. 3.142857_3+“§=;0 =5 (ﬁg) =3+ e =3+ 5T = 909695 = TTLITT
108
RS I ey ) ®) & mroa+d © % G=E-D
60. (a) 3 —t—u ® $ =t © % g
ne21 (0 +2)(n+3) nz3 (B—2)}n—1) nSho (n—19)(n - 18)
1.1, 1.1 (%)
61. (a} one example is stgTgtyet = 1_(l)= 1
2
3
. ‘ 2
(b) one example is —%—%—g——%—- =1(_(l))=——3
2
1_1_1_1 k, k., k (%)
{c) one example is I_E_Z-E_Tg_'” ; the series-2—+j4-+§+... = =k where k is any positive or

negative number.

=



62.

63.

64.

5.

Bi8.

67.

68.

69.

70.

T1.

72,

73
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o0
The term-by-term sum of the divergent series Y~ (1) and the divergent series % (1) is czo: 0=0,
n=1

n=1 n=1

Leta = b, =(%) . Then io: a, = of: b, = f (%) =1, while § (g—"-):ni (1) diverges.

n=1 n

Let a, =b, :(%)n. Then io: a, = of: b, = jv_c‘_, (%)n =1, while %o: (apbp) = § (%)n =%.

n= n=1 n=t n=1 n=1

Yes: 3. (%) diverges. The reasoning: )  a, converges = a, — 0 = aln —~oo= 3. (-al—n) diverges by the

nth-Term Test.

Since the sum of a finite number of terms is finite, adding or subtracting a finite number of terms [rom a series

that diverges does not change the divergence of the series.

Let A, =8, +ay+...+2a,and lim A =A. Assume 3  (a,+b,)convergesto S. Let
S,=(a;+b))+(ag+by)+...+(a +b)=>8 =(a;+a,+...+a )+ (b +by+...+b))
by +by+. b, =8, —A, =2 lim (b +by+...4+b,)=S—A = 3 b, converges. This
contradicts the assumption that 37 b, diverges; therefore, 37 (a, + by ) diverges.

(a) 2 —5:%:1—r:&.~r:%;2+2(§)+2(%)2+...

I—-r™— a
13
e R L O R

1+eb ey, = 1 ==

=5 =1-e"z>eb=§=>b=1n(%)

W=

s,= 14242420 40 2% 4 Pt = 1, L

s, =1+t (2o’ r 0t ) o dim 5“2171?+T%
=1+22r,if|r2](10rlr|<1
- T

_ _a a-(l"l'n)_ar"
L__S“—l--l'm 1—-r T 1-r1

dista.nce:4+2[(4)(%)+(4)(:31—)2-}-...]:44-2( 3 ):28 m

=
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74.

75.

76.

T7.

78.

8.4

i35 YD T T -~ Vol T+

Vi Vi \_(4-2VB)+4v3__ 4423
=§is+(v%§) _4_ =V%§+( is)(z—vf): viiw;:@)::¢¢ﬂ2fv%f¥wﬁswc
Vi
a.rca.:22+(\/§)2+(1)2+(%)2+...=4+2+1+%+...:14—1:8m2
2
(Y] [#(2Y]  [#(1Y 1
area=2[ (22) +4 (g) L—S[ (28) ]+ (cll+é+llﬁ+") 7 ;—-(-—4-()1—) =%
“\2

SO0 s, ()
ER $ ?_7_3(4)“ V3 \TH1 (3) V3 "o (9)_f+3f 5f+3f 2/3
T4 T 4 6409 T4 1_(3) 4 -4 T4 T3 5
9
Each term of the series Z represents the area of one of the squares shown in the figure, and all of the

n=1 n

Tl
squares lie inside the rectangie of width 1 and tength Z ( ) = —1—]: = 2. Since the squares do not fill the
n=0 i—2
2

rectangle completely, and the area of the rectangle is 2, we have Z w— < 2.
n=1 Il

THE INTEGRAL TEST FOR SERIES OF NONNEGATIVE TERMS

. converges; a geometric series withr = < 1 2. converges: a geometric series with r = 1 <1
S 1 8 10 g k] g [

diverges;

n__
T=1#0

n o0
diverges by the Integral Test; J % dx=Ip(n+1)-In 2 = I x:?- 7dx — o0
1 1

; L3
diverges; 3, ——=3

n=1 ‘\/ﬁ n

18

1 , which 1s a divergent p-series
1 /1



10.

11.

12.

13.

14.

15.

16.

17.

18.

Section 8.4 The Integral Test for Series of Nonnegative Terms

. converges = -2 Z VL which is a convergent p-series
\/_ n=1l @ j
. converges; a geometric series with r = é— <1

o0
diverges by the nonzero constant muitiple rule since 3 fll- diverges
n=1

nx

diverges by the Integral Test: Sdx = -:lz(ln2 n-ln2)=

b, 1

N
5
&
!
8

t=1Inx

oo
b
InX gy, | qe=dx |~ J te'/? dt = Lim [2tet/?—4et/?]
b—oc

diverges by the Integral Test: \/_
X
dx = et dt In2

a—

= lim 2e%/2(b — 2) — 2621/ 5 2)] =

converges; & geometric series with r — % <1

T S B - SEE T A4
diverges; nll_{go 4n+3—nll,n&, 34N ln4_nll.nc}c (m}(Z) #0

o0
diverges; 3. = + = Z , which diverges by the Integral Test
n=0 n=0

n

diverges by the Integral Test: J 2xdf 1 -:12 In(2n—1) —coasn — oo
1

diverges; lim a, = lim n?:-ll = lim_ 2 {“ 2o o0 #0

t: u= \/)_(+].
diverges by the Integral Test: J dx ; dx |~ J du—u:ln(\/ﬁ+1)-—ln2
! ;;x(\/;(-!-l) du =

— O asn — oo

741
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19.

20.

21.

22.

23.

24.

25.

26.

27.

diverges; a geometric series with r =

convetges; a geometric series with r

ol
converges by the Integral Test: f

in 2

1 14451

1 .
_m~0.91<1

(3)

(In x) /0 )* — 1

. -1 b -1 -1 T -1{1 -1
= hm [sec |u|]]n3_ hm [sec b —sec ! (In 3)]_1}3—{& [cos (E)-sec (In 3)

= cos™* (0) ~sec™! (In 3) = & — sec™ (In 3) ~ 1.1439

fau)

converges by the Integral Test:

= lim [I;a.n_I u]:; :bll.rr;o (ta.n‘lb—'fu:-r.n_1 0):%*0:

— 00

.[ x(l +ln x)

diverges by the nth-Term Test for divergence; Ji_{go n sin (%)

. . L 1\
diverges by the nth-Term Test for divergence; lim n tan (ﬁ) = lim

= lim secz(%)zseJO:l;’:ﬂ

o

converges by the Integral Test: j

= lim (t.an_1 b —tan™1 e):r——tan*le =~ .35

b= 2

oo
converges by the Integral Test: -[
1

llm [2 In

— 0

b
1L=bllm 2 In

oo
converges by the Integral Test: J

(

u=e*

e" dx:
1+e?*  {du=e*dx

X

u—e

2
14e

< dx; |du = e* dx| —

dx =1 du

b‘jr) 2ln(

-1
8 tan 2xdx
1+x

+1

u =tan

du =

-1

dx
l+x

m—-——-.g

X

2

n=Inx 1
uw=1dx _’J v
1
]_lxgo SII(I%(S[)z i] slllX__l#;O

)=2ln1—21n(ee

nf2

i

fu du =[4u ]

i
=

{
Al
S|

x /2
x/4= 4

(

= _x?
7716

)=

3’
3



28,

29.

30.

31.

32.

33.

Section 8.4 The Integral Test for Series of Nonnegative Terms 743

. . x Ju=x“+1 1 du . 1 ]
diverges by the Integral Test: J oy 1 dx; [du — 9 dx] — 5 J T = hll.To [2 Inu ,
1 2
= lim 4 _ —
_hlirgo 2(In b-In2)=o0
oo b .
X
converges by the Integral Test: j sech x dx = 2 kim J --——§—-—~§ dx =2 lim [tan™? e"]I
] b—ao . i+(ex) b—oo

=2 lim (tan'e®—tan"le)=r—2tan"le
b-+oe

o0 b
converges by the Integral Test: J sech’x dx = lim I sech’x dx = lim [tanh xI¥ = blim (tanh b — tanh 1)
-0
i 1

b—oo b-—soc
=1~tanh1l
m( 25— hy) dx = lim {aln|x+2]—ln|x+4[° = lim 1nw*1n(§f)-
x+2 x+4 —b—rm l_b—im b+4 LW
i
. (b+2* . a-1__Joo,a>1 . BYie . _ . .
bli.ngo -B+—4_a'bli.n§g (b+2)*" = 1, a=1 = the seties converges to ln(s)lfa_land diverges to oo if

a>1. Ifa< 1, the terms of the series eventually become negative and the Integral Test does not apply. From
that point on, however, the series behaves like a negative multiple of the harmonic series, and so it diverges.

2
b
1l __ 2a — x-1 I b-1__ {2\ tim —2=1_
_[ (x—l x+1)dx RLA [ln (x+1)2"] pm In (b+1)2 ln(423), boeo (b4 1)2
3 3
1, a= %
= lim -—--~—1—-2--—1~ = = the series converges to In (é) =in2ifa=41and diverges to co if
bwoo 2a(b+ 1)“*~ oo a.<L 2 2
’ 2
ifa< % Ifax> %, the terms of the series eventually become negative and the Integral Test does not apply.

From that point on, however, the series behaves like a negative multiple of the harmonic series, and so it
diverges.

(a)
¥y ¥
1 1
1
1 -
1 y:; 1 y X
1
1[2\W;TT \ 2 T .
¢] 1 F4 3 n n+l 0 1 2 n-1 n
n+l 4 1 1 1 1 o
- — - =% .. +=<1 —x
J‘1 xdx‘1+2+'"+n 1+2+ to<l+ 1x
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34.

5.

36.

37.

38.

(b) There are (13)(365)(24)(60)(60){10°) seconds in 13 billion years; by part (a) s, < 1+In n where
n = (13)(365)(24)(60)(60)(10°) = s, <1+ ln((13)(365)(24)(60)(60)(199))
=1+In(13) +In(365) +1n (24) + 2 In (60) + 9 In (10) = 41,55

No, because }: X =,1—(
n=1

e

1and > 1 diverges
] (T B
n=

Yes. If ): a, is a divergent series of positive numbers, then ( ) 2 a, = 2 ( )also diverges and a—“ <a,.

n=1

DO
There is no “smallest” divergent series of positive numbers: for any divergent series ) a_ of positive
n=1

numbers io: (iz“-) has smaller terms and still diverges,
n=1

No, if E a, is a convergent series of positive numbers, then 2 z 8, = Z 2a, also converges, and 2a, > a,.

n=1 n=1

There is no “largest” convergent series of positive numbers,

I I
Let Ap= > a and B =3} 21‘3( k)’ where {a,} is 2 nonincreasing sequence of positive terms converging to

0. Note that {A } and {B,} are nondecreasing sequences of positive terms. Now,
By, = 23, + 43+ 8ag + ... + 2%ag,n) = 285 +{ 284 + 224 ) + (285 + 225 + 2ag + 2ag) + ...

+£2a(2n)+ 23.(2n)+-..+2a(2n]2 S 2&1 + 23-2 +(233+ 234)+(2a.5 + 28.6 +2a.7+233)+. .

2™~ terms -
+(2a ac1) +2 ( nel 1) vt 23(2;\)) =2A,n)<2 Z ay. Therefore if 3 a; converges,
then {B_} is bounded above = ¥ 2K a( ) converges. Conversely,
Ay =a)+(agtag)+(a,ta;tagtas)+...+a, <a +2ay+4a,+... 42,0 =a; + B, <a + Z zka(zk).
k=1
Therefore, if E ok a( k) converges, then {A_} is bounded above and hence converges.
k=1 2

_ 11 S N - N
(a) %™ = 5 ()~ Fa 2) = E a0y = E 2® FanZ) 2 };,2 %, which diverges

n=2 n=2

=}
1 B
= ngz i dwerges.

(b) 812“)_ 70p = z lapny = > 2% -gmp =

n=}l

i gl

Je0s] 1 n
E (F) , & geometric series that
=1

)

converges if —-1--— < 1lorp>1, but diverges if p > L.
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dx . |u=Inx — -p — 1 y~FPt! —_ N 1 —p+1 __ —-p+1
29. (a) J W’{dw%] f . d“‘nfl.”é‘o[~p+1]2”bll’& )b (tn 2)~P+1]
2 n

1_(tn2)P+! p>1 _ ) _
=¢p-1 = the improper integral converges if p > 1 and diverges
oo, p<l

dx _ _ bIim [in (in x)];J = bIim [In(In b) —In(in 2)]= oo, so the improper

ifp<l. Forp=1: Thx

o—.2

integral diverges if p=1.

o0
b} Since the series and the integral converge or diverge together, —1 converges if and only if p > 1.
5 o(l 0y

40. (a) p =1 = the series diverges
(b) p=1.01 => the series converges

(c) E (ln n3) 3 E n(ln ) ; p =1 => the series diverges

n=2 n n=2

(d) p =3 = the series converges

n+1
41. (a) From Fig. 8.13 in the text with f(x):%andw:%,we have j %dXSI+‘%+%+...+‘I]‘i‘
1

<]

<1+J. fix)de =In{n+1) 51+%+%+...+f—11~5 l+lhn=>0<In(a+1)-Inn
1

$(1+%+%+...+fl‘-)—-ln n <€ 1. Therefore the sequence {(1+l

2+%+_,.+ 1)—ln n} is bounded above
by 1 and below by 0.
n+1

< J %dx:ln(n+1)—lnn

n

(b} From the graph in Fig. 8.13(a) with f(x) = 515, n;-l-l

20> = —[1n(n+1)—lnn] (1+%+%+...+

n+l

n+1"l"(n+l)) (1+71j+%+...+%-—ln n).

f wedefinea, =1+3 1 =% %- Inm, then 0 >a,,,~a =2 ., <a, = {a,} is a decreasing sequence of
nonnegative terms.

o0 o0
2 2
42, ™ <e™* for x > 1, and J X dx = hrn [~e x] llm (—ePirel)=el o j e™* dx converges by
1 1

- - Ll m — 2
the Comparison Test for improper integrals = 3. e™ =14 . e™ converges by the Integral Test.
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8.5 COMPARISON TESTS FOR SERIES OF NONNEGATIVE TERMS

[+ =]
1. diverges by the Limit Comparison Test (part 1) when compared with > L, a divergent p-series:
n=1 n

1
2

lm (2\/_+3\/_) b VR = tim, (ﬁ)

SN C O

2. diverges by the Direct Comparison Test sincen+n+n>n+ ﬁ +0= 3 > %, which is the nth
n

v
1

> 5]
term of the divergent series ), #

n=1

3. comverges by the Direct Comparison Test; mgnn < an, which is the nth term of a convergent geometric series

4. converges by the Direct Comparison Test; liu‘:_zcls_g < % and the p-series -1—2 converges
n n

n

2n_ _ 2
§. diverges since Aim In—1-1 #0

6. converges by the Limit Comparison Test (part 1) with ——+ 3 ;2, the nth term of a convergent p-series:

(%+1)
Jim SV iy (230) =1
G

n n
7. converges by the Direct Comparison Test; ( 3nn )n < (L) < (%) , the nth term of a convergent geometric

serles

8. converges by the Limit Comparison Test (part 1) with L, the nth term of a convergent p-series:

n3/2
( : ) 2
i 372 ; o

=00 ( 1 )_ nesho 3 n—éo 3

Jors

1 1 e S
9. diverges by the Direct Comparison Test;n >Inn=Inn>lo inn = —~— Gon<m (o o) and the series ngs

Eipm

diverges

10. diverges by the Limit Comparison Test (part 3) when compared with E i, & divergent p-series:

n=2
( 1
(].n n)z 1 1
n—oo n—ooo 7~ nevis 2n—co |nn
(1) (In o) 2(in n)(1)




11.

12.

13.

14.

15.

16.

17.

Section 8.5 Comparison Tests for Series of Nonnegative Termms 747

—15, a convergent p-series:
10

18

converges by the Limit Comparison Test (part 2) when compared with

[(1:. n)z] ]
-3 2 2(In n)| &
g, _(T iy By 20

n

=2 lim B8=0  (Tableg.y)

n

o
converges by the Limit Comparison Test (part 2} when compared with 3 %, a convergent p-series:
n=1 Il
(In n)3] 1
— 3 30 )?(}) In 2 200 n)(3)
lim L8 A gy (007, ZERARS g, g 2 2R3 6 tim Inn
=400 (_1_) n—so o0 1 n—oo n—+o0 1 e
2
n

=6-0=0 (Table 8.1)

diverges by the Limit Comparison Test (part 3) with fll-, the nth term of the divergent harmonic series:

o

lim *————<

=0

converges by the Limit Comparison Test {part 2) with

[(ln n)z}
372 2 2lnn
H n = Y (ln I']) - 1 ( ) =8 I lIl 11

il 1 = Ll n}.f4 =ik 1 = T iieo nlfd n=oc 1 = n-.—»oo n‘},fal
(ns,u) ETT! PRER

diverges by the Limit Comparison Test (part 3) with %, the nth term of the divergent harmonic series:

n
= lim — = lim i:oﬂ
n—oo Inn n—oe (1) n—oo 2
n

A

574 the nth term of a convergent p-series:
n

=]

nllfgo (1+11n n)z lim n 1
3 D

diverges by the Limit Comparison Test (part 3) with %, the nth term of the divergeni harmonic series:

. ((l—l—lln n)g)- ) n

- n_ —Ym —1 = lim 1 — lim 1= Iim B=
NSt T—JH& (1+In n)z—nh_."&o [2(1_,_1,1 n)]_nllbmoo T+ n n)_nl—l—»ngo (g)“nll..m 2= %
n [él n
diverges by the Integral Test: J -n—}({{;l—)dx: I udu:blirgo [%uz] :blim L{b? —1n%3) = o0
" in3 b—oe

2 In3
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18. diverges by the Limit Comparison Test {part 3) with %, the nth term of the divergent harmonic series:

19.

20.

21.

22.

23.

24,

25.

26.

‘H

1

(i)
tm Nt/ im —&-—= lim Ll — tim D — Hm =lim 2=

n—oo (1) n—=d | L%y 0o (2 In H) n=ée 2lnpn  n—oe (_2-) nooo 2

n n

n

converges by the Direct Comparison Test with L, the nth term of a convergent p-series: n?—1 > n for

0372

n22:>n2(n2—1)>n3:>n nf—1>n%% -1 > 1

277 o

converges by the Direct Comparison Test with —— 3',2, the nth term of a convergent p-series: n+ 1 >n®

2
2 3/2 _n°+1 372 \/ﬁ 1
= n’+1> /i = 7 >n? = 2+1 NP

s o] [+ =] o 2]
converges because lngnn =Y % E _?1 which is the sum of two convergent series:
n=1 n=1 n=]

v o}
b %— converges by the Direct Compatison Test since —5 Ll and Z 2,} is & convergent geometric
n=1

2 2n?

n=1

series

converges by the Direct Comparison Test: ic: n+27 = io: Ao+l Vand-L 4L <Ll L ihe sum of
azt p22® gz \o2" gf n2" T pZ =28 T g2

the nth terms of a convergent geometric series and a convergent p-series

converges by the Direct Comparison Test: sT_-ll;—l < 3n1_1 , which is the nth term of a convergeni geometric

seTies

n—1
diverges; nlergo (i—ﬂ) = limw (% + -L) =1 #0

" n®

diverges by the Limit Comparison Test (part 1) with %, the nth term of the divergent harmonic series:

(s03)_

lim = lim
TI— XS 1 X0
(%)

diverges by the Limit Comparison Test {part 1) with %, the nth term of the divergent harmonic series:

sin x _
x=1

s, 50 g () i (o)) 11
n



27.

28.

29.

30.

31.

32.

33.

34.

35.
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converges by the Limit Comparison Test {part 1) w1th — , the nth term of a convergent p-series:
( 10n +1 )
nn+1)n+2 2

i \EFDEE2)) L tenn o 0mtl_ o 20
N0 ( 1 ) n—=s 248y 49 n—ce 2n+3 0 n-oe 2

7

n
converges by the Limit Comparison Test (part 1) with 1 , the nth term of a convergent p-series:

( 5n% - 3n )
2 2
n“{n—2 (n + 5) 2
lim ¢ ) lim 5n° — 3n = lim %1_—_3_ = lim 200 _ 5
n—O0 L ~ n—ao Il _ 2n +5l’1 ~10 T n—on an® — 4n +D n—oo bn —4
nZ
T T

. : tan ln 7 = 2 7 1

1 L B T 5 =% — 7 Is the product of a
converges by the Direct Comparison Test: I < "e! and g =3 n§] - the product of

convergent p-series and a nonzero constant

s T
a, 5) = () L
converges by the Direct Comparison Test: sec™!n < —% = %—sﬂ < 13 and 3, % :.72[ 3 1 is the

product of a convergent p-series and a nonzero constant

n —n
converges by the Limit Comparison Test (part 1) with %: Jim —(—1-)-— = lim coth n = lim zn—ig-;ﬁ

(tanh n)
)
b et —e ™

converges by the Limit Comparison Test (part 1) with #: Aim ( ] ) = lim tanh n= Jim g T e T
2
-2 1

diverges: f(x) =%/x = f(x) > 0 when 1 < x < e and f"(x)((}\vhenx>e=>ev/t_z>“\/ﬁfor all n > 3; also

Fme=x>3> e\/;.. Consequently, 3n > n"/n = 31_n < i/— = 2 \/_ diverges by the Direct Comparison
n

Test

converges by the Limit Comparison Test (part 1) with l?: Jim = lim /=1 (Table 8.1)
"

1 _ 1 — 2 1 . - .
P pr———— (n(n " l)) = ) < = = the series converges by the Direct Comparison Test

2
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36.

37.

38.

39.

40.

41.

1 1 6 6 : .

= = < = th by t t

T s w0 T A E D@ T S 3 = the series converges by the Direc
]

Comparison Test

g

b
Thus, if 3 b converges, then > a_ converges by the Direct Comparison Test.

cl::’—l<%41
b

n n

a im_ = = U, then there exists an integer N such that tor all n > N,
Ifnl'_’w;“[]h h i integer N h that f i N
n
= a, <h,.
(b) If n]i_'mm g—'—‘- = oo, then there exists an integer N such that for all n > N, :—“ >1=a, >b,. Thus,if
n n

3. b, diverges, then ) a_ diverges by the Direct Comparison Test.

o a
Yes, 3. %“- converges by the Direct Comparison Test because o < a

n—1
lim 3 = oo => there exists an integer N such that forall n > N, 22> 1= a b . I 3" a_ converges
n—oso bn - 8 ! bn n n* n Bes,

then 3 b, converges by the Direct Comparison Test

2. a, converges = lim a, = 0 = there exists an integer N such that foralin >N, 0<a, <1 = al<a,

= 3 3121 converges by the Direct Comparison Test

Example CAS commands:

Maple:
si= k -> sum(1/(n"3*(sin"2)(n)), n=1..k);
limit(s(k), k=infinity);
plot{s(k), k=1..100, style=POINT, symbol=CIRCLE);
plot{s(k), k=1..200, style=POINT, symbol=CIRCLE);
plot{s(k), k=1..400, style=POINT, symbol=CIRCLE);
evalf(355/113);

Mathematica:
Clear[a,k,n,s]
aln_] = 1/ (n"3 Sin[n)2)
sfk_] = Sum[ a[n], {alk} ]

Note: To make Mathematica smart about limits, load the package:

<< Calculus Timit"
Limit[ sfk], k -> Infinity ]

But Mathematica still cannot find the limit...

Note: For plotting many partial sums, it is far more efficient to do the
calculations numerically rather than exactly. %o we redefine s[k] (where
the “s[k_] := s[k] = ...” causes Mathewmatica to remember previcus results)

Clear[s]
sfk_] = slk] = s[k—1} + N{a[k] ]
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s(1] = Na[1]]

ListPlot[ Table[ s[k], {k,106} ] ]
ListPlot[ Table[ s[k], {k,200} ] ]
ListPlot[ Table[ s[k], {k,400) ] ]

Note: Change PlotRange so Mathematica does not cut off the jump.

Show|[ %, PlotRange -> All |
N[ 355/113 ]

N| Pi - 355/113 ]

Sin[ 355 ] // N

a[ 35 ] // N

8.6 THE RATIO AND ROOT TESTS FOR SERIES WITH NONNEGATIVE TERMS

. . 2n+1 . . on
1. converges by the Ratio Test: lim —5—= Jim = lim e
[nﬁ] 2 nﬁ
211
; 1WV201y 1
= dim, (1+4)"(3) =4 <1
(Q‘ = 3" 2
. . antl . n4-1 n+1 n
2. converges by the Ratio Test: lim "&f" = Jim, enz Jim n+1) :;— = lim (1 + %) (%—) = % <1
(%)
((n +1)!
. . 5 B entt .o m+1)en +1
3. diverges by the Ratio Test: lim_ = = Sim —-—(—ﬁj»- = lim T ‘:1._1 = lim n = =00
e!l
((n + 1]!)
) . oo a1 1pntl (n+1)}! 1gn : -
4. diverges by the Ratio Test: nll."clo ’;n = nl_.m ( o ) m Ty nl-1~nc1:o -11-10- = 00
jli
((n + 1)10) o
. T S T o+l (n+1)"" 197 _ 1V8
5. converges by the Ratio Test: nll.ngc I;“ = nll.oo (nm A, “onI i = r‘l m (1 +E) (1—0)
)
=1L
=1g<!

6. diverges; lim a6 = lim (n T 2)“ = nﬁ—-rgo (1 + :ng)n =e24£90

n—oa 1 == 00

2+ (-1 _

7. converges by the Direct Comparison Test: amE = (%) [2+(-1)")< (%) (3
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8. converges;’'a geometric series with |r|= | —%|< 1

2 3 n
9. diverges; nl_mgﬁ a, = Ilango (1 —-ﬁ-) = lim (1 +_T) =e 3 0.05£0

3n n—oo

n
1y ('%)
10. diverges; lim a, = nlergQ (1 ———-—) =l 1+ =e V3 0.72 #£0

11. converges by the Direct Comparison Test: 1132 < %: % forn>2
n n’ n

I/n
o o n)®
12. converges by the nth-Root Test: lim T /a = lim n}/(lnn—:)z lim M: lim lnT"

N~40G n— oo n—oo ( )l /n n-=oo
(1)
n

=g, 7o =0<1
13. diverges by the Direct Comparison Test: %— —15 = n_»-zl > %(%) for n > 2
n n

= ny1/m
14. converges by the nth-Root Test: fim "\ /a, = lim 9 (%—%) = lim ((,1—1—%) )
n

— 1 1_11%Y_
15. diverges by the Direct Comparison Test: l% > % forn>3

Api1 lim (r+1)In(n+1) on 1

16. converges by the Ratio Test: lim 2 = prES — @ =5< 1
. D pen 21 (n+2)(n+3) n! —
17. converges by the Ratio Test: nl_l*rgo &, = nll.ngo m+ 1) CESED N 0<1
1 3
18. converges by the Ratio Test: nli_{ng a::"l = nli_{lgg (ne:+1) -i% = % <1
19. converges by the Ratio Test: lim Znt1 = hm (n+4)t Binidt lim _ntd4 _1 <1
. n—oo  dp n—oo g (n i 1)1 3l'l+1 (D -+ 3)1 n—oo 3(n + ]_) 3

reste N CE ) S ) LU
20. converges by the Ratio Test: lim_ &= Jim 5+ (n 1 1) .n2“(n D)

= Jig, (B (243) -3 <




21.

22.

23.

24,

25.

26,

27.

28.

29.

30.

31.

32.
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. . oAngy (n+1) (2n+1) ) n+1
4 H —_—— = ] - = ———— =
converges by the Ratio Test: lim — Aim T i Jim CERIES) 0<1
. oy %ngr (n+ 1)t po o V' _ g 1
converges by the Ratio Test: nllr.go —- nll_'rgo (W o nl% (m) = nll_r.rgo W
T

= i, @T:%{l

converges by the Root Test: nlj_’mao n /a, = n11 n "(ln o n_‘n&, ]3\]/; = n[i—»nc}o hn 0<1

t ¥ n = =-n =
converges by the Root Test nllm Ve = (ln n)“” n 7:.= __\/_,z—*m 0<1
+ n —_—
(nllm n= 1)

converges by the Direct Comparison Test: n'lnn__ In n 1l 1

n(n+2)! nn+)(n+2) an+HE T2 mF DinFI) <52

which is the nth-term of a convergent p-series

. Lo 41 3rn+1) 390 n® 1y _ 1
converges by the Ratio Test: nh_ggg = Jim o 1)3 il Bn = nlergc o+ 1)2(-2-) =5< 1
a (Ltginn},
. . N n+1t T n _
converges by the Ratio Test: Aim, A = nll’ngo = 0<1
1+tan"! n) _1
converges by the Ratio Test: nli_’rrolo a.na: L Jum (——naT—E = lim I-I-—t.a.nn_n = 0 since the numerator

approaches 1 +% while the denominator tends to co

3n — 1)
a ( a,
diverges by the Ratio Test: lim '.;:1 = lim_ % Jim gﬁ -—i- i = % >1

diverges; a, ;= H—%-I-a.n > a5, :(n 2_ 1)(5%—1— an_l) >a,, =(n i 1)(n; 1)(2:% an_z)

= aj.q =(n-‘|1— 1)(1151)(3:%)---(%)% = a,, :H%:» a4 =nil’ which is a constant times the

general term of the diverging harmonic series

converges by the Ratio Test: nli_'n‘}o = lim

. . an+] .
converges by the Ratio Test: lim —3= = lim
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a (1~f-lnn)an
33. converges by the Ratio Test: Jim %:nl_i_.w -"I;n—"’nllolgo 1+1inn=nli,,“3° %:[}(1
n+lnn _1 A 10 n+lnn
34. T 10 >0anda;=5=>a,>0nn>10forn>e =>n+lnn>n+10=>ﬂ-l—ﬁ—>l

Sa = nn++l?0n a, >agthusa ;, >a, > % = lim  a; # 0, so the series diverges by the nth-Term Test

35. diverges by the nth-Term Test: a; =%, 32:2 39 a3=31{ 2\/-31:=6\/I, a4=41/ ?/%:4!\/%,...,

a = n!\/%_' = lim_ a, =1 because {“'\/%-} is a subsequence of{“\/%} whose limit is 1 by Table 8.1

. : 1 1Y 1Y (1 1eY _ iy
36. converges by the Direct Comparison Test: a, = 5y dg= (E) y Ay = ((5) ) = (f) y 3y = ((5) ) = (-2-) -

n! n
= a, = (%) < (%) which is the nth-term of a convergent geometric series

) e 2ty M+ Dim+ 1) @) L 24+ D{m+1)
37. converges by the Ratio Test: lim 2 = Jim o 12! gy 7 = lim D TFS)]
Y n+1 1
=l sz <!
. . o fny1 (3n +3)! n!(n+1)!(n+2)!
38. diverges by the Ratio Test: nll»"&o == nlLrgo GFD @) (ms ) Go)!

= tim Bo+3HE+2)(3n+1) " 3(3n+2)(3n+1

1% (n+){aT2)m+3)  moe A\ 12 n+3)=3‘3'3=27>1

%)
39. diverges by the Root Test: lim "\ /a = lim % ’((:n))z = lim B>l

40. conveges by the Root Test: iy “@%‘Lﬂ& Vi = = m EE)--C5H@
n— 1) -1 " (D_H-l)n

(-8 o,
< (25L) = i (a51) (1—_"11_1—)*=8T=€<1

41. converges by the Root Test: Aim /2, = lim " = lim D= lim ol —-=0<1

42. diverges by the Root Test: Jim % /3, = lim * /-2 = lim B=oo>1

g ) (2,._. )2 n—oo 4
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; a . 3.+ «(2n-1
43. converges by the Ratio Test: lim ;:1 = lim 1-3 4n+12(n-:11(n l(?;+ D) 173 4n2n{g;] 0
o 2Zn41 1
=l @y 4!
1-3---(2n— 1-2-3-4...(9n— !
44. converges by the Ratio Test: a = 8- (20 nl) = 2-3-4 (zn - 1)(2n) = (;!n)
(2.4 m)(3°+1)  (2-4-)2(3"+1) T (prpr)(3n41)
2 R
- I (2n +2)! (2%n!) (3" +1) _ e (2n4+1)(2n +2)(3% + 1)
n—oo [2n+l(n+1)!]2(3n+1+1) (21])' n==00 22(n+1)2(3h+1 +l)
‘ 4n2+ﬁn+2)(1+3—n) 1_1
= lim =l-g=z<1
=330 (4n2+8n+4 (3+31) 373
P
45. Ratio: lim a'}T'H = Jlim m-n%’:nlﬂrolo (nil) =17 = 1 = no conclusion

Root: nlLl'go /2, = lim /-5 = lim 1 ___ —iﬁ = 1 = ne conclusion

ne—scx nP 7 n—oo (n\/l_l) (1)

1

L p41 . 1 (Inn)® T . Inn | (ﬁ) _ n+1Y

. Ravior Jim, === T opr T =i Gt D -'Jﬂk( D) = (Jim, 27)
n+1

= (1)’ = 1 = no conclusion

. . n In(ln n
Root: lim " /a = lim * ',(lnln)p :( ! 5 let f(n) = (in n)l’j“, then In f(n) = —~—£-ﬁ——-)-

Jim (In n)*/®

o) (5wos)

, : - 1 . 1
= Jlim o f(e} = lim Aim = Jim Ten=0= Hm (In n) /n
= Iim ™) = 0 = 1; therefore lim R = 1 =121 = no conclusion
= lm = =1 Lk n ] lfnp_(l)pﬂ_
lim (lnn)
TE=—r O3
[ %]
47. a, < 2% for every n and the series nzz:I 2% converges by the Ratio Test since lim_ (—gﬁ#%—n = —% <1

=]
= 3 a, converges by the Direct Comparison Test

n=1

8.7 ALTERNATING SERIES, ABSOLUTE AND CONDITIONAL CONVERGENCE

x> o
1. converges absolutely = converges by the Absolute Convergence Test since 3. |ag = 3 % which is a
n=] n=1 Il
convergent p-series
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10.

11.

12.

. oo o
converges absolutely = converges by the Absolute Convergence Test since 3 jag|= 5 which is a
=1 =

_1_
372

convergent p-series

diverges by the nth-Term Test since for n > 10 = 10 >1= hm (—) #£0= Z (- 1)Il+1 (lﬁ) diverges

n 1 10
diverges by the nth-Term Test since lim l%g = lim 10%(In 10)
o

o n—oo 10!

= oo (after 10 applications of L’Hdpital’s

rule)

converges by the Alternating Series Test because f(x) = In x is an increasing function of x = s decreasing

In x

=u, >u,,, forn>l;alsou, >0forn>1 andnl_i_.rrgo Tﬁl—n-zﬂ

. converges by the Alternating Series Test since f(x) = In X = f(x) = ln X < 0 when x > e = {(x) is
(&)
decreasing => u, > u, ,q;alsou, >0forn>1and lim w, = lim 1—1311—’1 = lim _111_ =0
Inn __ lnn _ 5 1_1

. diverges by the nth-Term Test since hm Dyl “ll.n‘}ﬁj AT ]11'1'010 3=35 #0
. converges by the Alternating Series Test since f(x) = ln(l + x_l) = f(x) = - <Oforx>0=f(x)is

x{x+1)

decreasing = u, > uy .4; alsou, >0 forn>1 and Jm o, = lim ln(l +%): ln(nli_.ngo (1 +%)) =in1=10

VE+1 lex—244

converges by the Alternating Series Test since f(x) = ¥ = fi(x) = 2\/_(—+1)§ < 0 => f(x) is decreasing
x(x
Jn+1
= u, >n, . ;alsou, >0forn>1 and llm u, -lggo ] =0

AT Wite
\/_+1 n—o0 1+(L)_

diverges by the nth-Term Test since hm

o0 o n
converges absolutely since Y |2al= > (-]1—0) a convergent geometric series
n=] n=]

(G2 i U

1}

._.

converges absoiutely by the Direct Comparison Test since (L(}) which is the nth

= {0

term of a convergent geometric series



14.
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o : 1 1 : 1 = 21
. converges conditjonally since —= > >0 and lim —5==0 = convergence; but a,|= —
g ¥ N N Tt noe fn g ngl 12n] ngl 172
is a divergent p-series
Lo . i 1 : 1
converges conditionally since > >0 and lim = (0 = convergence; but
& y 140" 140+t neoo 144 /n &
R mag= & L iea divrgent seris sinee 2 ¢ 8 L
= is a divergent series since => — = is a divergent p-series
ngl |an! n=1 1+\/l'-1 5 l-l-\/ﬁ_? nz=:1 172 g p-
: & & n n 1 s
. converges absolutely since 3 ja |+ 3 3 and — < =5 which is the nth-term of a converging p-series
n=1 n=1 0" +1 n"+1 n

16.

17.

18.

19.

20,

21.

22,

23.

diverges by the nth-Term Test since lim -213,11 =co {Table 8.1)

. . 1 1 . _ . o

converges conditionally since ——y > CERVEE >{ and n]erc}O nr3= 0 = convergence; but ngl EXN
o 1 . b 1 1

:ngl nt3 diverges because 32 4n and 21 i 1s a divergent series

converges absolutely because the series ¥, i converges by the Direct Comparison Test since s_1_r12_n < -1-2-

n=1 n
. . . J+n_
diverges by the nth-Term Test since “]l.rrg‘3 Ern = 1#0
converges conditionally since f{x) = In x is an increasing function of x = A=l s decreasing
dInx ln(x3)

= A ! >0forn>2and lim — =0 = convergence; but Of: {a |=§ 1

dinn iln (l’l + 1) 3 1 ’ n=2 n n=2 -ln(ns)

= E — diverges because

n=2

~L>Land f 1 diverges
3lnn” 3n =D

convetrges conditionally since f(x) = 2 + = f(x) = (%+ %) < 0 = fi(x) is decreasing and hence
x* x

£

o0
U, >uyyy >0forn>Tand lim (ﬁ -r%) ) = convergence; but nz:l |= ;

1
=+

n n

% is the sam of a convergent and divergent series, and hence diverges

[ag:
1118

Il

(_2)n+1
n+ 5"

2n+1
T n+5H"

converges absolutely by the Direct Comparison Test since < 2(%) which is the nth term

of a convergent geometric series

o2y

T

_ _ T | m+1)?
converges absolutely by the Ratio Test: nler(;c )= nango (

mIM ——
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24. diverges by the nth-Term Test since Jim a, = lim 10V =1 #0 (Table 8.1)

25,

26.

27,

28,

29.

30.

31

n—roo

20 21b
-1
converges absolutely by the Integral Test since J (tan™? x) 1 5 |dx = lim [{_ﬁ.a.n_x)]
) I+x b—co z 1
2 2 i 2 2
= % ~1 ~1 = MmN _fmye )| _ 3x%
= gim [(anto G 0] =4(8Y - (3) =%
in(x)+1
converges conditionally since f(x) = —ll— = f(x) = —[—(-—2—-5-] < 0 = f{x) is decreasing
x In x (x In x)
= u,>u ., >0forn>2and i TInn T 0 => convergence; but by the Integral Test,
o b ( 1 )
J ﬁ; = bll»n;o J. inxx dx = llm [in (In :()]Iz3 = bll»ngo [In(in b) —In(ln 2)]= oo
2 2
ol o.a] .
= nZ=:1 |a.n|=n§} g diverges
diverges by the nth-Term Test since lim ﬁ"% =1#£0
i (x-Inx)—(nx)(1-1
converges conditionally since f(x} = ln X _ = f{x) _(x) )( x)
x—Inx 2
(x —In x)
1— (ln K) lnx+(ln X)
- —_l—Inx : lc n
= (x——lnx)2 (x_lnxJ2<ﬂ':>ungun+1>OWhenn>eandnlLrgo T-Ino
(3)
= lim g =0 = convergence; but n —In n < n = 1 >l:> In n >—1—so that
n—iéo 1_(1) ’ a—-lnn" " " n—lpn R
m
ocr o l
5 lag|= 2 . nln diverges by the Direct Comparison Test
n=1 n=1 "7

oo™t L 100 _
T, ) =A% @I (M00F - i ner=0<!

u
converges absolutely by the Ratio Test: Jim ( n+1)

20 o0 n
converges absolutely since % lay|= ¥ (-—51~) is a convergent geornetric series
n=L =1
. = = 1
converges absolutely by the Direct Comparison Test since 3 |2n|= 2. —5—>——and
n=1 n=1 n“+2n+1

T-L-—— < Lz which is the nth-term of a convergent p-series
n“+2n+1 n



32.

33.

34.

36.

37.

38.

39.

40.

oo 23]
converges absolutely since E Jag|= 2
n=1

geometric series

o
converges absolutely since 3, |a = 3,
n=1

n=

[+ o]
converges conditionally since Y. %5ET —

converges absolutely by the Ratio Test:
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Inn n= 5’5
In n? n=1

n=1

o0 [» 2] 1
Y (&= 2. f diverges
n=1 n=1

n=

. converges absolutely by the Root Test:

1

1

R VINE

-1 oo

g\)% =:£% ;%E
£

n=1

lim
N==00

)a‘n+l

diverges by the nth-Term Test since lim |a,|= lim BT

i, (55
.

= lim

n— o

converges absolutely by the Ratio Test:

= lim

(on+ 1)(n+ 2. (n—l-(n—l))

o1

(n +1)%3

_3

Tn=e (2n+2){(2n+3)

converges conditionally since

<1

lim
n—oc

-
-

...__)n = ni::i (%)n is a convergent

({n+ 1) ) (2n)!

Tre (@D (@l

(2n)!

n)!

= lim

fm &
% P+ DEnF )

(n+1)(n+2)--+(2n)

o P

=oco#0

lir
n—oo

Vitl-a Vo+l+yn

(n+ D!+ 113+ (20 + 1)

(2n + 3)!

1

n'n!3"

1

Vo+l+y/n vG+1+v”

(1"

[+ 1)
decreasing sequence of positive terms which converges to 0 = Z \/_—
n+1+4/n

:>4n>n+1=>2ﬁ>\/n+1=>3\/E>1/n+1+\/ﬁ:3\/ﬁ<v/n+l+\/ﬁ=-

diverges by the Direct Comparison Test

diverges by the nth-Term Test since nli—-"c}o (\,‘ n§ +n-— n) = nh—p"éo (\/ n? +n- n) -(—-llin—t-n-

= lim

0=+

n

= _im
n—oa

n“+n-+n

1

1+L+1

1

g # 0

o0

BZ+n-+n

)

ATt

converges; but n > % = 3n>1

1

ngl Vn+1+./n

1

41
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41. diverges by the nth-Term Test since llm (ﬂ “\/_ ('Un+\/_*\/—) Tn—;}/?-ﬁ-;?
n+4+/n+4+/n

= __‘/'Lﬁ_:nl—i-fmoo =3 #0
VBt o+ 1+711=1+1

42, converges conditionally since | ———=—=——1 is a decreasin uence of positive terms converging to 0
oot e { L) i i s -

(vr*‘\/fT) - Vo P
(e i

v a]
so that gi --\/-_-:l_—-l-ﬁ diverges by the Limit Comparison Test with

n=1 n=1

oo ( l)n convergeS' but lim
nl f+ /n ! n—oo

=

1

——= which 18 a divergent p-series

. . . 9 _ 9 " 2 .
43. converges absolutely by the Direct Comparison Test since sech (n) = 3 = < = = which is the

€ +eT" Myl o en
nth term of a convergent geometric series

o0 a7 o0
44, converges absolutely by the Integral Test since J csch x dx = J ( < 2 Qf) dx = -2 J e—z dx
1 1 1

b
b
= -2 lim J' — €  _dx=-2 lim [coth~teX]. = 2 lim [coth~1(e?)—coth~le]
2 b—oc 1 bh—oo
1

b 1_(ex)
b b
_ . 1 e’ +1 e+ 1Y _ e+ . e+ 13Y e+ 1 —
= -2 lim {fm(eﬂ_l) Lin(2 1)]_111(3_1)*1:1(1‘11% (;B-:-]—))_In(e__l)—lnl-wﬁ.??

o o
= 3. la,]= ¥, csch n converges
n=1

n=1

45. |error| < |(-1)6(%)I= 0.2 46. ferror| < (—-1)6(-1-103) = 0.00001
47. lerror| < i( 1)6(0 01)5 x 10711 48. |error] <1(—1)'1 t4 ‘ =tt<1
49. 5 = (2n)! > l_200000=>n>5=>1~—7+%-—l L % 0.54030
(211)' 108 5 AT TR TR
50. $<% = ¥< fln>9= 1=+ g+ d-dad -4+ 4~ 0367881944
51. (a) a, > a, ., fails since -é— < -%
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[(%)n +(%)n:| _ io: (%)n +n>°:::l (%)ﬂ is the sum of two absolutely convergent

n=1

(b) Since 3 ja )= %
n=1 n=1

series, we can rearrange the terms of the original series to find its sum:

1 (3)

A MO (e AT RER:

52. spq=1-1+

1 1 1.
T+ g g4+ g o = 06687714082 = 555 +

1
3 20

OO .
59. The unused terms are 3 (~1)""1a; = (=17 (a1 = 2pa2) + ()" (Bnsa = ) -

= {-1)“+1[(an+1 ~ 312} F (343~ Pnga) o) Each grouped term is positive, so the remainder

has the same sign as (—1)"*!, which is the sign of the first unused term.

S S L= =% (-1
54. 811“1-2+2-3+3-4+“'+n(n+1)_kz=:1 k(k+l)_kz=:1 (k k+1)

:(1 —%)+(%—%)+(%—%)+(%—%)+...+(-[1T——H-—_1F~I) which are the first 2n terms

of the first series, hence the two series are the same. Yes, for

wm g (k)= (-0 (G- D DD sl (o) =1

= lim s, = lim (1 - i 1) =1 = both series converge to 1. The sum of the first 2n + 1 terms of the first
seTies is ( -ﬁ)+ o _}_ 1= 1. Theirr sum s lim s, = lim (1 _n;ﬂ) =1.

oo v ]
55. Using the Direct Comparison Test, since |a, 1> a, and 3 a, diverges we must have that 3  |a, | diverges.
n=1 n=]

o0 o0
56. |a; +a, +...+a,|<|a,|+|ay|+.-. +|a,| for all n; then 3 | a5 | converges = 3 a, converges and these
n=]

n=%

imply that

2 anls > 2|
n=1

n=1

o
57. (a) n};} |ag + by, | converges by the Direct Comparison Test since |a, + by | <|a,|+|b,|and hence

[o ]
2 (a, +b,) converges absolutely

n=1

o [+ <]
(b) § |bn | converges = 3, —b, converges absolutely; since ) a, converges ahsolutely and
n=1 n=1 n=1

oo o x>
3. —b, converges absolutely, we have Y, [a,+(—by)]= 3. (a,—b,) converges absolutely by part (a)
n=1 n=1

n=1



762 Chapter 8 Infinite Series

(c) z |ag, | converges = [k| Z la.nf-_. |ka.n|converges = E ka_ converges absolutely

58. If a, = b, = (-1)" % then cf: (— 1 L \/1_1 converges, but ): a b, = §.j fll-diverges

n=1 n=1

- 41 1 1 1 & _ 1 _1_1_ 1 1., _
S =%~ o 353§ 30 33 3436 38 a0 a3 43~ 0512

36-.-35+5 —-0.312,

- 1l _1_ 1 1 1 1 1 _1_1_1_ 1
S7=% 45 485 50 57 54 56 58 60 62 54 g6~ —0-o1106

0.4
0.
2 1 [ [}
_0. -
=0.4 )
. - v w12
N -1
60. (a) Since 3 |a,|converges, say io M, for ¢ >> 0 there is an integer N; such that{ 3 |aq|— M <-§—
n=1
Nl—l Nl—l . oo
ad IPPRN LA b RPN NE E lan} [|[<§ |~ 2 |aj|<§e ) ja,|<5. Also, ¥ a,
n=1 n=1 n=N; n=N, n=N,

converges to L 4> for € >> 0 there is an integer N, (which we can choose greater than or equal to N,) such

€ = € _ €
tha.tlsNz—L1<—2-. '.[‘hert’:fm-e,n=2Nl |a.nt<2a.nd}sN2 L‘<-2—

k
L |ag|—M

n=1

o
(b} The series 21 ]ay, | converges absolutely, say to M. Thus, there exists N, such that <€
n=

whenever k > N;. Now all of the terms in the sequence {lbn|} appear in {ia.n |}. Sum together all of the

terms in {] b, |}, in order, until you inciude all of the terms {13} Nl:’ and let N, be the largest index in the
n=

N, N
sum 2 |b, | so obtained. Then

2
|b |- M| < ¢ as well => §1 {b, | converges to M.
n=
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oo o [= 4} s} —+
61. (a) If 3 |a,|converges, then ), a converges and% > a, +% MRENE ioj i‘i_zla;‘ll
n=l] n=i n=1 n=1 n=1
a’n+|a'n| n if a.n20
converges where b, = —5—= .
0, if a, <0
s, o3 [} —_
(b) If 3° |ay, | converges, then 3 a, converges and% io: a, _% ioj lan | = io: i“__—.lil
n=1 n=] n=1 = n— 2

converges where ¢, =

8y —|ay | 0, if a, >0
2 T ay, if a <0
62. The terms in this conditionally convergent series were not added in the order given.

63. Here is an example figure when N = 5. Notice that

uz > Uy >y and ug > ug > uy, but uy >, for

n> 5.
+|,|i
-"z
tuy
-u‘
+u
pitr—— -I.Is
+y ]
T -*aj*q «
5, 0 3, sg g L £, 85, g

8.8 POWER SERIES

Uy L+l

U,

1. lim
n—oa

o =]
<1l =|x1<1= -1<x<]1; when x = ~1 we have 3, (~1)" a divergent

n=1

<1= lim |
=00

xl’l

oo
series; when x = 1 we have 3 1, a divergent series

n=}
{a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is —1 < x < 1

(¢} there are no values for which the series converges conditionally

. Up 49 . (X + 5)n+1
2. nILrIgo T, <1 = lim W<1=>|x+5!<1:>—6<x<—4;whenx=——6weha.ve
[+ ) o0
3 (~1)*, a divergent series; when x = —4 we have }_ 1, a divergent series
n=1 n=1

(a) the radius is 1; the interval of convergence is —6 < x < —4
(b} the interval of absolute convergence is —6 < x < —4

{c) there are no values for which the series converges conditionally
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(4x + 1)"H!
(4x+ )"

un+1 .
T l< 1= nanf}o

2

<1=>[4x+1|<1=>—1<4x+1<1=>—-1-<x<0 when x = - %we

have of: (—1¥{-1)° = z: 1> = 2 1%, a divergent series; when x = 0 we have Z: (-1
n=1

n=1
[= ]
= 3 {-1)", a divergent sertes
n=1

{(a} the radius i is 3 1, ; the interval of convergence is ~% <x <

(b} the interval of absolute convergence is ——%- <x<0

{c) there are no values for which the series converges conditionally

(3x — 2)n+1 ] n
n+l {3x-2)"

4, lim

=00

Unil
un

<1=>l

H n
<1=|3x—-2| lim (n+l)<1=>i3x-2|<1

_ - 1 . _1 & (-1
= -1<3x 2<1=>3<x<1,whenx_3wehavez o
n=1

which is the alternating harmonic series and is

[n ]
conditionally convergent; when x =1 we have Y %, the divergent harmonic series

TE—+ OO N—+30

n=1
a) the radius is ; the interval of convergence is 1 <x<1l
3 3=
(b) the interval of abselute convergence is % <x <1
(c) the series converges conditionally at x = %-
n _ 9 yn+l1
5. lim |—i|<1:> T 10° lx 21

TEES: '{x—2)"<1:> T <l=ix-2[<l0=>-10<cx-2<10

=> —8 < x < 12; when x = —8 we have § {—1)", a divergent series: when x = 12 we have ic: 1, a divergent
series " =

(a) the radius is 10; the interval of convergence is —8 < x < 12

(b) the interval of absolute convergence is —8 < x < 12

(c) there are no values for which the series converges conditionally

(2x)"
(2}

js. =] o0
3. {~1)" a divergent series; when x = % we have Y. 1, a divergent series
n=1 n=1

<1= lim I2x|<1=>12xl<1=>—%<x<%;whenx=—%wehave

6. lim

el = lim
n—o0

(a) the radius is 5 1 the interval of convergence is —% <X < %

(b) the interval of absolute convergence is —% <xX< %

{c) there are no values for which the series converges conditionally



7.

10.
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(n + x»t! (n+ et o ixt lim. (n+1){n+2)

firg TS N T

n—oo

<1l=ix1<

L
E'H ‘< 1 = lim
n n—oo

= -1 < x < 1; when x = —1 we have Z (-1 D = + Pt divergent series by the nth-term Test; when x = 1 we

n=1

have Z 2, a divergent series

(a) the radius is 1; the interval of convergence is —1 < x < 1
(b) the interval of absolute convergence is -1 < x < 1

{c) there are no values for which the series converges conditionally

{x+ 2)n+1 n

i ntl  (x+2)"

n—oG

+1 . .
|<1:"nll.“30 41:>|X+2|nlﬂ§o( +1){1:|x+2!<1

o
= -1 <x+2<1=>-3<x<-1; when x = -3 we have }_ %, a divergent series; when x = —1 we have

n=1
(-1°
n

]

, a convergent series

=

In=
(a} the radius is 1; the interval of convergence is ~3 < x < —1

(b} the interval of absolute convergence is —3 < x < —1

(¢) the series converges conditionally at x = -1

xn+1 l’l\/I_13

(n+)y/ntizntl X

el = lim

n—so0

lim
=0

<125 Jim, ,,11)( A, 737) <!

1:‘(1(1){1)<1=:~1Jv:|<3 = —3 < x < 3; when x = —3 we have 2 (=1

Z 3/2 , an absolutely convergent series;

)
when x = 3 we have 3
n=1

i .
L a convergent p-series
(a) the radius is 3; the interval of convergence is -3 < x <3
(b) the interval of absolute convergence is =3 <x < 3

{c} there are no values for which the series converges conditionally

[x_l)n+1- ‘/ﬁ
v+l (-1

<1l=|x=-1]./lim <l=2x-1l<1

I
nl-ngo n—so n41

n+1l :
T <1:>ni3+ng°

n

= —l<x-1<1=0<x<?2; when x =0 we have io: _sz-,
n

n=1

a conditionally convergent series; when x = 2

we have 2

n=1

" ;2, a divergent series

{(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2

(¢} the series converges conditionally at x = 0
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I1.

12.

13.

14,

15.

16.

Lt
(n + 1)‘

{a} the radius is co; the series converges for all x

lim
I =0

< 1= lim

T+ x0

ll+|

< 1:>|xi]un (—J—~
n

+1)<lforallx

{(b) the series converges absolutely for all x

{c) there are no values for which the series converges conditionally

Unt
ul'.l.

3n+1 xn+1 nlr

CESERT

{a) the radius is oo; the sertes converges for all x

lim

n—oo

<1 = dim
n—oo

< 1= 3Ix| Ilm (?-lﬁ){l for all x

{b) the series converges absolutely for all x

{c} there are no values for which the series converges conditionally

‘Zn +3 n!

. u
lim |-—-n—|<1:> llm (n+1)‘ T

L=+

<1=x% lim (-—-—1--)< 1 for all x
n—oo \n + |
(a) the radius is oo; the series converges for all x

(b) the series converges absolutely for all x

() there are no values for which the series converges conditionally

(2)( + 3)2n+3 - o
(n+ 1! (2x+3y¥!

(a) the radius is oo; the series converges for all x

: n+ 1
I,

<1= iun
O

<1= (2x+3)? lim (n—]\;-—l

{b) the series converges absolutely for all x

{c} there are no values for which the series converges conditionally

1 n+1l ‘a" 2
lim |2 <1 > tim [—=X “+3<1:ix|\/1im S
n—oo o n—oo (l‘l+ 1)2+3 by TN~ n+2n+4
oo 1
= —1 < x < 1; when x — —1 we have 3, (1) -, a conditionally convergent seri

n=1 \/m

o0
3 , a divergent series

n=1

(a} the radius is 1; the interval of convergence is —1 <x <1
(b) the interval of absolute convergence is —1 < x < 1

(¢} the series converges conditionally at x = —1

n+1 Vn§+3

n®+3

lim

= —1 < x < 1; when x = —! we have E \/—., a divergent series; when x =1

n=1

)<1for all x

<1 =|x1<1

es; when x = 1 we have

1
Jim_ |3_H|<1=>nll"éo <l=ixiyflim =T — <12 x|< ]
n {(n_+_1)2+3 x n +2n+4

_1yn
we have Z ( 1
n=t n°+43’




17.

18.

18.

20.
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a conditionally convergent series
(2) the radius is 1; the interval of convergence is -1 < x <1
(b) the interval of absolute convergence is —1 < x < 1

{c} the series converges conditionally at x = 1

. 1 .| D43 e x+3] . (n+1) |x +3]
Jim <1l= lim on T -n(x+3)n<1:>——5——11m T /<l=>——x<l
« & n(-5)" n
=|x+3]<bh=>-5<x+3<5=>-8<x<2 when x = —8 we have > 78 Z (—1)"n, a divergent
n=1
. = o . .
series; when x = 2 we have = 3 b, a divergent series
n=1 n=]
(a) the radius is 5; the interval of convergence is —8 < x < 2
(b) the interval of absolute convergence is ~8 < x < 2
(¢) there are no values for which the series converges conditionalily
n+1 n{.2 2
lim “+1|<1:> lim (ln+21)x A (n:1)<1=>fz’ lim Eizuw<1=>|x|44
R0 oo {gntl(p? ygnp)  nx 2> | n(n? +2n +2)
o0 n( -1 " :
= —4 < x < 4; when x = —4 we have E g a conditionally convergent series; when x = 4 we have
=1 o’
50—, a divergent series
n=1 n“+41
(a} the radius is 4; the interval of convergence is —4 < x < 4
(b} the interva!l of absclute convergence is —4 < x < 4
(c) the series converges conditionally at x = —4
) J/n+ 1t n .
Jim n“\(l:;- lim T -\/%xnél:igl Aim (ﬁl}lll)<1=>|§|<l=>ixl<3
[» =]
= ~3 < x < 3; when x = -3 we have ), (—1)"\/n, a divergent series; when x = 3 we have
n=1
Z /I, a divergent series
n=1
(2) the radius is 3; the interval of convergence is —3 <x < 3
(b) the interval of ahsolute convergence is -3 < x < 3
(c) there are no values for which the series converges conditionally
+1 n+1 n+1
u vn+1(2 v +1
lim |—{#!<1=> lim 00T ) ok 5] dim [ —Y L ) <
n—oo n = \/H (2x + 5)11 T—50 nﬁ

lim t\/l:
:>|2x+51 ""°° <1 |2x4+5|<1 = -1<2x+5<1=> -3 <x< -2 when x = —3 we have

i, /n
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21.

22.

23.

24,

oC O
3 {~1)%/n, a divergent series since lim \/n =1; when x = —2 we have 3, ,/n, a divergent series
n=1 n—oo n=1

{(a) the radius is %; the interval of convergence is —3 < x « -2
(b} the interval of absolute convergence is —3 < x < -2

{(c) there are no values for which the series converges conditionally

1 n+1 ntt . 1t
A, || < 1= tim = <l=xy| 422 el = ixy(f) <l =2 ixi< ]
(1+3) = Jing, (141

o0 n
=% —1 < x < 1; when x = —1 we have } (—]]n(l +f11-) , a divergent series by the nth-Term Test since
n=1

n ) n
Aim (1 + %) =e # 0; when x = 1 we have 21 (i +%) , a divergent series
n=
(a) the radius is 1; the interval of convergence is -1 < x < 1
(b) the interval of abselute convergence is —1 < x < 1

(¢} there are no values for which the series converges conditionally

1
) u, , In (n + 1)x™+1 . (n + 1) . n
A l<1=>nango T <1=1x) lim <1=ix! lim (m)<1:‘-|xl<1

(%)

= ~1 < x < 1; when x = —1 we have }_ (-1)"In n, a divergent series by the nth-Term Test since
n=1

v )
Jim Inn # 0; when x = 1 we have nz=:1 In n, a divergent series

(a) the radius is 1; the interval of convergence is ~1 < x < 1
(b) the interval of absolute convergence is ~1 <x < 1

(¢) there are no values for which the series converges conditionally

(Il + 1)n+1xn+1

n"x"

<1 ;>;x|(n13% (1+4) )(nlggo (m+1)<1

= ~<3|>c|ml_i_r‘r¢1o {(n+ 1) < 1 = only x = 0 satisfies this inequality

u
lim ;}—“| <1= lim
n—oo n n—oo
(a) the radius is 0; the series converges only for x =0

{b) the series converges absolutely only for x =10

{c) there are no vahies for which the series converges conditionally

T |t Dix =gt | L
A - <1l= lim Al (x =47 <1=|x-4[lim (n+1)<1= only x = 4 satisfies this
inequality

(2) the radius is 0 the series converges only for x =4
{b) the sertes converges absolutely only for x = 4

{c) there are ne values for which the series converges conditionally



25.

26.

27.

28.
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(x+2)"F pon
(n+ 12~ (x+2)°

. 2{ .. 2!
<I'= lim <1z>xTn1Lm ( )claix; < 1l=x+2]|<2

nT—0o0

. n+1
i | )

= -2<x+2<2 = -4 <x<0; when x = —4 we have E n , a divergent series; when x = (} we have
=
oo (_l)n-i-l

7—» the alternating harmonic series which converges conditionally

n=1

(a) the radius is 2; the interval of convergence is —4 < x <0
{b) the interval of absolute convergence is —~4 < x < (}

(¢} the series converges conditionally at x = 0

. 1 i 12D 0+ 2 (x 1) i (2
Jim_ <1l= lim I = a T )(x 1) I<1=>21x—1|n11_,rgo aT ) <1=2lx-1l<1
- Lo, lesi 1<l ) 3w =1 = i jest -3
2ix-1ll<sg=> —z<x~1<s=>5<x<35 whenx =3 wehave > (n+1), a divergent series; when x = 2
573 2732 3 2 2 2

we have f: (—1)"(n + 1), a divergent series
3

the interval of convergence is ‘12 <x <y

(b) the interval of absolute convergence is % <x <%

(a) the radius is 2,

(¢} there are no values for which the series converges conditionally

i+l a(ln n)?
(m+D(ln+1)y¥ X

u
. n+l .
A, |-a—-(< 1= Jig,

(%)
1)

[n ]
7 which converges absolutely; when x =1 we have },
n=1 n(ln n) n=1 n{in n)

{(a) the radius is 1; the interval of convergenceis ~1 <1< 1

2
; n In n

2

Bl

2
<1:>|x|(niLngo njl) <1 =|xl<1= ~1<x<]1; when x = —1 we have

= Ix1(1) | Jim, (

I'_.

n

+

®  (-1)"

7 which converges

(b) the interval of absolute convergence is —1 < x <1

(¢) there are no values for which the series converges conditionally

i Un+1 xat! 0 ln{n) . in (n)
r}L‘&,’ |<1¢JH‘30 T nEsy e |<1 (i, )R paan) <!
& (°
= x{(1}{1) <1 = |xi<1=>—1 <x<1; when x = —1 we have Z STo o & convergent alternating series;

o ]
when x = 1 we have L _ which diverges by Exercise 39, Section 8.4
%y nlnn .

(a) the radius is 1; the interval of convergence is —I <x <1
(b) tre interval of absolute convergence is -1 < x < 1

{(c) the series converges conditionally at x = —1
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1 . (4x —5)*n+3 n3/2 2 3/2 =12
29. lin <1= lim T T <1= (4x—5)( _‘;1) <1={4x-5)2 <t
( 1)2n+1

::»|4x—5]<1:—1<4x—5<1=>l<x<g;whenx=1wehave E
n=1

B - PR
—-———-—n3;2 =¥ 57 which is
)2n+1

1
absolutely convergent; when x = % we have E {3—;2, a convergent p-series
n=1
(a) the radius is 41; the interval of convergence is 1 < x < %

3

(b) the interval of absolute convergence is 1 <x <%

M

(¢} there are no values for which the series converges conditionally

Bx+ 1% ango
2n+4 (3x+1)n+1

u
- n+1 -
30. lim, l T, ’< 1 = lim

2n+4

<1l= |3x+1|nli_.n§°(2n+2)<1:>|3x+11<1

n+1
= -l<Ix+1l<1l= —%< x < 0; when x = “ﬁ we have E (—21%, a conditionally convergent series;
h 0 we h (5 _ & di
when x = 0 we have nZ-:I g gl T1 @ ivergent series
(a) the radius is é—; the interval of convergence is —% <x<0
{b) the interval of absolute convergence is —% <x<0
c) the serles converges conditionally at x = - £
he seri ditionali 2
s n+l (x + ):H-l \/I_l
3t. lim, l<1:> hm Ja (X+I)n<1:>|x+nlll

n—9o0

=ix+7|./ lim ( +1)<1=>|x+7r1<1=>u1<x+7r<1=>—1-7r<x<1-7r,

& U&= (=) . -

when x = ~1 — 7 we have ). =3 1750 conditionally convergent series; when x = 1 — 7 we have
n=1 \/H n=1 n /2

& 1" _ & _1 : :

PO S — 73> & divergent p-series

n=1 \/1_1 n=1 n'/

(a} the radius is 1; the interval of convergence is (—1 —7) <x < {1 - 7)
(b) the interval of absolute convergence is ~1 —r <x <1 -7

{c) the series converges conditionally at x = =1 -7

x=v2"" g (x~ 3

<1l=
2n+l (x_ \/-i)in-!—l 2

2
=='(x—\/i) <1=(x—/3 22<2=>|x_\/§‘(\/§=>_\/§<x_\/§<\/2-=>0<x<2\/§;whenx=l]

o) 2n+1{2

32. lim
n—+oo

u
-Elu%‘-(l:nli_.néc Jim (1<

(=}
a—=— 3. /2 which diverges since lm a_# 0; when x = 24/2 we
n:] 2 n=1 n=ee W

2n+1
we have Z ( \/_
n=1

Zn+41
oc +1/2
have Z \/_) =3 gn—?n—;—
=1

n=l

20 - -
=3 ﬂ, a divergent series
n=1



33.

34.

35.

36.
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{a) the radius is \/5: the interval of convergence is 0 < x < 2\/§
(b) the interval of absolute convergence is 0 < x < 24/2

{c) there are no values for which the series converges conditionally

g =1 e (x-1° 2

Jim E‘n |<1=*’n]l.r§3 Ve <1= 5= lim {ll<i={x-1)’<4=ix-1l<2
2 (2}*“ & o

= -2<x—-1<2=-1<x<3 atx=—1wehave ¥ E —ﬁ=z I, which diverges; at x = 3
n=0 n=0 n=0

we have 5 = 3 Z5 =3 1, adivergent series; the interval of convergence is ~1 < x < 3: the series

n=0 ~ n=0 4n n=0
= {x-i)zn = 2 " :
3 =3 (X > is a convergent geometric series when —1 < x < 3 and the sum is
n=0 n=0
L 1 _ 4 ___ 4
1_(:{——1)2 [4 {x— 1)2] 4—x24+0x—1 3+2x-x°
2 3
- |[¥nt1 L )I2 gn (x+ )2
lim T <1= lim gt '(x+1)2“<1:> 3 Ili<1:>(x+1 <9=[x+1|<3

x (-3 Lo
= -3<x+1<3=>—-4<x<2 when x=—4 we have ) g0 = Y. 1 which diverges; at x = 2 we have
n=0 n=0

o ) [+ %]}
Y G = 5. 1 which also diverges; the interval of convergence is ~4 < x < 2: the series

I
o 13y2n g 2
Y (_x.i-___)__ =3 ((x s 1) ) is a convergent geometric series when —4 < x < 2 and the sum is

n=0 9 n=0 3
1 1 9 9
1_(x+1)2 9—(x+1)? ¢-x?—2x~1 8—2x-x°
3 9

S
2 (x-a)

= 0 < x < 16; when x = 0 we have E {—1)", a divergent series; when x = 16 we have E {1)", a divergent

(5 s

<1= lim <l=|yx-2<2= —2<x-2<2=2 0< /fx<d

lim n+1
O

n
series; the interval of convergence is 0 < x < 16; the series Z ) is 2 convergent geomeiric series when

n=0 2
0 < x < 16 and its sum is 1 = 1 =1 2\/_
)
2 2
+1 . ( 1,c)n+1 .
Am | p=| <1 = lim i <l=llxi<l=-l<lnx<]l=>el<x<e;whenx=e!orewe

obtain the series z 1" and E (=1)® which both diverge; the interval of convergence is e™! < x < ¢;
n=0
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3 1
> (lmx)"= i whene ! <x<e
n=0 -

In x
+1
(x2+1)“ ) 3 "
3 x2+l

o
S Ix1< V2= —v/2<x</2;8t x = £+/2 we have 3. (1)" which diverges; the interval of convergence is

n=>0

x2+1

2
3 <l=x <2

<1=

(x2+1)
n—

3 lmgo|1|<1;‘>

1
37. lim ]{}—“|<1=> lim
n—+00 n n—oc

n
o 2
—V2Z<xr< \/i; the series 3. (x + 1) is @ convergent geometric seties when —+/2 < x < \/5 and its sum is

n=0 3
1 ~ 1 —_3
1- x2+1) (3—x2-1 2 -x?
3 3
o [Mn (2" o :
38. nl_lggg <1:>nleréo s -(x2+1)n<1:>lx ~tlc2 = - 3 <x<+/3; when x = ++/3 we
o0 . . i , oo 2 1 "
have Y 17 a divergent series; the interval of convergence is —-\/5 <X < \/3‘;: the series Y, [ % é" isa
n=0 n=>0
convergent geometric series when —\/P: < x < /3 and its sum is 1 = L —- 5
x*—1 2—(){2—1) 3—x
1
2 2
39, tim |Co T2y ik —8l< 2= 1<x <5 whenx = 1 we have 5 (1)" which diverges;
- Jim SR '(x-3)“< =ix-3l<2=1<x<5 whenx =1 we ave,:ngl() which diverges;

[, o]
when x = 5 we have Y. {—1)™ which also diverges; the interval of convergence is 1 < x < 5; the sum of this
n=1

P 2 iy
convergent geometric series is )1(_3 =07 Hilx)=1 —%(x-3) +%(x—3)2+...+(—§) (x-3)"+
1+{252
n
= ;%—1 then f'(x) = —%-i—%(x—:}) +‘..+(—%) n{x - 3)""1 4 .. is convergent when 1 < x < 5, and diverges

when x =1 or 5. The sum for f'(x) is —_—2——2, the derivative of
-1 X

2
-1

40, 1 f(x) = 1 - 3 (x—3) +;11-(x—3)2-'r-...+(—%)n(x—3)“+...:szlthen Jf(x) dx
(x-3? (x-3° (x—
=X-—7 +t~T1g *+ +( 2) !
(-1)"2

n+1

)‘n+1

+.... At x =1 the series Z 2 7 diverges; at x =5
n=1

=]}
the series 3 converges. Therefore the interval of convergence is 1 < x < 5 and the sum is

n=1

2ln|x — 11+ (3 —1n 4), since J xgldx:21n|x—ll+c, where C =3 —1In 4 when x = 3.

3x?  5xt % ex® 110

41, {(a) Differentiate the series for sin x to get cos x =1 —SrtEro St r o e
2 4 6 8 10
=1 —%;-T +i—,—%!—+%——3{-?+ ... . The series converges for all values of x since
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Jim (f;?l" n—T =ix| lim (n_l}_l):(](ifora]lx
(b) sin 2x = 23): 2_;{_5_2;:;(7_'_2:3'(9_211!{('”+___12x_§3)%_+32x 1278,)(7+5192Tx9_20‘§?f” 4
(c) 251nxcosx—2[(l} 1)+(0-0+1- 1)x+(0 F+1-0+0- 1)x +(0 0-1-340-0-1. %,) 3
+{0- 5+ 1005~ U-é—kﬁ-l)x +(0 BT+ 0-0+ 500412 )x°
+(0-§IT+1-D+U-é+0-%+ﬂ-%+0-é+0-1)x6+...]zQ[X—%—i—lg.s ]
42. (a) %(ex):]+22_1’!‘+.3:;‘_!2+%+55i: =1+x+2 +31 + e*; thus the derivative of e* is * itself
(b} Jex dx:e"+C:x+323+)§?+ +57+ .+ C, which is the general antiderivative of e*
(c) e_"=1—-x+-’%—§;+4—?—5—?+...;e_x-ex=1-1+(1-1—1-1)x+( -g—l l+21, l)x2
+(1-é—1 «217+%-1—§1!—-1)x3+(1-a1—!—1 31,+,},-§11—é-1+41, 1)x“
{11 g dd—d g g 12 L+ = 14040404040+
43. {a) Insec x1+ C = Jtanxdx_ '[(:Jc-t-,1 QTS‘ %—+g§§: )dx
=S B i b G =0 R0 s e xi= S e R BB Sl
converges when -% <X < %
(b) sec’x = d—ﬂ-—-(tZ;: x) dx(x+%3+31’—‘53+-137-11‘5z+g§§§+- )_1+ L2 +11§ +%21"5 +..., converges

T w
when——§<x<§

2 4 6
(c) sec2x:(secx)(secx)=(l+}—c?—- %’%+%+ )(1+2+24+6712JB+ )
{11 5 1,5Y.4,(6l .5 5 . 6lY.6
= (g (g i)+ (T et i)
— 2, 2x?, 17x® | 62x8 _r T
FlAA S i T T2 X<y

2 = 4 6
44. (a) In|sec x+tan X[+ C= | sec x dx = J(1+3§+ X +Q1—x-+...)dx

24 7 720
=x4 3_+. 61]‘ 27? 9+ A4 Cix=0=C=0=In|sec x+tan x|
& 2215040 T 72,576 “
61x” | 277x° ™ T
*x+6+24+5040+725?6 .,convergeswhen—§<x<—2—
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d(sec x) _ 5x , 61x8 5x°  61x° |, 277x7
{b) sec x tan x = = ax (I+ 5 +T+W+ =X+ 6 + S5 190 + 1008 +..., converges

when—%<x<%

6 3 5 i
© e x)ean 0 =145+ 380 N2 10y )

a1 1N B (2 1 5N s (1T , 1 .85  61N.7, _. 5 61x°, 277X7
*x+(3+2)" +(15+6+24)" +(T§+I§+72+_2ﬁ)x to =X+ S+ 5 oo T
ki T

‘_§<x(§

45. (a) Hf{x) = § a8 x", then f(k}(x) = % a{n—1}n-2) -+(n-(k- 1))anx“"k and f(k}(ﬂ) = klay

n=0 n=k
k k
= ay = }(0) ; likewise if f(x) = § b, x", then by = f )(0) = a, = by for every nonnegative integer k
k= T’ = =T % = Pk ¥ g 4

o
(b) If f(x) = ngﬂ a x" =0 for all x, then f(k)(x) = 0 for all x = from part (a} that aj = 0 for every

nonnegative integer k

46.

=1+x+x2+x3+x“+...=>x[ 1)2]=X(1+2x+3x2+4x3+..-):> X
X

- (1— (1-x)*
2
=x+2x° + 3  +4axt + .. = x 1+x3 :x(1+4x+9x2+16x3+‘..)=>ﬁ—x—3
(1-x) {(1-x)
1.1
5+ oo 2
=x+4x2+9x3+16x4+...=>(2 4)=l+§-+3+lﬁ+‘..:‘r 3 r‘l_n=6
273781 =2

o0 n
47. The series > % converges conditionally at the left-hand endpoint of its interval of convergence [—1,1]; the
n=1

o o
series ( ) converges absolutely at the left-hand endpeint of its interval of convergence [-1,1]
n=1 n

48. Answers will vary. For instance:

@ & & ® & @+1 CNC

n=1

8.9 TAYLOR AND MACLAURIN SERIES

1l fx)=lnx F(x)=4, '(x)= -xl_z, f(x) = X%-; (1) =Iln1=0,f(1)=1, /(1) = -1, (1) = 2 = Py(x) = 0,

Py(x) = (x = 1), Py(x) = (x = ) = (x ~ 1)%, Py(x) = (x = 1) = F(x = 1) 4 5 (x - 1)*
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f(x) = In (1 +x), f1(x) =_1__ =14+ x) = -1 +x)72 P"x) =2(1+x)"3 {(0) =In 1 =0,

Poy=1=1#0)=-1)"t = -1, f"(0) = 2(0) 3 = 2 = Py(x) = 0, P,(x} = x, P,(x) = x *7, Py(x)
x3
tT

=X -

t\-:'l:":m l—'|)—l

CH) =L=xTl fx) = xR ) = 7S 1) = 64 £(2) =L £ = - Ly = L i = -3
= Po(x) = 4, Py(x) = %-%(pz), Pox)=4-tx-2)+Lx-2%,

Pyx) =1-d(x—2)+3(x-2)? - (x -2

R = (D)7 P() = (x4 2)7 ) = 2x 4 2)7, (%) = -6(x+2)-‘* 1) = @) =4, #(0) = ~(@)
=-1 f"(0)=2(2)-3=§ PU(0) = -6 = —3 = Pol) =L, Py =43, Py = X4 2

. f(x) = sin x, (x) = cos x, f(x) = —sin x, {/(x) = —cos x; f(%):sin%:ﬁ, f’(%): cos %: —-?,

f"(-:{-): —sinﬁ-: -—-—\4—5, f'”(%): —cos I = --ﬁ = P,= %, P,(x) :%ﬁ-#(x—%),

4 2
pus) = 4 (= 1) (x5 Pt =+ (x- 1) R - - Y25
f(x) = cos x, F/(x) = —sin x, {'(x) = —cos x, {""'(x} = sin x; f(4)=cos%= 12,
f'(‘;):—sm Z: —ﬁ, f”(%) ucos—g-.—— —ﬁ, f"”(zl):sm%“——ﬁ::» Py(x) =%,
Py(x) = - - 1

=75~ 51550+ 1)

CAx) = Sx= X2, f(x) = (%)xh'lﬁ, f(x) = (—%)x"aﬂ, ' (x) =(%)x'“5/2; f(4) = V4 =2,

ray =P =4 v = (-he?r =L r) = (3)a3 = s P =2 P =2+1(x-9),

Pox) =2+ 1 (x~0) - r(x-4)%, P3(x>=2+;(x—4)—@(x—4)2+~5—{-§(x*4)3

) = A 60 = () 7 ) = (- o 7 t*”{x>=(%)(x+4)‘5"2; () = @2 =2,
v =(3) @2 =1, 110) = (-1 @2 = -, 70) = ()2 = 5 = Pyl =

i 1 1 .3
Pl(x) = 2+‘4‘X, P‘J(x) = 2+%x——613x2, P3(x) = 2+Zx—ﬁx +5—1-§x
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10.

11.

12.

13.

4.

15.

16.

17.

18.

19.

)__.]“')('+"§i' |.+

=
!
o

e

e=f o8 O

[

n!

[ 5o 2
e=$ mo e § A gy
n=(0(} n =0 n!

3 4
2,+ T S

4- 23 3! 24-4!

() =(1+x)" =2 PR)=—(1+%)7% ") =201 +x)73, £7x) = =31 +x)™* = .. {f¥(x)
= (=1)MEI(1 + %) 7Y f(e> =1, 0(0) = -1, '(0) = 2, £/(0) = -3}, o f59(0) = (~1)kKe
:ﬁ:l—x—kxz —Z{-—X)" Z {-1)"x"

f(x)=(1-x)"" = x) = (1-x)"2 'x) =201 —x)"3, (x) = 31 —x) "% = ... f¥)(x)

= k!(1-x)"%1; f{0) = 1, f'(O)—l i‘”(ﬂ) 2, 700y = 31, ..., 1%)0) = k!
1

=>]——1+x+x +x°4+ Z
dnxe 8 CDNT g § CGTT s (DI 83 g
& T@n+ N e T @nt ) = (2n + 1)1 31 7B
11‘1 2n+1
S]nx_ f _(._1)1_.1__3.1.-!‘_]-:}3‘11 f .{....__)_(_)__,—: = _{..-.:..lln_x_z_ni_:i_.. X3 +_.)£_+
n=0 (2n+1)! n=0 (2n+1)! azo 2FYon 1) 2 2.3t 2°.5

. G i S SO R . o ‘
Teos(—x)=Tcosx=T 3 oy = TS+~ gt since the cosine is an even function
n=0 M

& {-1)"x™ & ('l)n(“'x)zn 5rex? | 5aix?  5a%x®
cosx_-ngo ) :>5c057rx—5nz=:0 oy =5~ 51 i &
+e * 1 < _x, x —
cosh x = ) g[(l“f'x + 2 +31+ + )"f‘(l K+§f‘-§,‘+?— 1+2T+41+ﬁ'+
2n
- X
ngg (21’!)‘

x —-x 2 3 4 3 5 6
sinh x = £-5* %[(1+x+ +3,+ - ) (1—}(-1—%—%?-1—%-...)]:x+%+g—!+3é—!+...
_ jo.2) x2n+1
T = (o410

f(x) = x*—2x3 — bx +4 = F(x) = 43 — 6x2 — 5, £(x) = 12x% ~ 12x, £7(x) = 24x — 12, £){x) = 24
= f™)x) = 0 if n > 5; {(0) = 4, £(0} = -5, £(0) = 0, £(0) = —12, £)(0) = 24, £)0) = 0ifn > 5

= x -2 —sx 4= a-5x— 10+ Tt = ot - % b 4 4 itself



20.

21,

22,

23.

24.

26.

27.

28.
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f(x) = (x+ 1D = 0x) =2x+ 15 () =2 = fx) = 0ifn 2 3; 1(0) = 1, F(0) = 2, 7°(0) = 2, £(0) = 0 if

n>3 :>(x+1)2-_1+2x+2 2

2, --1-}-2)(—}-;1(2

f(x) =x3 - 2x +4 = £(x) = 3x2 =2, I"(x) = 6x, F"(x) = 6 = {V(x) = 0if n >4 £(2) = 8, (2) = 10,
P(2) =12, (2 =6, (2 =0ifn>4 = x> —2x+4 =8+10(x~—2)+%(x——2)2+%(x—2)3
=84+ 10(x - 2) + 6{x —2)* + (x - 2)°

f(x) = 2x3 4+ x? + 8x—8 = F'(x) = 6x2 + 2x + 3, (x) = 12x + 2, P/(x) = 12 = F)(x) = 0if n > 4; [{1) = —
P(1) =11, P(1) =14, £71) = 12, 1) = 0ifn >4 = 2x3 +x2+ 3x -8
=2+ 1(x-1)+3(x - 1)%%%()( 1P = 2 i {x~ 1)+ T(x = 1)2 4 2(x ~ 1)3

f(x) = x4+ x2 + 1 = fi(x) = 4x® + 2x, /{x) = 12x% + 2, {"(x} = 24x, fV(x) = 24, €")(x) = 0 i n > 5;
f§(—2) = 21, (~2) = —36, £'(~2) =50, £''(—2) = —48, {(—2) =24, f™(2)=0ifn>5 > x*+x2 +1]
=21 ~36(x+2)+%(x+2)2-4§§-(x+2)3+i—?(x+2)4 = 21 — 36(x + 2) + 25(x + 2)2 — 8(x + 2)> + (x + 2)*

f(x) = 3x° —xt+ 2x3:+x2 =2 = '(x) = 15x7 — 4x% + 6x% + 2x, '(x) = 60x - 12x% + 12x + 2,
£7(x) = 180x% — 24x + 12, f*)(x) = 360x — 24, £3)(x) = 360, £V(x) =0 if n > 6 f(~1) = -7,

f(—1) = 23, £'"(~1) = —82, #"(~1) = 216, f(‘*)( 1) = —384, f¥)(=1) = 360, ) (=1) =0 it n > 6
T LI P I -7+23(x+1)—— 2x+1)%+ 2]6(x+1}3 334(x+ 1% 4 36°(x+ 1
= 7 +23(x+1) —4l(x + 1)® + 36(x + 1)* — 16(x+ DA+ 3(x+1)°

CE(x) = x7? = F(x) = —2x73, (%) = 37, (%) = —4tx S = f(x) = (1D + 1)

f(1) = 1, (1) = ~2, (1) = 81, £(1) = =41, £7(1) = (=1)*(n + 1} = ﬁ

=12 - D4+ 3x~1)2—4x-1P3+... = ijjo (=1)"(n + D)(x = 1)

=(1-x}"2fx) =201 -x}"2, M x) =01 -x"F > f(n](x) =nl(1-x)"""}

f(}() =
£§(0) = 0, £(0) = 1, £(0) = 2, £"'(0) =

o
lx =x+x2+x34+...= Y x*H
—X n=0

f{x) = e = f{(x})=e* f'(x) =e* = f{n)(x) =" 1(2) = e?, (2 =62, ... f(n}(Q) =e?
2

2 3 20
=>e"=e2+e2(x-—2)+%—{x—2)2+§—,(x—2)3+...: Dn,[x )"

f(x) = 2% = f(x) = 2% In 2, f(x) = 2(In 2)2, ""(x) = 2*(In 2)° = £Y(x) = 2%(In 2); £{1) =2, F(1) = 2 In 2,

(1) = 2(In 2)%, (1) = 2(In 2)%, ..., {™(1) = 2(ln 2"
2(In 2)2( P 2(ln 2) 22 ey 2 R

n=0

2(In 2)"(x - 1)"

n!

=S =24 2 Yx-1)+
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oo n)
29. Ife* = 3 1{—553)(:( —a)® and f{x) = e¥, we have f(n)(a) =e*foralln=0,1,2,3, ...

—a)? (x—a)' (x-—a)?
(x0!J+( 1!)+( 2!)

(x—a)*

X _ &
= ef ¢ 7

+...]=e"[1+(x—a}+ +...]atx=a

30. fix) =e* = i{n)(x) =e"forall n = f{n)[l) =eforalln=0,1,2 ...

2 3
=:>e":e+e(x—1)+%(x—1)2+3%(x—1)3+...=e{1+(x—1)+(x;!1) +(x;!1) —l—]

L. () = fla) + Fa)(x— ) + L ix - 2 + B e a s ()

g ) a
=f(a) +"(a)(x—a) + ()3(1(—&;)2 =>f”(x):f"{a)-{-f'”(a)(x—a)+f‘ ()4 -3(x —a)? +

f{+2

= fx) = P)(a) + 2 N a)(x —a) + (a )(x a)? +

= fla) = f(a) + 0, F'(a) = F(a) +0, ..., f(“)(a) =1"}a) +0

32. E(x) = f(x) —by —b;(x —a) —by(x —a)? ~ bg{x —a)* —... —b_(x —a)®
= 0 = E{a) = f(a) — by = b, = f(a); from condition (b),
bim f(x) - f(a) — by(x — a) — by(x — a)? —by(x —a)> ~... — b, (x — a)"
x—a (x —a)*

f'(x) — by — 2by(x ~ a) = 3bs(x ~a)* — ... ~nb_(x —a)""?
)n—l ’

=0

= lim =0

n{x—a
= b, =f(2) > lim (%) = 2by — 3by(x —a) —...— n(r; — )b, (x —a)*~?
x—a n{n — 1{x—a)™"

#"(x) —3'by — ... —n(n - 1)(n — 2)b_(x — a)"~>
n(n ~D(n-2)x~-ap*

f(n)(x) —-nlb,

=0

= by =11"(a) = lim =0

=0=b, = 1, f(“)(a), therefore,

)

=by=3:{"(a) = lim

£ '(a)

g(x) =fla) + fla}(x —a) + (x—a)®+ (x—a)" = P(x)

33. f(x) =In{cos x) = f'(x) = —tan x and '/(x) = —sec?x; f(0) = 6, £'(0) = 0, {(0) = -1

= L{x}) =0 and Q(x) = ___x;'

34. f(x) = ¥1%% = f(x) = (cos x)e¥* X and £’(x) = (—sin x)e%B* + (cos x)%e**; f(0) = 1, (D) = 1,
f/0)=1= L(x)=1+xand Q(x) = 1+x+%2

35. f(x) = (1 xz)_”’2 = f'(x) = x(1- 2)_3’(2 and f”(x =(1 _xz)—3/3 +3x%(1 _x2)~5/2; f{0) =1,

f(0)=0,"0)=1=L{x)=land Q(x} =1 = 2
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36. f(x) = cosh x = f'(x) =sinh x and {x) = cosh x; f(0) =1, f'(0} =0, f(0) =1 = L{x) =1 and Q(x} = 1 +x2—2
37. f{x) =sin x = f'(x) = cos x and {'(x) = —sin x; (0} =0, F{0} =1, I"{0) =0 = L{x) = x and Q(x) = x

38. f(x) =tan x = '(x) = sec’x and ’/(x) = 2 sec’x tan x; f(0) = 0, F/(0) = 1, I’ =0 = L{x) = x and Q(x) = x

8.10 CONVERGENCE OF TAYLOR SERIES; ERROR ESTIMATES

2 o .n B ax) 52¢2 533 = {=1)"5"x"
x _ X~ _ X — - =1 X _9oX - RS,
Loef=ldxtgrd...= 3 e =14+ teesteb S-S = 3 5
2. e":1+x+£+ = § ﬁﬁe_xﬁzl—f(j)—%-(-—%—)j ‘“1—— % +
Tt T 2 2 2 + o 233!
fee) (__1)an
_ngl] 2nnr
x5 (~1Px2n] [ (=x)* | (=x)° ]
3. smx—x—?+5, .. ngo W#Bsm( x) =8| {(—x) -~ 31 BT
oo 5(_1)n+1x2n+1
‘,EO T (a1
3 5 7
T X X
o 1yt 7)) &) (%)
X . x° AR A AX _ X _ -
4. sinx =x 3,+ . n§0 TE] = sin =75 37+ 5 -
= (_l)nﬂ_2n+1x2n+1
T a=e 2™ tY2n 41y
= (=1)x L i A R | S
conx= B S e VA= B S = 5 Ty SR R

N
6. cosx = ?\; (1rx 2n=>»t:c:'s(":—3!3 :cos((xa)lﬁ)z f: (_1)“((%) ) _ i": {(=1)"x%"

=0 (2 )' n=>0 (211)1 _n=0 ‘Zn(zn)!

T TR g Bt

7 e"—io: ﬁ#xex—x(f x—):azo: s —x+x+ + + -+-
; - - ! n! 3

_ ( l)n 2n+1 2 . .2 o (_I}nx2n+1 B aa (—1)“X2n+3__ 3 x5 XT xg
8 sinx= nz_:n —Wﬁx sin x = x DD eyl Rl Py o 2
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_o® (-1 2 (=1x*" 2 2 oxt xS i8I0
9. ccbsx—nz::c| —(,m—Ts—zﬂ—Q——l+cosx_7 ngo RO :?_1+1_?+3_§+T+ﬁ
4 6 8 _10 ( 1)"x Zn
X X X X
:-—~-——+—-———
7 R TR T ,,gg nt
] = (_1)nx’2n+1 . 3 0o (_1)nx2n+1 3
1q4. smx—nzz:ﬂ (21’1—+1)T—=>51nx“x+§_ ngg W —X+3_!
3 .5 L7 .9 1t 3 .5 7 .9 il —1 0y 2n+1
— X XX x Cxp XX XX x (=1)
—(" TR T Y 11!*“) =gty urt E;, Cnr 1)
oo (_1yn,2n 1y 2n _ya_2n 2n+1 5
1. cosx= Y ( 12) T = X €08 TX = X io: Mzi (—M—-T—ﬁ 7"2’1"3 "'4’;‘0—-763'(?
n=0 ( Il) n=0 (2[1). n=_0 (21‘1)- 2! 4! 6!
12 & ("l)nx?'n (2) 2 (— 1)“():2)2“ o (—1)Pyint2 6 _10 _14
= = _—-———-z A = P SRTEP. SN S
FEOSX = L Tom)! = x* cos (x*) = x EO (Zn)! X Gy Xoort o et
2o _ 1, cos2x_1.1 % EUPE0™ 1[ (207 (20" ()% (2x)°
13 cos"x =5+ —2+§n§0 (Zn)! Rt L e e
_ @0 ot (@0 xR (e
- ToAT 36 2.8 T T & T 2-(2n)!
2. _f1l—cos 3x 1.1 11 (2")2 (2"]4 (2x)6 _(2)()2 (2")4 (2")6
14. sin "—("——2 ) 9 2‘"“’52"'5‘5(1" 5tTg e )T T I
B § (_1)n+1(2x)2n
=] 2-(2n}!
x? 2f _1 <2 n_ B onnt2 2, 9,8, 92,4 93.5
15‘1*2}[_3{( 2)() 2 (20" = 3 2T = xF 4+ I+ 2T+ X+
n=
a0 _1yn—1 n __1yn—=lgn_n+1 2.3
16 xIn(1+2x)=x 55 SN @97 & ( DA = 2x? - X 21"4-24"5+..
u=t a=1 9
1 _ = _ 2,.3 d( 1 1 2 & -
17. —— = "=t x4+ Fx+ D o = =142x+3 I n-1
1—-x ngi) dX(l—x) (1—x)? e n>;1 "
[ o]
=3 {(n+1}x"
n=0
2 _d*r 1 d 1 d 2 2 & -
18, —=— =9 =L =L {1 +2x+3x"+...)=2 = — 12
) dxz(l—x) dx({l—x)g) dx( +2x4+3x%+..)=2+6x+12x2 + nz=:2 n{n— L)x

= ni:;ﬂ (o +2)(n + 1)




19.

20.

21.

22,

23.

24.

25.

28,

27. |

28.

29,
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IxP

5 =ixP <(5!)(5x10'4)

By the Alternating Series Estimation Theorem, the error is less than =

= xP <600 x 107 = 1x| < \/Gx 10™% = 0.56968

(.5)*

5a | = 0.0026, where ¢ is between

x2
Ifcosx*—lu—Q—a.nd{xl<(]5 thenthelerr0r1-|R |-_|

2
{t and x; since the next term in the series is positive, the approximation 1 — )—(2- is too small, by the Alternating

Series Estimation Theorem

3
-3
If sin x = x and {x{< 107>, then thelerron—’Rz(x)l__I"ws cx3l<(103' ) ~ 167 x 10710, where ¢ is
3

between 0 and x. The Alternating Series Estimation Theorem says Ro(x) has the same sign as — ):‘;—1 Moreover,
x<sinx=> 0 <sinx—x=Ry(x) > x<0=~10><x<0.

x_x_ . (0.01)°
Vi+x=1 +§—-—g-+ﬁ— .... By the Alternating Series Estimation Theorem the |etror| < T g
=1.25x107°

3l 3001 )3
| Ry(x}{= ‘-‘°3—’,‘ <3—3(T0——)-< 1.87x 1075, where ¢ is between 0 and x

[ Oy 67 0 1074, where c is b 0 and
1RQ(x]|_ g | <=3 = 1.67 x 1077, where ¢ is between 0 and x
c -c _5 1.65 + —x¢ fl. {. 5
|R,(x)]< C—O-g%l*ﬁxs'}: she X< 2165 ( °) “(13)( ") ~ 0.000293653
2| ,0.01 .01
If we apprommatce with 1 + h and 0 < h < 0.0}, then jerror| < Cgh l 2h-h :( gﬂ Ul})
= 0.005605h < 0.006h = (0.6%)h, where ¢ is between 0 and h,
1 x| x_x - x
)= TRk <% _|2||x|<.011x|_(1%)|xt:>|2|<.01z>0<1xt<.02

tan™ lx—x——a—-}-—s—x—.Ir az*tan_ll‘—l——l--!-l—l—k ;lerrort < - < .01

356 7T T 47 - 3'5 17 "7 In+1
=2n+1>100 = n>49

in x = sinx_ g _xT X x0 lands, =1-%;if L is th f th

(a) sinx=x~— 3'+5, T'+"': = = —-3—!+§—ﬁ+ .»8y=1ands, = -——6~,1 is the sum of the

series representing sm X then by the Alternating Series Estimation Theorem, L — 5 = sm X . 1<0and

. 2 2
L-s, =su)1(x_(1 -—36-))0 Therefore 1 —x? 5111 X1
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(b} The graph of y = sinTx’ x # {, is bounded below by the

2
graphofy =1~ % and above by the graph of y =1 as

derived in part (a).

2 4 6 2 4 6 8
30, (a) cosx= 124X X 4 ] esx=X_ X X' x, o l-cesx_ 1 x* x' x', .
(2) o1 4T 6 o 4T T g 2 Ca gtETert

l-cosx

if L is the sum of the series representing ==, then by the Alternating Series Estimation Theorem
X

1— 1 1~ 1 _x° 1 _x%_1-— 1
L—slz%—§<0and—§ﬂ—(§—%)> 0. Thereforeé-—-)é—‘l<-—:g5—x<§.

(b) The graph of y = # is bounded below by
X

¥
2
the graph of ¥ =%——»’25E and above by the graph of N
1 1—cosx
y = 5 as indicated in part {a). a ¥ 2
Y=% 4 \
-3 2
1 x
-7 Y=E— 24
31. sin x when x = 0.1; the sum is sin (0.1) &2 0.099833416
32. cos x when x = L, the sum is cos (-7-'—-) = -1~ 0.707106781
% 1)/
33. tan~!x when x = %; the sum is tan“l(%) = \/§ 2 0.808448
34. In(1 + x) when x = m; the sum is In (1 + 7) 2~ 1.421080
: 1.t 1.1 1_ 11,1 sf1 11,1
35. ¥ sin x=0+x+x2+x3(-§+-2-1)+x4(—-m+§f)+x5(§—gﬁ+4—!)+x (ﬁ‘ﬁ?ﬁ"'ﬁ)"'"'
=x+x? il =Ly L8y

3 30

36. €* cos x :1+x+x2(—L+%)+xa(—l+i)+x4(l,v——l—‘i+—1—_)+x5(l‘—l i!+ )+



37.

38.

39.

40.

41.

432,

43.

44.
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- 27 (2x)* (2x)° 2 o34 o5.6
st = (L 2x) =1 (1_(;) Oy +.__)_z_x_h2x 28 _

3,4 95,6 2B (2% (2x)7

d(sm x)_——(22x' _24! +26! _“_)zgx__(m) (5') (?l)

0 (207 _@x)
Y 51 i

+...= 2sih xcosx

= 2x -

.. = sin 2x, which checks

cos? x = cos 2x+sin2x=(1—

(02, 20t _(20°, (20 27 gt 200 Tt
o i o] g Tyt %‘24@( +26)!c *28}!( e

_q.2x% 23t 2%° 1,4 _ g_ 6 B
=1-Zr 2 - S = e g - e e
A special case of Taylor’s Formula is f(x) = f(a) 4+ f'(c)(x —a}. Let x = b and this becomes

f(b) — f(a) = f'(c)(b — a}, the Mean Value Theorem

If f(x) is twice differentiable and at x = a there is a point of inflection, then {"/(a) = 0. Therefore,

L(x) = Q(x) = f(a) + f'{a)}(x — a).

(a) ' <0, f(a) == 6 and x = a interior to the interval I => f{x) — f(a) = {x —a)? < 0 throughout I

'{cy)
2
= f{x) < f(a} throughout I = { has a local maximuem at x =a
fff
(b) similar reasoning gives f(x} —f(a) = ,._(;_?;1(3(_3)2 > 0 throughout I = f(x) > f(a) throughout I = f has a

iocal minimum at x = a

(a) {x)=(1-x)"T=Flx)=(1-x"2 = Mx) =2(1-x)"2 = ¥(x) = 6(1 - x)™*
= f(‘”(x = 24(1 — x)™5; therefore i

_xz1+x+x +x°

10_ 1 _10 1 10 x4 4f10Y°
(b)lx|<01=>—~<1 <~ <3 = GoxF <( ) :>(1—x)5 <X (?)ﬁtheerror
D3y x4 5 4)

e %_‘%!_(’_‘)_’E. <(0.1)4(§) = 0.00016935 < 0.00017, since f 4Ex) :L(i _1X)5 .

(a) f(x) = (1 +x)* = £'(x) = k(1 + )71 = (x) = k(k - 1}{1 +x}*"2 £(0) = 1, £'(0) = k, and (0} = k(k — 1)

:>Q(x):l+kx+k(k U
_|3-2 3 1
(b) |R2(x)|._| 8 |<100:>|x |<100=>{}(x<—————1001!30r0<x< 21544
Let P=x 47 = |x|=|P~nl<.5x107" since P approximates 7 accurate to n decimals. Then,

P+sin P = (7 +x)+sin(r+x) = (7 +x) —sin x = £+ (x ~sin x) = [{P +sin P)—-.-r[

=|sin x - x| <= |x|3 0. :%,25 x 1073 < 5% 107" = P +sin P gives an approximation to # correct to 3n

decimals.
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45. If f(x) = gj a x", then f(k)(x) = )0:0: n{n—1){n—-2)---(n-k+ l)a.n}v(“']c and {{k](O) =klay

n=0 n=k
i*)(0) L . e
a =—q for k a nonnegative integer. Therefore, the coeflicients of f(x) are identical with the

corresponding coefficients in the Maclaurin series of f{x) and the statement foilows.

46. Note: [even = f{—x) = f(x) = —(—x) = '(x) = f/{—x) = —f'(x) = f odd;
fodd = f{—x) = —f(x) = —'(—x) = —F(x) = [(—x) = {'(x) = {' even;
also, fodd = E{—0)=f(0) = 2f(0) =0 = f{0) =0
(a) If f{x) is even, then any odd-order derivative is odd and equal to 0 at x = 0. Therefore,
a; = a3 = a5 = ... = 0; that is, the Maclaurin series for f contains only even powers.
(b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x = (. Therefore,

ag = a, = a, =... = 0; that is, the Maclaurin series for { contains only odd powers.

47, (a) Suppose f{x) is a continuous periodic function with period p. Let x4 be an arbitrary real number. Then f
assumes a minimum m; and a maximum m, in the intervai [x,, %, + pJ; i-e., my < f{x) < m, for all x in
[xgsXg + p- Since f is periodic it has exactly the same values on all other intervals {xq + p,xg + 20],
[xg + 2P, X+ 3p}, ..., and [xg — p,Xg], [xg— 2P, X3 —p], ..., and so forth. That is, for all real numbers
—00 < x < 0o we have m; < f(x) < m,. Now choose M = max“m1 |+ |me |} Then
-M < —|m;|<m, £ fix) <m, <jmyi<M = |f(x)|§ M for all x.
(b) The dominate term in the nth order Taylor polynomial generated by cos x about x = a is M(x —a)® or

n!
cos(a)

{x —a)". 1n both cases, as 1x| increases the absolute value of these dominate terms tends to oo,

causmg the graph of P, (x) to move away from cos x.

3,5 -1 y
-1 X X X—tan " x
48. (b} tan” x=x—F+F ... = 3
3 05
2

= % - x? +...; from the Alternating Series

tan'x 1

Estimation Theorem, 2=t X _ >
x? 3
-1 2 -1
x—tan” x_f1__x° 1l _x—tan” " x
= 3 (3 5 )> 0= 3 < 3

1

2 p—
<Ll _X therefore, the lim *=t20 "X
375 lim

1
x3 3

49. (a) e ™ =cos(~7) +isin(-7) = -1+i(0) = -

(b) /4 = 005(4)+1 sm(’r) = —-1--\/_ (—%)(1 +1)

(c) e""/z—ms(—f)+1sm(—%) 0 +i(=1) = —i
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50. € = cos 6+ sin # = e~ = &0 = cos(—6) +1 sin (—#) = cos # — i sin 6,

ol.

92.

53.

55.

. . ig —i8
e’6+e_‘9:c059+isinB—}-cos9—isin9:20059:-c059=e—-'2—e—;
6 ___—if _. S ein e g — 9 o Sy
e —e W =cosf+isinf~(cosf—isinf)=2isind = sinf= 57
) (6  (i6)*
e -—1+X+2,+3,+ + b1+ 9+(I) (13!) +(]4!) +...and
can2 3 s and 1942 ] a4
~if g4 (107 (107 (i) o 16)° 6y (i6)
e =1-i8 4 3! g T = 1m0 e - g
. ()% G6)°  e)* (w)? iy  (i6)*
eie+e_i9 (1+19+ 51 + 3 + Fil +.. 4+l 1= 5 30 -+ FUBERREY

= 5 =

02 g1_¢° :
=1- 21-!-4! ot . =cos 0;

(1'9)2 (15')3 oy’ (19)2 (0)° _ (i6)*
eie—e‘i‘g_(]+]6+ gl TS i ot Uiy — gt
2 - 2

9L 058" -
:9-§+-5—!——_‘;!-+ ..=sin #
el = cos §+isin 8 = e ¢ = &%) = cos (—0) +isn(~f)=cosd —isinf

. . g -i¢
(a) e'® 4+ e = (cos 6 +1i sin 8) + (cos §—isin 8):2c059=>0059=e——:%9—-:c05h i@

. . i —id
(b) e — e=1% = (cos § +1 sin §) —(cos B —1 sin #) = 2i sin 9=>isin9=§l~—:2€—-—s-—=sinh U]

c.nlx

e"sinx=(1+x+ +3 + + )( —ﬁ.;. 5_£+”')
T TAr 3 o

= (x+(1)x? +( (]i i)x +( é+%)x4+(ﬁ—1—12- 214)x +. .-x+x2+%x3—§1‘jx5+...;

eX ¥ = {1 HX — ox {cos x +1 sin x) = e* cos x + i(e* sin x) = ¢* sin x is the series of the imaginary part

n ) . 13 . 4
S S AP USRS S S L
n=0 - . .

=1+ x+ix + 5 (2u2) + L2 - 2} + (-4t )+ 517(—4x5 —4ix®) + 5 (-8ix®) + ... = the imaginary part

{14i)x

of e which we calculate next; e

2223458 1.3 1.5 1

{1+ +3| —gX -ETX +...=x+x° +3x 35X -—90}(6+...in agreement with our

of e :sx+

product calculatlon

. d ( (atib)} d [e‘”‘(cos bx + 1 sin bx)] = ae**(cos bx + i sin bx} + €**{—b sin bx + bi cos bx)

= ae™(cos bx +1 sin bx) + bie®(cos bx + i sin bx) = aela+ib)x | jpelatibx - (a+ ib)el@HiP)x

9192 - (cos 8, +i sin 8,)(cos 6, +i sin 8,) = (cos O,cos §, —sin §,;sin 8;) + i(sin #;cos B, + sin ,cos 8,)

e;(sl +85)

(a)

= cos(#, + &,) +1 sin(#, +6,) =

(b) e = cos(—6) +i sin(—0) = cos # —i sin # = (cos § — i sin 6)(23: gii:iﬁ g): v B-Si e _—.ﬁ
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56. fz_i_%ie(ﬂ"'bi)x +C, +1C, =(aaélli’)iz)eax(cos bx +1 sin bx) + C; +iC,
ax

—.e
a? +b?

(a cos bx + ia sin bx —ib cos bx + b sin bx) + C, +iC,

= —f——b—z— [(a cos bx + b sin bx) + (a sin bx — b cos bx)i] + C, +iC,
a

. AXrn s B
ie®**{a sin bx — b cos bx)-i-iCz;

e**(a cos bx + b sin bx)
= +C, +
a’ +b? ! a®+b?

elatbilx _ gaxyibx e**(cos bx +1i sin bx) = e® cos bx + ie®* sin bx, so that given
e**(a cos bx + b sin bx)

a?+h?

J elatbilx g4y — -aé—"—]-;-i—z-e(a"'bi)x + C) +iC, we conclude that J e2* ¢os bx dx = +C

a4+
e**(a sin bx —b cos bx)
a4+ b?

and J e®* sin bx dx = +C,

57-62. Example CAS commands:

Maple:
fi=x-> (1 +x)(3/2}
plot{f(x), x = —1..2);
mp:=proc(n):
convert(series(f(x),x=0,n),polynom) end:
pli= mp(2); p2:= mp(3); p3:=mp{4);
der:=proc(n):
simplify(subs(x=z,d1ff(f(x),x$(n+1)))) end:
der(2); der(3); der(4);
plot(der(3),z=0..2, title = “3rd Derivative);
Max:= 0.56: r:= (x,8) -> Max*x"(n+1)}/(n+1)
r(x,2);
plot{r(x,2),x=0..2, title = "Maximum Remainder Term Using P2");
plot({f(x),mp(3)}, x = —1..2, title = ‘Function and Taylor Polynomial P2%;
plot(f(x) — mp(3}, x=-1..2, title = "Maximum Error Function 7;
R:= (x,z,n} -> der(n)x{n+1)/(n+1)4
R(x,z,3);
with({plots):
plot3d(R(x,z,3), x=-1..2, 2=0..2);

Mathematica:

Clear[f,x,c]

fx_] = (1+x)" (3/2)

(ab) = {-1/2,2);

Plot[ f[x], {x,a,b} ]

plix_.] = Series| fIx], {x,0,1} ] // Normal

p2{x_] = Series[ {[x], {x,0,2} } // Normal
1[;?[{33._] = Series[ {[x], {x.0,3} ] // Normal
Plot[ f'[c], {c.2,b} ]

ml = f[a]

flf.f[c]

Plot[ f[c], {c,ab} ]
m2 = —f""[a]
£11¢]
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Plot{ [, {cab} ]
m3 = f'[a]

rl[x.] = ml x2/2!
Plot{ ri[x], {x,a,b} ]
r2 [x_] = m2 x3/3
Plot[ r2{x], {x.a,b} ]
r3 [x] = m3 x'4/4!
Plot] r3[x], {x.a,b} ]

Note: In estimating Rn from these graphs, consider only the portions where c
is between 0 and x. (Mathematica has no simple way to plot only that
portion.}

Plot3D|[ '[c] x2/2!, {x,a,b}, {c,a,b}, PlotRange-> All ]
Plot3D[ f"[c] x'3/3!, {x,a,b}, {c,a,b}, PiotRange-> All ]
Plot3D[ f"""[c] x'4/4!, {x,a,b}, {c,a,b}, PlotRange -> All ]
Plot] {flx],pl(x,p2lp3(x}}, {xab} |

8.11 APPLICATIONS OF POWER SERIES

DS GO

12,1
L (14 P =1tgx 4= 3l

1V _2 LY _2Y %
2, (1+x)1)"3:I+%x+(3)(2!3)xz+(3)( 33)‘( 3)X3+ - 1+_é_x_%xg+§5Tx3_
3\ LY 3y 5y
3. (l—x)_I’w:1*%(*}{)4‘(_%)(;?)( X)2+( %)( 21@ 2)( X)3+...=1+%x+-§x2+f’—6x3+...

. (1_2x)1,2=1+%(_2x)+(%)("%)<~2x)z e

235 o3

5. (1+3) =1-2(3)+ 5 + - Ho=lox+3x2- 1,3

; (1-@'2:1_2(_g)+(_2)(_23(_%)2+(*2)(*3);4)(*§)3+...=1+x+gxe+%xs+...
ey RO OO
8 (1+x2)-1,3_1_%x2+(-§)(;§)(x2f+(-§)(—§21—g)(x2)3+ S s e
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ot sy DR DD

P TN ) L) e LR

=14 4x + 62 + 4x5 +x1

1. (14 x)* =1+4x +(4)(J (4)(3)1(2);(3 +(4)(3j!(2)x4

@2 (2 . a2’
21 3

3
12. (14 x2) = 1+3x%+ =1+3x24+3x* +x8

—6x 4+ 12x?% — 8x°

15, (1= 207 = 1 +3(-20) + QA2 OO

@@ (-3 wee (-3 @@ (-3)f

xy_ X _ 3.2_1.3, 1 4
14. (1-5) _1+4( 2)+ S+ 7 + a =1-2x+3x2 - 3x® 4 ex

15. Assume the solution has the form y = ag+a;x+ .':12x2 4+,..+ an_lx“_l +ax"+...

= jy =a, +2ax+...+ nanx“'l +

=:>—§§(~+y = {a, +a.0)+(2az+a1)x+(333+a2)x2+...+(nan+an_1)xn_1+... =1

= a; +2a;=0,2a;+a; =0, 3a3+2a, = 0 and in general na, +a, _; =0. Since y =1 when x =0 we have

_ - M1, T3 ) _ o1 (D7
ag=1. Thereforeal_—1,az—ﬁ_ﬁ,as——g—ﬁ—m,...,aﬁ_— n =
e 1oyalz_ 1.3 0% a, $ (0" -
=>y——]. X+§X —gx + ...+ - X +...—nzn o =

16. Assume the solution has the form y = aj+a,x +a,x" +... + 3 X" T a x4,

d n-1

#a-i:a1+232x+...+nanx +...

= S—i — 2y = (a; —2ap) + (2a, — 2a;)x + (Ja5 — 2a)x% 4 ...+ (na, —2a,_ X"+, =0
= a, — 2ag = 0, 2a, — 2a, =0, 3a3—2a, = 0 and in general na;, —2a, , = 0. Since y = 1 when x — 0 we have

2 2 3
ap = L. Therefore a; = 2a, = 2(1) = 2, a22%31 (2):%,& -_'%a2 (22)_..32_-2—,...,

I
oD
wnxa

n—1
an:(%)an_lz(?—l)(ﬁ_l)an_z z :>y_1+2x+22-—x —i—%xﬂ- +2—, +...
2x)?  (2x)* 2" x (2x)"
—1+(2]+(x} +(;f)+ +(x) .= % (::,) =
n=0

17. Assume the solution has the form y = ag+a,x +512}(2 +...+ an__l)(“'1 +ax"+...

d _
=>di—a1+2a2x+ .+ na x" 1.,



i8.

18,

20.
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gi y=(al-—aﬂ)+(232—a1)x+(3a3—az)x2+...+(na“—an_1]x“"l+...=1
=a;—ag=1,2a~a, —=0,32;—ay= 0 and in general na, —a,_; =90. Since y = 0 when x = 0 we have
ap =0. Thereforealzl,azz%l=%,a3=a-'3—2=3—1_2—,a4:§§:1—.—§—-——, oAy = a“ _lT
=y =0+Ix+ax? o+ ot
:(1+1x+%x2+3—%§x3+4_31,_2x4+...+h1—!x“+...)— =§:0 %—lze"—i

Assume the solution has the form y = a5 +a;x +a.2x2 +.o..F a.n_lxn_l +a x4+ ...

:»fd]—-fz.—_al+2a2x+...+na.nx“_}+‘..

gy+) = (a; +ag) + (28, + 2 )x + (3ag +a))x? + ...+ (nap +a,_ "1+, =1
=» a; +ag =1, 2a, +a; =0, 3a; + a, = 0 and in general na, +a,_, = 0. Since y = 2 when x = 0 we have
ay =2 Therefore a;, =1 —ag=~1,a, = —* % —_Taq=-3-%—2, ...,anzwﬁ—g:i:(_n]!)n
=y =2—x+ixl-glox® 4. +(_ )nx +. :1+(1~x+%x2—ﬁx3+...+(;1!)nx“+...)
R

Assume the solution has the form y = ag+a;x + a2x2 +... .+ an_,lx“'"l +a,x" +

dy

:>a:a1+2a2x+...+nanx“—1+...

:’j_i‘y :("“'1'30)+(Qaz_ﬂl)x+(333*&2)x2+...+(na.n—a,n“l)x“—1_g_“_=x

=>a,—ay="02a —a; =1, 3a; —a, =0 and in general na, —a__, = 0. Since y =0 when x = [ we have

1+a; _1 3 _ 1 a1 3.1 _ 1
ag = 0. Therefore a; =0, a; = —5 il i =5,83= 32-—g'—z,a4=T=4_3-2,..‘,.:-Ln—;T:H
| 4
:>y—0+0x+ x? +3 x? + 139X ++...+mx“+...
1 1 4 I o _ _ . = =] xl‘l_ _ — X _
(1+1x+2x +3 2x t13 59X +...+-—n!x —+—) 1 x~n§=0 T l—x=e*—x-1

Assume the solution has the form y = ay+a,x + a?x?' +...+ an_lx“_l + anx“ +...

= 3—i=al+2azx+...+nanx“_l +

= 3—)};+y = (al+a0)+(2a.2+a1)x+(3a3+a2)x2+...+(nan+a.n_1)x“'1 +...=2x

= a; +ay =0, 2a, +a, =2, 3ag +a, =0 and in general na, +a,_; =0. Since y =—1 when x = 0 we have

2-a —a —a__ -1
ag = —1. Therefore a; = 1, 2, = — 1 :%,33=—3-3=—3—{§, ...,an=—ar‘;‘——1=£—n!)—
12 1 =1 a

=>y=—1+1x+§x —mx3+...+Tx +...

Y (RN TS T ) S ) o= S (—ﬂr: 24 2x =e ¥ 4 2x — 2
= gx gty R



790 Chapter 8 Infinite Series

21.

22.

23.

24,

25.

26.

y —xy =a, +(2a2—a0)x+(3a3—al)x+‘..+(nan—an_2)xn_l +...=0=a,=0, 2a,-2a5=0, 32, —a, =0,

1a, —a, = 0 and in general na, —a,, , = 0. Since y =1 when x =0, we have a; = 1. Therefore a, = %2 = %,

_ 4 ) 1 _ 23 _ _ 1 _
ag = q—O,a4—4 74035 = 5._0,...,azn——2_4_6___2nanda.2n+1_0 )
2
X
= ladyzg Logay 1 o6, 1 g _§ xn—§ (?) _ 222
= 2 2.4 2-4-6 "7 2.4-6-2n T ™!l T &y b T

y —x%y = a; + 2a,x + (Jay — a.ﬁ)x2 + (da,— al)xe' +...+{na, — .':11.1_3)x“_I +..=0=a,=0,a,=0,

3az—a, =0, 4a, —a,; = 0 and in general na, —a,_; =0. Since y =1 when x = 0, we have a; = 1. Therefore

_ % __1 Ay e _%_ 1 _ 1 _ —
ay=g=ga=g=0a=rF=0a=2=3F 8, =356 3 2ens1 =02ndag ) =0
Il
1 1 1 1 3n _oo 3n & 3 x3)'3
=>y_1+3x +3.5 6x +369x+ o B +...,n);0 T = E:j —e

(1-x)y' —y = (a; —ag) + (28, —a; ~ a,)x + {325 — 28, — 2,)x? + (43, — Ja; —az)x> + ...
+{na,~(n—1a,_,—a,_)x" T+...=0=>a;,—a;=0,2a,~2, =0, 3a;~3a, =0 and in
general (na, —na__,) =0. Since y =2 when x =0, we have ay = 2. Therefore

[}
a; =2, a, =2, ...,an:2=:~y:2—+—2x+2x2+...= 3 2xnxl_&x
(14 x3)y' +2xy = a, + (28, + 2ap)x + (a5 + 2a; +a,)x% + (4a, + 2a, + 2a5)x° + ...+ (na, + na,_,)x" "' +
=0=a,=0, 2a,+2a; =0, 3a5+ 3a, =0, 4a, + 4a, = 0 and in general na, +na,_, = 0. Since y =3 when
x = 0, we have ag = 3. Therefore ay = -3, a3=0,2,%3, ..., 85, = 0,25, =(-1)"3

oy =3-3C2 43 = 3 (1) = }: 3(—x2) =3
n=0 =0 14 x
y=agtax+a+ . +axt4. =y =2, +3 20+ +nn—Da "+, 2y —y
= (22, —ag) +(3-2a; —a.)x 4 (4d-3a, —a))x’ +...+(n{n—1)a_—a, _ 3" 2+.. =0 = 2a,—ag =0,
3-2a;,—a, =0,4-3a,—a, =0 and in general n(n—1)a, ~a,_, =0. Since y' =1 and y = 0 when x =0,

= = = D W =1 N
we have aj = 0 and a; = 1. Therefore a; = 0, ag =7 2,aq--(],aa—5_4'3'2,.....azn_l,l (2n+1)' and
_ _ 1 3n+] i
an-.(]z>y—x+3'x +5|x+ ngﬂ 2n+1)l_smhx

y=agtax+axi4...taxt+... 2>y =2, +3-2ax+..+an-Dax" 2+ >y’ +y
= (2a, +ag) + (3-2a5+a,)x+ (4-3a, + a)x* + ...+ (n{n — a, +a,_)x" ?+...=0 = 2a, +a,=0,
3-2a;+a,=0,4-3a,+a, =0and in general n{n —1}a_+a__,=0. Since y' =0 and y = 1 when x =0,

_ n
we have ay = 1 and a; = 0. Thereforeaiz—%, aq =0, a4=4.é_2,a.5=0,...,a.2n+1=0and aan((gi;!
-1 nXZn
:ywl—%x +i,x—- zz%:wsx
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271, y=ag+ax+ax+...+a x4 .. >y’ =2, +3-Zagx+...+n(n-Dax" P4y 4y
= {28, +ag) + (3-2a5 +a)x+{4-3a,+a)x* +...+(n(n— Da, +a,_)x" 24+, . =x = 2a,+ay =90,
3-2a;+a, =1,4-3a,+a,=0and in general n(n—1)a; +a, ,=0. Sincey’=1and y =2 when x =0,

_1yn+1
we have a, = 2 and a, = 1. Thereforea, =—1,a,=0,a :—1——,;_-1 =0,..., :—Q-E—-l—)-——-—and
2o 1 %2 3 4773 % %2 (2n)!

a0 (_l)n+1x2n
gy =0 y=2+x—x?+2.% 4, = 2AX=T Y e
28 y =agtaxtaxi o bax "+ 2y =2, 43 2ax+...+o(n—1)a x4 =y —y
=(2a, —ag) +(3-2a5—a)x+{4-3a, —ay)x* +...+ (a(n —1)a, ~a, Hx" 4. =x=> 2, —a,=0,
3-2a,—a, =1,4-3a, -2, =0and in general n(n—1)a, —a,_, =0. Since y' =2 and y = —1 when x = 0,

we have ay = —1 and a; = 2. Therefore a, = 21 —-:1):,a4=2._31_4,35z5‘}1_2=%,...,a2n=(2_n1)!
3 - 12y 33 o = 2 sxintl
and a,, ., = (2n+1),:>y— 1+2x FX X - = 1+ 2x— z (211}, 2 Gn 1)

29. y=ag+a;x+ax +... +a )+ =y’ = 28,4+ 3 2a0x+...+0(n~Da x4 =y -y
= (22, —ag) +(3-22, — 2, )(x~2) + (4-3a, —a)(x - 2> + ...+ (n(n —1)a, —a__,)(x-2" 24+ .. =0
= 2a,—a5=0,3-2ay—a, =0,4-3a,—a, =0 and in general n(n—1)a, —a,_, = 0. Since y’ = —2 and

¥y =0 when x = 2, we have a5 =} and a; = —2. Thereforeagzﬂ,%=-§:22~,a4=0, aszg—?,.._,azn:O, and

—2()( _ 2)2n+1

Bty = ‘(211721)‘ :_2()(_2)_%()(_2)3_’”:112—;0 W

30. "' —x%y :2az+ﬁa3x+(4-3a.4—a,o)x2+...+(n(n—l)an—an_4)xn_2+...= 0= 2a, =0, 6a; =0,
4-3a,~a5=0,5 4a; ~a, =0, and in general n(n—1)a, —a,_, = 0. Sincey’' =b and y = a when x = 0,

b — _ . b
wehavea0=a,a.l=b,a.2=0,a.3=ﬁ,a4=3—§:’-z,as-m,as—o,a?_ﬂ,aszg—.fﬁ,dg_m

x9+...

_ a 4, b .5 : 8 b
:»y..a+bx+3_4x +4.5x ‘*'3.4.7.8’c +4-5-8-9

31. "' +x% = 2a, +6a3x+(4-3a4+a-0)x2+...+(n(n—l}an+a“v4)xn_’2+...:x = 2a, =0, 6a; =1,

4-3a,+ay=0,5-4ay4+a, =10, and in general n(n—1)a, +a,_,=0. Sincey' =bandy =a when x =10,

1 _ b _ — 1
R S TR R ES) e oy

wehaveaozaanda.l-_-b. Thereforeazzo, a3=ﬁ’a4=_ﬁ
v i1 .3 a2 4 b .5 1T ax® bx®
Sy =atbrt X — g X X T iyg 7 T3 4.7 8T 5.897

32. ¥ ~2y'+y = (28,22, +ag) +(2-3a; — da, +a;)x + (3-4a, —2-3a, + a,)x* +
+{{n—1na_—2(n—Da,_;+a, X" ?+...=0=2a,—2a, +a,=0, 2-3a;—4a,+a, =0,
3-4a,—2-3a;+a, =0 and in general (n—1)na, —2(n—1)a,,_,+a, , =0. Since y' =1 and y = (0 when
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— —- — — i 1
when x =0, we have ay = 0 and a, = 1. Therefol'eaz_l,a3 2‘34"’5135 24ancla —( Py
1 1 1 =] o0 x'n+1 oo x__ <
ﬁy—x+x+ax4$x%@4 S4..= mﬂ(n—U' Z i =X L prexe
0.2 0.2 0.2 0.2
& 10 3 7 3
a3. I sin x° dx = J (Xz—g—,+x5—,—...)dx=[%—7—}fﬁ+...] z[%} = 0.00267 with error
i} 0 ) . ' 0 0
2y
1E|g(—_;—x(}0000003
0.2 0.2 2 s 4 0.2 . 3
-x_1 1 _
34. I & < dx:J X(l—x#—%——%f—%%—...—l)dx- J (—1+’2-S-%—+"—4—...)dx
o] 0 0
¢.2 4
2 3
=] —x+EE 4, m —0.19044 with errorIEi<(02) == 0.00002
4 1y o 96
o1 &1 . s s 0.1
35. J —1—4dx:J (1—%+%-...)dx=[x—%+...} z[x]g'lxﬂ.l with error
Vi+x ) o
1)
lEIg(Om) = 0.000001
0.25 0.25 ) 4 1 5 0.25 3 .25
36. J Y1+x?dx = J. (l+33--x?+ )dx_[x+@—§—5+ ] z[x+%} 22 0.25174 with error
3 0 G 0
0.25)°
1E1< @25 0.0000217
0.1 01 0.1 0.1
2 4 5] 3 5 7 3 5
_ _xt o xt_x i, X X X ol XL X
37'J —J(l T3 ?!*'“)d" [" 3.3 5.5 7-7!*“']0 [" 3-31*5-5!]0
0 0
= (.0899444611

o ol 4 8 8 3 5,7 o1 3 s 710
38. J exp{—x?) dx = J‘ (1-—x2+3{-———x—,+5—-—...)dx =[x—~’§ + 24X 4 ] z[x——%+x———’5—}
= 0,0996676643

1 Ly _1 Ly _Ly_3
39. (1—!—;(4)1!2 _ (1)1,!2+L%_)(1)—1,’2(x4)+ﬂ_2)(1)-—3f2(x4)2+(2)( )( 2)(1)-—5;2( 4)

al

(%)(h%)(_%)(_%)(1)‘”2()(4)4 A B 12 5,16

+ 4l +...=1+

0.1 0.1
4 g 12 16 5 9 13 17
= 1+)E——x—+x——5x—+... ax=lx+3 -y 2B |~ 0.100001
2 8 16 128 0
0



40.

41,

42,

43.

44,

45,

46.

47.
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3

1 1
1—cos x — l_)_(f )ﬁ_f x_s_ _ix_x3 x5 _ x’ x°
I( 2 )d"*J(z ate st )X =i atse s teimer
o o]

~ 0.48638534764 since 1 —CO3 X :%_x_!+x_!_x_!+1,_!_,,_

1 1
2 gy — _t 2 B PO I SO 1
cos t dt_I ( + ‘ i +...]dt =1t 1{]+9-4! i3 6'+ |J=:r|er1‘or|<13.6!'«,.00011
o]

D e i

T T AT
b t 2.3 .4 2 3 4 5 1
- S T Al T e |y _t7, t7 T t
J°°S‘/Ed‘—J(1 st gty '")dt“[t £33 1.6 g ]
0 ] o
= lerrori <z Is 0.000004960
x [ 16 14 3 7 11 i5 x 3 7 11
= 2_t ot b7 —E__t t L X X x
F(x)‘J(‘ 31 g 7!*“')“‘{3 TR TR TR (R L T 7. T TE
4]
1
= |error| < 15t 2z 0.00002
* 6 &8 .10 12 {3 8 1 13 x
” 2 _ a5 13 110 12 | 67 t 1
F(")‘J(“ CAm oyt et )dt‘[s 5+7 I TRV R i v
4]
3 i T 9 1
=X _K . X 1 _ .
~ G % +7'2! 7. 3,+11 4t::-Ierrc»ri(13‘5!--wO.{]{){]'t'iél

X X
3,5 7 2 4 6 2 4 518
{a) F(x):J (t—L+t——‘—+...)dt:[t——"—a-‘——...] m X ~L=>|error|<(033) # .00052
Q

3757 z 12730 712
)
1 £_x* x5 X 15 _x*2
(b)lerror|{33'34~0008950F() 5 itEg 78t +(-1) YY)

x x
_ t t2 3 _ TR A T A . 2 x*. X
(2) Fix)= —0" (1—§+3 4 +...)dﬁ—[t——2—-§+m—m+5.5 07‘3}(-"-2—2-%3—2—4—24-5—2
6
=>|error[<(065) 2z 00043
n
(b)lerrorl(aé ~0009750F(x)~x—— ;2 42+ (- 1)31312

1 _1 ] 2 T
?(e"—(l+x))——f((l+X+2+’§,+ )—I—X)—§+%+’;—!+...¢ lim ———>

- im (1 1
*l‘_r.'b(2+3!+4'+ ) 2

793
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2 3 4 3 4 5 7
. ,lt(ex_e—x)%lf[(l+x+§_!+§ﬂ!-+§“!+...)_(1ﬁx%_%h&ﬁ_ .)]:%(2x+%+25i!+27x!-+
_o, 22 2t b coeX e X 2% ax*t | ax
=24 5+t + = lim S50 = dim {2+ S+ S+
l-~cost (t2
1 2V 1, 2, t2 4t 18 _ 1.t ¢t 2
49, F(I—COS t—?)—-t—“[l—'-z'—'(l "?"‘+‘4! 6!+... = 4!‘+‘E'!‘ 8'+ .= llm t,4
— 2 ¢? __1
-EL’%(‘WB": gt )- 34
in 0 9+(93)
51N - -
A 48 gnol=L{ g8 5.0, 0 _ Vo1 ¢ 6 i e N0/
50. 95( 9+ﬁ+sm9)_65( 9+6+9 3!+5! vl = 7!+9! =>|Elii—r.% p
_ 1 g2, 6% Yo L
é'_’.%(é"“T*r )—120
3 5 2 2 4
1 1yl (v ¥ ¥ =1 ¥ - i tan i 1_ ¥ _ ¥
51.F(y—tan y)_ya[y (y T+ ...)]_3 =+ ...=:~.“l(1_1'1}j 2 _}%(3 5t
=1
-3
3 5 3 5 3 5 2
By V(e eyt ) (_1 23y )
6 tan_ly—siny_(y T1E ) (y 35 )_( 6t 5 ) \TetH
) y3 cos ¥ - ¥ cos y y3 cos y cos ¥
(2-.)
= lim tan” y—siny _ i 6 5! __1
y— yieosy ¥y cos 'y - 6
2 2
53. x2l—14e 1 =11 -Lp by Y=g ol lp o gim <2l
( te ) x x2 2x? 6x5 ax?  6x? X ( )

54.(x+l)sin(xi1)=(x+l)(x_1'_1 S

1

= lm (x+1} sin(—

55.

L Ve Jim {1- + -..
x+1) me( 3Mx+ 1 5l x+1)*

2 xt 2 ) (_x_2 xt_ )
[n(1+x2)_ (x 2+3 ane B 1 2+3 ae

i

1—cosx 2 .4 - 1 2
1w(1v"~—!+"—!—...) (ﬁ— !+...)

=2

W

1

T3l (x+1)° 55(x+1)5_’“)= 1_3!(x+1)2+5s(x+1)4_‘“

.):1
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56 X2—4 — (x-2)(x+2) — x+2 = lim Xz—_‘l_'
'ln(x—l)[ (x—27? (x-2) ]_[ -2 (x—-2)2 ] x=2 ln(x=1)
(x=2) ~ Ty |1 R ST
= lim - "Z’Q 7 —4

Xx— x_2 X —

2 3 4 2 3 4 3 5
57. ln(1+")= In{l+x)~In{l—x) =(x—"—+’-§,,——l‘4—+...)—(—x—%-%—%—...)= 2(x+"-‘3-+%—+...)

bPex

3 4 (_I)n—lx‘n

2 -1 n—1_n
58. ln(l+x}:x—%+%—%+...+———ﬁ---+...:‘»lerrorl=f( L Ilonwhen x=1{0.1
n110n<ﬁ1]-§=>n10“>108 when n > 8 = 7 terms
3.5 T 9 {~1)n—1x2n-1 I(_l)n—lxzn—l
5 dy g X X X X S = 1 = 1:
59. tan ‘x =x 3+5 et T +...=lerror|= T LG_lwhenx_l,
1 Lo 0> 1001 _ 5005 = the first term not used is the 501 = we must use 500 terms
In—-1°% 103 2
60. tan~lx = 2 X8 x7+x9 (_l)n_lxh'—] d I x?n+l 2n-—1 %2 l 2n —1|_ 2
Stk =x-FE oo e and i S0y B0g im, (3a5=
— n
= tan~!x converges for (x| < 1; when x = —1 we have }05 én 1)1 which is a convergent series; when x =1
n=1 -
( 1)n+l

we have E B e which is a convergent series = the series representing tan™! x diverges for |x|> 1

3 5 7 9 _1yn—-1_2n-1
6l. tan"lx =x— % + % - XT + )_cg_ -+ (—1%;1—:)(1— + ... and when the series representing 48 tan ! (ILB) has an

error of magnitude less than 107°, then the series representing the surn

48 tan_l(lls)-i- 32 tan™ (51—7)— 20 tan™! (-2:13—9) also has an error of magnitude less than 107%; thus

(11_8)211-1 1

lerror | = ~5r—g— < 105 = n >3 using a calculator = 3 terms

| X
2 4 6
62, ln(secx):f ta.ntdt:J’ (t+3+2l%+ )d x%+“'11-+x—5+...
0 1

.*1/
63. (@) (1-x%) " m14% +3§ +—1~6—=>sm Txmx+ X +3;§6 +‘;”1‘2,
; 1—3-5---(21‘1—1)(2n+l)x2“+3' 2-4-6+{2n)(2n + 1) <15 I (2n+1)(2n +1) |
0¥ {7746 (Zn)(20 +2)(20 7 3) 1-3-5. (20 — 1)x2" ] T ot [Ra s )@+ 3)| "

=»{x|< 1 = the radius of convergence is 1
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1

-1/2 3 5 7 3 5 7
(b} d%(cﬂs_lx)=—(1*xz) fﬂcos_lng—sin_ X = —( x” 4 3x7 , Ox )w“ X7 _8x ax

I-(x+d+ i 8

Hurrter (5P

o +

1
64. (a) (1 +t2)*lnz(1)-14’2+ -1 (1)_3"2(t2)+( 2)(
2

X
2 4 6 2 4 6 3 5 7
-1ty 30 357 bl ST 1 S 1 A DTN STI: > S +. 30
= 2+22.2! 23-3!:>51nh XNJ( 2+8 Iﬁ)dt—x 6+40 ¥
(b} sinh 1(%) & ;11— -—g—éz+ 0 %60 = 0.24746908; the error is less than the absolute value of the first unused
1y
5x%° 5(4)

-1 1 _ _ 2 3 df=1N__1 _d¢_ W2 3
8 x= 1—(=x}" 1+x—x"+x m:>dx(1+x)__1+x2‘dx( T4x-x24+x3—...)
=1 =2x+3x2 —4x° +...
| S 2, 4, .6 df 1 __ 2x _d 2,4, .6 — 3 5
66. 1_)(2"1‘1‘)( + X 4 X +"':dx(i—xz)_(l__xz)"’_dx(l_Fx + x4+ x -]-)_2x+4x +6x°+...

2-4-4-6-6-8--(2n—2)-{2n)
3-3-5-5-7T-T-(2n—-1)-(2n-1)

67. Wallis’ formula gives the approximation 7 & 4[ ]to produce the table

n ~ 7
10 3.221088998
20 3.181104886
30 3.167880758
80 3.151425420
90 3.150331383
93 3.150049112
94 3.14995903¢
95 3.140870848

100 3.149456425

At n = 1929 we obtain the first approximation accurate to 3 decimals: 3.141999845. At n = 30,000 we still do
not obtain accuracy to 4 decimals: 3.141617732, so the convergence to 7 is very slow. Here is a Maple CAS
procedure to produce these approximations:

pie =
proc(n}
local 1.j;
a(2) := evalf(8/9);
for i from 3 tondo afi) := evalf(2#(2+i—2}%i/{2%1~1)2%a(i~1}) od;
TdeaG)] § G = n-5 . m)]

end
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()
=0

At - e . —_ o . j— é —_
~1n2+2(5+~—3-—+ e )~1.09861,ln4_21n2~1.38628,in5-—in4+ln(4)._ln4+‘tn

6. InI=0;ln2=1In

1)7
3/ | 0.69314; In 3 =1In 2+ln(%): In2+1n

—
—
Gt
g
el
L 1]
w
—~——
[T
e
-]

7 1*(%)
~ 1.60943; In 6 =1n 2+1n 3~ 1.79175; In 7 = In 6+1n(€)= In 6 +In _‘(1_) ~1.94591;In 8§ =3 In 2
1-{L
i3

7 2.07944; in 9 =2 In 3 & 2.19722; In 10 = In 2 +1n 5 a2 2.30258

(-D(-}o-r ey

-1/2 -1/2 _ _
69. (1-x2) 2 = (14 () = () 72 (~L )+ 5
QTS AV AV 7 T -
+( ) 2)( 2)(1) (*)Jr RIS 'l B I R 1-3-5 (20 — 1)x?
3! TR Tt T o3y T T T 2!
X X
1. 5y-1/2 *J & 1-3-5(2n—1x*Y 20 1-3-5-(2n— 1)x¥H!
= sin X—J(l—t) dt = l+n§I oy dt—x+n§1 SO+
a 0

where x| < 1

o0 ao
70. [tan_lt]m zg—tan'lx - J dt J
X

X
1 1,1 1 ) 1,7 -1, T dt
= tan x:%—f+§—§+...,x>l,[tan t]_m-—tan x+-2——_L 1412
X

. 1 i 1 1 1 1 1 1 -1 r 1 1 1
=1 —t e m—pd otz D tan X =Lt —lo g,
b oo [ R TE T L R i 2°X733 5%
x<—1

tan{tan~!(n 4 1)) - tan{tan™! (n — 1)) _(@m+l)-(n=-1) 2
1 -|-ta|.n(ta|.n_1 {n+ 1)) ta.n(l‘.a.rfl (n- l])_ 1+(n+{n—-1) n?

71. (a) tan(tan T (n+ ) —tan" ' (n-1))=

{b} g: ta.n_l( 2 ) = I'E\I:I [tan ' (n+1) —tan' (n— )] = {tan 12— tan~10)+4 (tan™*3 —tan~11)

n=1 ? n—
+(tan 14 —tan12)+...+(tan~ (N +1) —tan 1 (N —1))= tan" (N + 1) 4+ tan~I N -z

37
4

roly
NS

o0
(C) nz=:1 tan_l(fi) = n]i’néo [tan_l (N -+ 1) + tan—l N *_ir_] - % n
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CHAPTER 8 PRACTICE EXERCISES

. . . -1}
1. converges to 1, since lim a, = lim (1 +( ) ): i
n—oo n—

2. converges to 0, since 0 € a, < %, Jim 0=0, lim 2= using the Sandwich Theorem for Sequences
o

4. converges fo 1, since Jim a = lim [1+(0.9)"]=1+0=1

5. diverges, since {sin 921} ={0,1,0,-1,0,1,...}

6. converges to 0, since {sin n7} = {0,0,0,...}

1
: (3
7. converges to f, since nli_"ng0 a, = nllngo Inn® _ 2 nango %) =0
8. converges to 0, since lim a, = lm ln(#{;ll = n]_i»ngo @ =10
. . : n+lnn : 1+ (T']")
9. converges to 1, since nlgrgo a, = nll'rr‘_}o ( n ) = r‘-li’rrcl‘3 T = 1
woan_ . (o
o . I{2n®+41) _ . 2% 4 1 12 .9
10. converges to @, since nangc a = 11]1(1;10 —F—= nan‘}G —T = nlergo Eﬂ = nll’rrgc £=0
n n
11. converges to €5, since nli_ngo a, = nlLrlgc (n o 5) = Jl_{gc (1 + ( n5)) = e~ % by Table &.1
12. conver b i =l 1 Y —1 .1
. ges to 5, since nango a, = nil.rgo 1+5 = nango 7 = & by Table 8.1
(1+4)
gy /m 3 _3
13. converges to 3, since n!_iyolo a, = lim (-ﬁ——) = Jim nl‘? =1~ 3 by Table 8.1

. . (g gln
14. converges to 1, since lim a = lim (ﬁ) = lim
n-6o e n—oo 1r]1,!'1:1

= % = 1 by Table 8.1

l/ 2

2001 gy Ln® oy el
(l) T — 0 (_1) n—oo

n

15. converges to In 2, since lim a = lim n(2 1) = Jim
=t =0 n—+od

n2

=2%1h2=In2



16.

17.

18.

19.

21.

22,

23.

24,

25,
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—2
converges to 1, since lim a, = lim Voin+l= i exp (l—r-'—(—zﬂ-l—)) = lim exp (211—+l) =el=1

oo 1

. . , . (n+1}! .
diverges, since lim a, = lim —r = Jdim (n+1)=oco

n

converges to 0, since lim a, = lim = 0 by Table 8.1

1y (1 N (0L (b (7 () (L
(2n——3)1(2n——1) =2E2—)3_2£2—)1 = {%l*(%)]J’[(é)_@ et 22(12-)3_21(12—)1]:(%_21(12—)1
1
= lim sm=]nl§_'nc}‘3 [%‘21(12_)1}=%
n =R ek wsGF A e (et drrke dm
:nl_iygo( 1+nf_1) 1
Ry erEn Rk S e Ui M G YR e O R € e e )
:%‘3n?i}-2 = Jing, s, = lim, (%_3n%i—2)=%
(4n~3)§4n+1)*4n33 I 11=”‘°’n=(%*%)*(3_2*‘12_7%(?_2*22_1)4’"'*(%;35*47273)
=~ § et = s =, (i) =3
ni g ln, a convergent geometric series with r = 3 Landa=1= thesum is ) _-1(%) = e—e—l
Z (- 1)“4n _n§0 (—%)(:4—1) a convergent geometric series with r = —%and a:“T?’:w the sum is
(B _
EC
diverges, a p-series with p %
§ -_351:*5 io: %, diverges since it is 2 nonzero multiple of the divergent harmonic series

26.



800 Chapter 8 Infinite Series

27. Since f(x) = f{x) =—

3;2 < 0 = f{x} is decreasing = a, | ; <a,, and lim a, = Hm =D

noo 0 =& \/H

0 o
series E (\/_ converges by the Alternating Series Test. Since Z —1- diverges, the given series converges

i SN _
} = 1), the
)

g

conditionally.

28. converges absolutely by the Direct Comparison Test since 5-13 < —13— for n > 1, which is the nth term of 2
n® n
convergent p-series

29. The given series does not converge absolutely by the Direct Compatison Test since which is

1 1
1n(n+1)>n+1’

the nth term of a divergent series. Since f{x} = <0 =f{x)is

1 1

ot = P(x) = —

In ( +1) (x) (In{x + 1))2(x + 1)

decreasing = a < a.,and lim = lim —l— = 0, the given series converges conditionally by the
n+1 < &n all, 3 = UL min+1)

Alternating Series Test.

1 ax= i - -1 hm (L_ LYo L
30. .2[ mﬁ x)2 dx—bll_.mwl *n x)?'d)r:_. hm [ {le x}~ ] bl.m (1 L 2)_] 2=>the series

converges absolutely by the Integral Test

31. converges absolutely by the Direct Comparison Test since Inn 2 < % —-15, the nth term of a convergent p-series
n n

32. diverges by the Direct Comparison Test for A snohle)>hns " >bn=Inn®>In(nn
g

=nlnn >In{lnn) = —— In n > 1!1, the nth term of the divergent harmonic series

In(In n)
33. nli_.n'olo (n (n jl- ) \/_ = 1 => converges absolutely by the Limit Comparison Test
3x(2-x)
34. Sincef(x) = 3 :>f'(x):———-2—<0whenx>2=-an+1-<a forn>2and lim 3 =0, the
+1 (x3 + 1) +1

series converges by the Alternating Series Test. The series does not converge absolutely: By the Limit

G0)
n’ 41 : 3n®

Comparison Test, lim ~———% = lim -3~—=3. Therefore the convergence is conditional.
n=—oo 1 O—30 3y +]
()
35. converges absolutely by the Ratio Test since ‘_ller(}o [(:I 12)1 .nI-liE 1] = nango (_n:.l?)z =0<«<1
! n

-1 n 2 1
36, diverges since lim a = lim E-«)L{F——)
n—ro0

3 does not, exist
n=oe 2n“4n-1



37,

i8.

39.

40,

41.

42,

43.
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3n+1 _Il_ o 3 _
converges absolutely by the Ratio ‘Fest since hm [(n T nIl_'rr{gD YT 0<1

converges absolutely by the Root Test since lim B = ﬂllm “1' }'-2-:—23 = nlLrlgo g- =0<

1
(nm)
1

n{n+ 1}{n + 2}

converges absolutely by the Limit Cemparison Test since nl_iﬂ;.

=1

_— . . . . n . nz(n2 1)
converges absolutely by the Limit Comparison Test since lim =4/ lim =1
n—ox 1 n—a0 1'14
(n n?—1
. u (x + 4"+ gn [x+4] Ix 44|
) ntl | _n (
Wl | "o (< T e n ST T () < T Ty <

(-1"3" _ & (-1
= x+4l<3=> -J<cx+4<I =z —T<x<—1; at.x——'?wehavez — = 3, 5%, the
n=i n=1

oo T
alternating harmonic series, which converges conditionally; at x = —1 we have 3 -I%ﬁ =3 %, the divergent
n=1 n=1

harmonic series
(a) the radius is 3; the interval of convergence is -7 < x < -1
(b} the interval of absolute convergence is —7 < x < —1

(c) the series conv-ages conditionally at x = -7

(x=1)" (2n-1)!

Jim <1= lim YA P <l=(x— nll’rgo m—m =0 < 1, which holds for
all x

(a) the radius is oo; the series converges for all x
{b) the series converges absolutely for all x

(c) there are no values for which the series converges conditionally

. Ll+ (3x—1)“+1 n? _ _
Jim o <1= lim PEL (3x_1)n<1=>|3x 1|,}Lw( )2<1=:>|3x 1< 1
n-1 n _1yen—1
—-1<3x——1<1=>0{3x<2:>0-<x<2,atx=0weha.\rez M z %._
3 n=1 Il n=1 n

s o)
- ¥ -1—2 , & nonzero constant multiple of a convergent p-series, which is absolutely convergent; at x :% we
=1 1



802 Chapter 8 Infinite Series

oo n-1 n 00 11
e & CUTA_ 2

, which converges absolutely
n=1 n? n=1

{(a) the radius is 3, the interval of convergence is 0 < x

WIM

(b) the interval of absolute convergence is 0 < x <

Lalbd

{c) there are no values for which the series converges conditionally

n+2 x4+ 9n41  gm

1. fim Sat3 o a+l Gx+ 1"

n—o0

<1l= lim

N— 00

12x+1] .. n+2 2n+1
7 % [an 3 hEl

“H‘ <l=
I

::-waJrll(l}<l =>|2x+ll<2=>—2<2x+1<2=>—3<2x41:—%<x<%;atx=~%wehave

(-1)*(n+1)
2n+1

% n41 ( 2]“ oo . . . .
) T > which diverges by the nth-Term Test for Divergence since
n=1

n=1

i p+ly_1_4. _1 & n+l 0 & n+4l .o ]
Jim (m)——Q;ﬁO, at x =5 we have n; nz which diverges by the nth

In+1 2% Zn+ 1’
Term Test
(a} the radius is 1; the interval of convergence is —%( X <%

1
2

(c) there are no values for which the series converges conditionally

{b) the interval of absolute convergence is ——% <X <

45. i Dot} oo g ot Sl<1zixil <1 =& L V<1
> i, [ <= i | dn (%) & nsbe \n+]
= X109 < 1, which holds for all x
{(a) the radius is co; the series converges for all x
{b) the series converges absolutely for all x
(c) there are no values for which the series converges conditionally
n+1 n
46, nlim 1 <1l= lim \;_ﬂxin <1:>|x|nli_'n(}° = —~1 we have
n
® (1) . ) . xR 1 .
5 , which converges by the Alternating Series Test; when x = 1 we have 3 -—=, a divergent
n=} \/T_l n=1 \/E
p-series

(a) the radius is 1; the interval of convergence is —1 <x < 1

(b) the interval of absolute convergence is —1 < x < 1

(¢) the series converges conditionally at x = —1
2n+1
i |t (n+2x™H g 2 (n+2 .
47. nl_lggo |<1:>nll»n§o PoES (n+1)x2““ <1=:r3nh_’rrc}° arl <1= \/_<x<\/—

oc
the series § 1+l and E L +31 , obtained with x = + \/' both diverge

n=1 \/3-



48,

49,

50.

51.

52.
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(a) the radius is \/3; the interval of convergence is —/3 < x < v/3
(b) the interval of absolute convergence is —/3 < x < /3

(¢) there are ro values for which the series converges conditionally

. Unsl . {(x— 1)X2n+3 In+1 2 2n41 2
dim |5 |< L= lim e R e <l={x-1)° lim | 5773 )<= (x-1)1)<]
2 & (=11
> x-1)<l=lx-1l<l=>-l<x-1<1=>0<x<2at x=0 we have ), —s T
n=] n+1
o ( 1)3n+1 ( l)n—l .
=3y TR Z which converges conditionally by the Alternating Series Test and the fact
= n+1 In+1
& 1 At x = < ('L =
that nzz:l T 1 diverges; at x = 2 we have ngl AT L Jnil which also converges
conditionally
(a) the radius is 1; the interval of convergence is 0 < x < 2
(b) the interval of absolute convergence is 0 < x < 2
{c) the series converges conditionally ai x =0 and x =2
2
. n+1 . csch (n + 1)x?*! . entl __ g—n-t
I,IILH‘_:’ID l(l':} ILII(}Q —m—- <1'—“>|X|nILHC}O —-(—"-‘2—-'—“)—"<1
e" e
X 8_1 _e —-2n-1 IXI . oo )n . .
= lenlgrc}o et <1 =25 < 1= —e<x<e; the series n;} { + e csch n, obtained with x = +e,
both diverge since lim (& e)" cschn # 0
(a) the radius is ¢; the interval of convergence is —e < x <e
(b) the interval of absolute convergence is —e < x < e
(c) there are no values for which the series converges conditionally
] Up g . X1 coth (n +1) ) 14e2n=2 { g -on
1D, 1_‘?,(13‘1}‘1"% x" coth (n) <1 =ixi g, |—e "2 ) o tn <i=ixi<l
o
= —1 < x < x; the series 3. (£ 1) coth n, obtained with x = + I, both diverge since nh_‘rrc}o (21 cothn#9
n:l
(a) the radius is 1; the interval of convergence is -1 <x < 1
(b) the interval of absolute convergence is —1 < x < 1
(c)} there are no values for which the series converges conditionally
The given series has the form I —x+x% —x3 4+ . 4+ {(-x)"+... = Ti-_i’ where X = }—1; the sum is _1_1:?-)
1+(3)
: - x2 2 -1 x® 2 . !
The given series has the form x —y gt (-1 F+...=In(1+x}, where x = 5 the sum is

in (g) ~ 0.510825624
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>
53. The given series has the form x — & -"-‘5--— A4 (=Dt

55,

a7.

58.

59.
60.

61.

62.

63.
64.

65.

sin w =10

. The given series has the form 1 —

-1f 1 y_ =
tan (%) = '6—

5 2n+1

31 ErTIn

2 .4
XX
ﬁ+7ﬁ et (=1

+...=s1n x, where x = #; the sum is

. = ¢08 X, where x = %; the sum is cos g— =

1 ; the sum is

V3

(2
The given series has the form 1 4+ x-|- 3, + + + X, where x = In 2; the sum is ) g
The gi ies has the £ 1 X204 = tan~x, where x =
. e gitven serles has the form X_T—i—g_“'—l_(_ [211 1) an = X, where x =

Consider i —12x as the sum of a convergent geometric series with a =1 and r = 2x = —1—:1—2;
= 1+(2x) + (2% + (2x)% +.... 2 (0% = 5° 2% where [2x]< 1 = ixi<i
n=0 n=0
Consider —1 3 as the sum of a convergent geometric series witha =1 and r = -3 = 1 3= 1
I4x 1+x 1 —(—xa)
2 3
=14 (=x®) + () + (3] +. Z (—1)"%%" where [ —x31< 1 = 33| < 1
n=0
oo n, 2n+3 o {110 n4-1 oo (—10 2n+1,2n+1
sinx= Y, %ﬁsinrxzzu@-'__.zz (=1)"nr X'
n=o (2n+1)! n=0 {2n+1)! n=0 (2n+1)!
n+1
oo ( l)n 2n+1 2% ozo: {_])n(%) oo (_l)n22n+lx2n+1
— R :> e e ————
sin x = ngo \A-l'l + 1)‘ sin 3 n=0 (21’! + l)l n={ 32n+‘(2n + 1)'
2n
o0 (_l)n 2n ( 5!2) P (_l)n(x.Sfﬁ) o (_l)nxﬁn
Cos X = e = cosix =
L, ) & @ & e
s (—1)Px2" ( ”2) " (_l}n((sx)lﬁ)?n . (o
€OS X = = cos /Bx = cos| (dx = = RN
Lo @ G = @y I @)
3 _«
[ o) n,n
ot = ::, RELTE I = X
ngﬂ nl nZ—:O ol nz=:0 2%n!
o oo 1" 2n
eX — E i‘l:}e —x? = ( ’( ) Z {- )
n=0 B: n=0
2 -1/2 -3/2 -1/2
f(x) = /3 -t-x§ =(3+x2) / =fx)= x(3 +x2) / = M(x)= -—x2(3 +x2) / +(3+x2) /
-5/2 -3/2
= £"(x) = 3x*(3 + x?) 1 ax(34x2)% f(-1)=2, f(-1) = —%, Pl(-1) = _%4, % = %,

L
2



66.

67.

68.

69.

70.

71.
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" __3.3_9 7o x4+ 3+ 1 ax+1)°
Pl =—g5+g=g5 = V3+X =2 —p o

f(x) = l—{—x =(l-x)"lafx)=(1-x2=2x=20-x"3="x)=6(1-x)"% f2)=-1,f(2) =1,
(2} = =2, (7(2) =6 = 1 = —1+ (x—2) — (x - 22+ (x ~ 2)° -

fx) = =7 = (x+ 1)“ = () = ~x+ D7 2 () =2x+ )70 2 () = —6(x+ 17 13) =1,
3=~ f”cs) H) =y =i g D+ a3 L=+

fix) = 31(‘ =x =2 P(x)=—x"2 = (x) = 2x73 = (x) = —6x7Y; fa) =% f(a) = —;17, f'{a) = f_'d’

Pla)=8=l=1_-Lx-a +i§(x—a)2~;%(x—-a)3+

Assume the solntion has the form y = aj4-a;x + a2x2 +...t a.n_lxn"]‘ +ax"+...

805

ﬁj—i:al+2a2x+...+nanxn"l+ :bg—)—(+v
:(al+aﬂ)+(2a2+al)x+(3a3+a.2)x +...+(ma +a, )"+ =0=a tag =10, 2a,+a, =0,
Jaz +a, = 0 and in general na, +a, ; =0. Since y = —~1 when x = 0 we have ag = —1. Therefore 2, = I,
R T S T SO T WP B o | L Y i
TR TTF T I MT g T Ty m,T T T (n—tM¥~ !
-1 n+1 froe] ]nn
=y =——1+x—lx +8l x3 . .+( )l x" -3 ( ) = —e
n. n=0

Assume the solution has the form y =a, +a;x + 32)(2 + ...+ a.nulx""l +a x4+,

dy_ n-1 dY
#a_al+2azx+...+naﬂx +. zrra—

:(al-aﬂ)+(2a2-al)x+(333—az}x?'+...+(nan~an_1)xn_l +...=0=a, —a3=0, 2a,—a; =0,

Jag—ay, =0 and in general na, —a__, =0. Since y = —J when x = 0 we have ay = —3. Therefore a, =

-3 3y .3 42 3 3 _—3m
= y=-3-3x 5o X —geeX nTx+

—3 =3 . o1 -3
EL2’=:2‘2’a‘?"‘:§’ 32T T

—3(1+ PSS SO A+ + ) -3 = 3¢~

arTar

e
2%

Assume the solution has the form y —a, +a;x+ a\?x2 +...+ an_l)(“_1 +a x4 ..

d—y=a1+2a2x+...+nanx“‘1+.. d‘y+2y

=>dx

-3,

={a; + 22} +{2a, + 2a; ) + (3a; + 2a,)x% + ...+ (na, +2a_ _)x" 1 4...= 0. Sincey =3 when x =0 we

2
have ay = 3. Therefore a; = —2a, = —-2(3) = ~-3(2), a, = _%31 = —%(—2 )= 3(%), a; = —%ag
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72.

73.

74.

o HCa B E R I € - B ey

2 3 ngn
:>Y=3‘3(2X}+3(—221—x2——3é2)2 +. +3—( D2 ny

:3[1_(2x)+<2x)2(2n3+ LDt ] 3 8 DY _ g

21 3! o]
Assume the solution has the form y = aj+a,x + a2x2 +...+ an_lx“'l +a x"+ ...
dy _ n-1 dy
3&—a1+232x+...+nanx too =gty
=(a1+a0]+(2a2+a1)x+(3a3+a2}x2+...+(nan+an_1)x“‘1+...=1=>al+ag=1,2az+a1=0,
3a3 +a, = 0 and in general na, +a, ; = 0 for.n > 1. Since y = 0 when x = 0 we have a;, = 0. Therefore
- - "1 __1 _ "% _ 1 s 1
al_l—ao-l,a2_§~_—l_—§,a3——3—_-m,a4—T_—4_3_2,...,an
1 n+41
__%-1_(—_1 (=" (-t _ 1,2, 1 a3 (=1 n
=—a— = n)(nvl)!—_ -] :»y—{}—!-x-?x +§—_§x e +...
Y PO O B I =07 » I = G 5 e S
= 1[1 X4gx —g g Xt ] = nz=:0 S—+1l=1-e
Assume the solution has the form ¥ = a; + a4 x+a2x2+...+an“1x“‘1+anx“+...
dy _ n-1 dy
= 5 = 21+ Za% 4. Fnagx AT
=(a.1—-a0)+(2a.2—al)x+(3a3-a.2)x2+...+(na.n—an_l)xn'l-i-...=3x=:-al—a0=0,232—3.1=3,
daz—ay) =0 and in general na, —a_,_, =0 for n > 2. Since y = —1 when x = (0 we have ag = —1. Therefore
$+a =2, 23_ 2 33_ 2 a1 _ 2
e i it AR Bkt = T bl ek ot & AR s
-—1- 2 3 43 2 l
= y=-1 x+(2)x+32x+432x+ A2
- lez 1 3, 1 4 L X — 3% -
=o(1+x i+l ot 4 hx +..) 3 3x_2n§_:0 L -3 - 3x = 2~ 4x -3
Assume the solution has the form y = ag+a,x +agx* + ... +a,_x" 1 +ax"+...

d)’_ n-1 dy
=>&_a1+2a.2x+...+nanx to=> gty

=( +ao)+(2a2+al)x+(3ag+a2)x2+...+ (na, +a, X" 4...=x=>a +ay=0, 22, +a, =1,
daz +a, = 0 and in general na_ +a_,_; =0 for n > 2. Since y =0 when x = 0} we have a; = 0. Therefore

_ =00 1)“

n!

l—a.l_l —aq
7 —3'%T 73

- 1 =
ay =0, 2, = TF g BT —g=

-1 ~1)"
ﬁy:0—0x+%x2“312x+ +“ )x-i- (l—x-|~~1~2 1x+ +( )x+ ) 1+x

X T5g
& (-1)"
= E n!

n={(}

—l4+x=eT4+x-1



75.

76.

77.

78.

79.
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Assume the solution has the form y = ay +a;x+ax2 +...+a X T 4a ™ +...

dy - dy
= 3% = 31+ 28% + ...+ nagxt L >3y

=(3 —ao)+(2a.2—a1)1(+(3a.3—a2)x2+...+(na.n—a.n_l)xn“l-k...:x =>a ~ay=02a,—a, =1,
3a; —a, =0 and in general na, —a, ; =0 for n > 2, Sincey =1 when x = 0 we have a; = 1. Therefore

- _14a g9 3 9 _3_ 2 ®n1_
m=lay=—gi=fa=g=gle=F=rdy . a=371=5%

— 2y 2, 2 .3 2 .4 2
=>y_1+x+(2)x + X gy X e X

= lz2, 1 3., 1 .4 1 ey S Xy m9eX_x_
_2(1+x+2x +3gx +4‘3_2x +...+n!x“+...) 1 x—2n§0 o l-x=2%—x-1

Assume the solution has the form y = ag+a;x+ :-1.2x2 +...+ a.n_,llicm'1 +ax"+...

:d_v a; + 2% + ...+ na x4 ji—

:(al—a0)+(2az—al)x+(3a.3—a2)x +ot(nag—a, )X M4 = —x > a;~a,=0, 2a,—a; = ~1,

3ag—-a, =0 and in general na, —a,_, =0 for n > 2. Since y = 2 when x = { we have a; = 2. Therefore
“1+a 3 a_ 1 a3 1 Bg-1_ 1

ke e B T Rl Yk vy Sl b v #o LRLEL R St i}

_ 1.2, 1 I ;_ n

=>y_2+2x+2x + 77 2x t1.373 2x +. + X +..

:(1+x+ix2+Lx tortsxt .+ hx® 4 )+1+x= S X i l4x=cixtl
2 3-2 {.3-2 ! o nl

-
b

/ ( 3) s 9 X12 x4 x7 xlo X13 1/2
,{ expl-x")dx = I IR B RO b LE i mo N v .
0 0

2]

11 1 1 1 1
1 + _ + - 2 0.484917143
2 9%t.4 "97.7.91 2¥.10.31 2'3.13.41 216.16.5!

1 1 1
s 15 .21 27 10 16 _22 28
J xsin(xs)dxzj x(x3—%+’~‘5—!w%+5§—!~+...)dx=‘[ (x4—’3—!-+’(5—!—’(7—1+’—(§-!—-...)dx
0 0

1
_x_5_ el xl?_xzs ng_
1/2 1 1/2 2 4 6 .8 10 SICEE S T 31 1/2
tan. X gy = X Xax x —fxoXyx X X0 X
j- X dx—f(l THE-T19 1+...)dx—[x gtas—agtRT 1o+ ]
1 1

L1 1 11 11 ) | 1 1 1
T2 9-23+52-25 72-2?+93-29 11"--2“+132-213 152-215+172-2” 19"--219+212-221
~ 0.

4872223583

807
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1/64 1/64 1/64
tan™! x J 1 ( £ xt_x ) 1 1
) tan™lx 4o _ 1., B x_X _ f2_1.5/2 1 9/2_ 1 13/2
80 [ \/)_( X \/J_C x 3+5 =+ dx I (x 7X +5x =X +...)dx
_f2.3/2 2 772 2 11/2 2 15/2 1“’64_ 2___12 2 2 -
= (232 27724 202 - ok +...]0 =(5 5 Tt Tgeg o )& 0.0013020370

3
, 7@—%+%+m)
81, lim LS0X_ jiy M =

S0 2% _ =0 2,2 53,3 T x=0 2 3.2
0 e -1 x (2x+22—’,‘+23—’,‘+...) * (2+2—5+2—"—+‘..)

(1+0+92+93+ ) (1 6‘+f"2 ﬁ'3-1~ ) 28

s _g ET AR THRIEEET k W Sl k- thant Y AR RE B

82. Am{l} : Efsin—929= é"’% = 3 5 = o ‘ 5‘
a—(o—%ﬁ——...) — (5—3—9—+...)

t?2—242 1—ﬁ+ﬁ— ) 2 Ei—56—;4-
83, 1i 1 1Y\ _ t2-2+2cost _ | LI TR X e
i | s | = lim e = lim = lim —mm =&
t— 2 ZCO’St t t—0 2t, (]_—cos t) t— 062 t2 t‘l 1—=0 4 2t6
2t 1~1+§“E+... t ‘—-4—!'--5*...
1 t?
2 a_a_‘“-.) 1
= lim =5
t—0 942 12
1—=b 4
. 2 4 2 14
s () (o)
S iy = i X

. b S LM L
. N 3! Rl 4! &! 7! 1 1 h?.‘ h2 h4 h4 1
= b2 = tim (f- g - ) =
2 1—(1—z2+§—...) (32—ﬂ+ )
85. lim — L2082 iy = lim 3
z—0 In{l—zg)+sinz 20 2 3 3 .5 z—0 2 3 .4
P iy SRR I (P A _z-_22 7
7773 : (IR 7-73 714




86.

87.

88.

89.

90.
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’ y2 _ V2 _ y?
i ey —comhy — A% N 2P = lim 277 2y
R Rt BTl e G R T s M
2 e ¢ 21 6! 2 6!
= lim ——14——=—1
y=0 (_ _ot )
61 7
3 FIAS
i sin 3x I (3)(_(3;) +(?;()] _) I i 3 9, 81x? T 0
x%( 3 + =5 +S)—~ xll% 3 +;5+s —xl_rlr%J F—§+—[)—+...+?+s =
=>;—2+f§=0a.nds—%:0:>r:—3ands:%
(a) cscx~-1—+§:>cscx~6—ﬂ3=>sinx~ bx
TXTEH T6x b+l
(b) The approximation sin x = bx > is better than i Y
6+x y=sinr—2z
. \ 3
sin x & x. \

\ :

% x

¥y Tp LNy K

) N\ y=sinz— 5%y
: \

(a) Z (sm——w—sm 2n+l) (sin%— sin %)+(sin£—11—sin %)+(sin%—sin %)+...+(51n ;‘g‘l—nsm 2n1+ 1)

n=l]
—cos(2)
x?

(==}
Jim sin -1— =0= 3 [-1)"sin % converges by the Alternating Series Test
n=2

1
+1

< sin %, and

+...= %2 (—1)" sin n ; f{x) = sin x = (x) =

n=

<0ifx22=>sinn

(b} terrori< |sin 112-| 2z (L.02381 and the sum is an underestimate because the remainder is positive

()

(a) E (tan — tan 5 1) Z (~1)" tan 7 (see Exercise 89); f(x) = tan L = (x)= == <0
o
= tan “—x'}-_f < tan II;, and lim tan n E; (—1)" tan %converges by the Alternating Series
Test

(b) ferror](ltan aliln"-'. 0.02382 and the sum is an underestimate because the remainder is positive



810 Chapter 8 Infinite Series

2-5-8-(3—1)(3n +2)x"*!  2.4.6---(2n)
2-4-6--20)(2n+2)  2-5-8-{3n—1)x"

= the radius of convergence is %

dn+2 2

91. lim 2n+2|(1=>1x|<§

n—o0

<1=|x| lim
n—+o0

92. lim

n—o0

<1 =>1x) lim

Il D0

}3 5eT(2n+ 120 + ) (x - 1 4.9.14. (5n~1)
2

4-9-14 {(n—1){(5n +4)  3-5-7--{2n + 1)x"

2n+4+3 5
.—-——5n+4l<_1=>|xi<

5

= the radius of convergence is 5

2

%- 1.?::2 1“(1 _1;1_2)= kz; [l“(l +§)+“‘(1 —%)F k); [In(k+1)—ln k+in (k- 1) —In k]

=[ln3-m2+In1-m2+[ln4-m3+m2-n3]+{m5-In4+1n3~In4]+[ln6~1n5+In4—in5]

+...+[ln(m+1)—Inn+ln(n—-1)—In n]:{ln 1-In 2]+[ln (n+1}~Inn] after cancellation
& (1D o) o © f1-L)= tim (2=l
=>kz=:2 ln(l kg)—ln( on )ikgz ln(l kZ)_nh—ngo ln( o )mlnﬁls the sum

w & iy b (e G- D G-Be GG ()

k
Hor-a)|= 0= -3 )=l3“(““)‘2(“+1)‘2“ _3n?-n—2
-1 n+1)7a\1te n nET)=a\5 s 3 Inn+ 1) 4n(n +1)

e 1 . 3
e} l - =
PO il bwvarwread bk
. 1142780 — 2)(3n + 1) (3n)! 3l . (3n+1)
95. (a) Jim, ‘ (Bn + 3! T-a-7.--(3n_2) | © 1=1x*] tim, (Bn + 1)(3n +2)(30 + 3)

= |x3|-0 < 1 = the radius of convergence is 0o

_ 1.4-7-(30-2) 2 dy @ 1-4-7-(3n-2) s,
By=l+2 —my — * T&- L G-
dy & 1-4-7-(3n-2) 5., ® 1:4-T3n~5) 3, 9
TRITE Gyt X XL T o
=x(1+§ ngn):xy+ﬂ=>a=landb=0
n=1 (3n)!
2 2
96. (a) ﬁizrﬁ:x2+x2(-—x)+x2(—x)2+x2(—-x)3+...=x2—x3+x4—x5+...= io: (—1)"x"* which
—f{— n=2

converges absolutely for |x|< 1

blx=1= io: (-1)*" = ioj (—1)" which diverges
n=2 n=2
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= v} (> =}
97. Yes, the series 21 a b, converges as we now show. Since El 2, converges it follows that a, — ¢ =>a <1
o= n=

20

for n > some index N = a, b, <b forn>N = ) a_ b converges by the Direct Comparison Test with
n=l

[ o]

S b

o0
98. No, the series Y. a b, might diverge (as it would if a; and b both equaled n) or it might converge (as it

n=}

would if a_ and b, both equaled ;1_1)

(v =} o0
49. ngl (Xpp1 — X)) = Hm kg} (Xpeg1 — xk) = lim (x4, —x;) = lim (x,,,)—%; = both the series and

TL-=2x0

sequence must either converge or diverge.

an
t Limi ison Test since fim St/ = 1 33
100. It converges by the Limit Comparison Test since fim_ T_nll-nc}o T+a, = 1 because nZ_-:l a, converges
101. Newton’s method gives -—(i“—:—l—)_—- + 57, and if the sequence {x_} has the limit L, then
: g Xh+1 T Xp 1]39 4Dxn 40: q X5 '
39 _
L= 40L+40:>L__1
= 2 %2,% & 1 1,1 lplylyl
102. (a) nzl w=atgtyty +...2a1+(2)a2+(3+4)a,,+(5+6+7+8)a8
+(é— 1{}-i-11+ +116)316+ L2y (a-2+a.4+a.3+a.lﬁ+...)whichisadivergentseries
=1 1 4 1 4 1 _L 1 1
(b) ay=plpforn>2= a2 828, 2 and gt L+ ig+ o S pa o tama T

= ﬁ(] +%+%+ ) which diverges so that 1 + Z dlverges by part {a)

b2

— ( V2 e b=1e1/2 1, o
103. (a) T_—T—(ow(g) )*8e + % e~ 0885660616

1 1
2 4 4 3 -
(b) xze"=x2(1+x+§2—-+-..)=x2+x3+%+...:>J (x2+x3+5-2-)dx [a*ﬂ’m] %:0.68333
o]

(c) If the second derivative is positive, the curve is concave upward and the peolygonal line segments used in
the trapezoidal rule lie above the curve. The trapezoidal approximation is therefore greater than
the actual area under the graph.

(d) All terms in the Maclaurin series are positive. If we truncate the series, we are omitting positive terms
and hence the estimate is too small.

1
1
(e) j' x%eX dx = [x2eX — 2xe* + 26"]0 =e—2e+2—2=e—2~0.7182818285
0
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CHAPTER 8 ADDITIONAL EXERCISES-THEQRY, EXAMPLES, APPLICATIONS

. 1 1 = 1
1. converges since _ 2)(2n+1”2 < o 2)3!2 and nzl ———-—————(3n 372

converges by the Limit Comparison Test:

1
( 3;2) 3/2
M — lim (___?mn— 2) = 33’(2

T 2 4q (tan™! x)3 ° (I;a.n_l b)3 3
2. converges by the Integral Test: J (I;a.n~l x) X_— Jim |22 2| = lim [T
1

x24+1 b—ce
(2 _ _7_
24 192 192

2
3. diverges by the nth-Term Test since lim a, = Jim, (-1)" tanh n = hli_.n;o (— 1)“(15-2—«-;) = lim (~1)"

1 + n—og
does not exist
4. converges by the Direct Comparison Test: n! <n" = In(n!) <nIn(n) = (( ))

log, (n! . .
= log, (a!l) <n = g“:,E ) < %, which is the nth-term of a convergent p-series
n n

; . ) o 12 _1-2 12 _(2:3\/1-2
5. converges by the Direct Comparison Test: a, =1 = W, P m—, a; = (TE)(T)

__ 12 . _(3.4\2-3 12z 3 12 represents the
OO (5-6)(4 o)(d 4) (4)(6)(5)2""1"”2 (it Dt mrr o t

n=1
12 <12
(n+1){n+3)(n+2)% n?’

given series and which 1s the nth-term of a convergent p-series

a
6. converges by the Ratio Test: lim EH lim ——a——— =0 <1

e 0o (n-Dm+1)

7. diverges by the nth-Term Test since if a, — L as n — cc, then L = - =1?4+L-1=0=L=

T+T
£0

—1++/5
T

v 4] v o]
8. Split the given series into 3 '37114-_1 and > %; the first subseries is a convergent geometric series and the
n=1

ne n\/_n\/“

second converges by the Root Test: lim n 32-2% = lim ‘3<% Lo



10.

11.

12,

13.

14,

15.

16.

17.

18.

19.
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f(x) = sin x with a = 27 = §(27) = 0, F'(27) = 1, £(27) = 0, I"'(27) = -1, £92n) = 0, {5 (2m) = 1,

- 27)? + (x — 27)% _x= 27y’ +

(9(2r) = 0, K7 (2) = ~1; sim x = (x = 21) - B 3! 7

x_l X2 X3 H —
et = +x+~2—¢-+?2-,-+.‘.w1t.ha—0

fx)=Inx witha=1=f(1)=0, (1) =1, (1) = -1, P’(1) = 2, f9(1)

(x-1)?% (x-1)* (x-1)*
7t~ 3t

nx=(x-1)—

f(x) = cos x with a = 227 = f(227) = 1, £/(227) = 0, £'(22x) = —1, £”/(227) = 0, £ V(227) =1,
i9)227) = 0, 10)(227) = 1 cos x = 1 = L (x - 22m)2 4 L (x—22m)* - 61, (x —922m)8 +
fix) =tanIx witha=1=f(1) =T, P(1) =, () = -3, ") = §

5
-1y (x— 1) (x— 1)2 {x—1)3
=1+t 3 3t 1

tan

1/n 1/n
1 n n
Yes, the sequence converges: ¢ = {a™ +b") /n = ¢, = b((%) + 1) = lim c, = nime b((%) + 1) =b

since b <<a<b

PRI TN A S TP AN W + 5 N
10" 102 " 10% 107 105 10° 1 105"“2 =1 10877 3 109m

n=

=143 245 3Ty
=0 10311-!—1 n=0 103n+2 n=>0 103n+3

— 200, 30 7 _ 999 +237 412
=1+399+999 7599~ 998 333
. k+1 1 2 n n
= dx J dx J dx J dx J dix
8y = = 8, = + -+ ...+ =g = —A
" kgo J T4+x: " 1+x* 1+x* 14 x%* n 1 + x?
k 0 1 n—1 Q0
= lim s, = lim {tan~'n—tan™10)= %
lim ‘_ 4+ @+ | x 1P x
n=co | Up | m=eo f(p o 9)(2x 4 1)+ nx® Tnooo [2x+1 n(n+2) _‘2x+1|

=ix|<|2x+ 1L ifx>0, Ix1<|{2x+1|=2x<2x+1 2 x> -1; if-%<x<0,lxl<|2x+l1

> x<2x+12 > -1=x> —55ifx< —§,1x1<]2x+1]= —x < ~2x—1 = x < ~1. Therefore,
the series converges absolutely for x < —1 and x > —%.
(a) Bach A, fits into the corresponding upper triangular region, whose vertices are:

(n,f(n) — f{n+1)}, (n+1,f(r+1)) and (n,f(n}) along the line whose slope is f(n + 2} - f(n + 1).
f{1) - 1(2) f 1) —f(2
W) &, -1

All the A_’s fit inte the first upper triangular region whose area is ~——5——
n=1
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1

k+1
(b) If A, f(_k_ﬂ)_i(k) J f(x) dx, then
k
2 3 n
> Ak:f(1)+f(2)+f(2)+f(3}+2f(3)+...+f(n—l)+f(n)_J‘ R0 dx- | e | 1) o
k=1 1 2 n-1
SLUALLIN zj £(k) ~ J f(x) dx = ): M= T 0~ f—(”;f(“)-J f(x) dx < ST grom
1
-1

I
part (a). The sequence { 3 Ak} is bounded above and increasing, so it converges and the limit in
k=1

question must exist.

(¢} From part {b) we have k)O:jl f(k) — J fi(x) dx < f(1) — f(2—2)+f(2—n)
- 1
= lim, [ i f(k) — J f(x) dx i< ni%o [f[l)—@ fn) = f{1) —@. The sequence
k=1 1

n

{ i f(k) ~ I f(x) dx} is bounded and increasing, so it converges and the limit in question
k=1

must exist.

20. The number of triangles removed at stage n is 3" !; the side length at stage n is —>=: the area of a triangle

at StageniS\/Tg(gn_}:]')Q- =t
(a) \/3-1:,2+.5\/_( ) 32\/-(%:_) \—{1:(2_&)"“ :@b ngo zﬁ_% n=ﬂ (%)

f\i%‘

b2)
\/_ b2
-
(¢} Noj for instance,the three vertices of the original triangle are not removed. However the total area removed
is \/gbz which equals the area of the original triangle. Thus the set of points not removed has area 0.

{(b) a geometric series with sum

21. (a) No, the limit does not appear to depend on the value of the constant a

(1 _cis(%))( “hin(h) o)

(b) Yes, the limit depends on the value of b

1]

a
o _ oo
(¢) s= L) = log s = ———~—"= lim logs=

a ... fa a
T & sin(f) ~cos(F) _0-1
- “H*H‘;“ cos(%’-) —1-0
i

=-1= lim s=e"" ~0.3678794412; similarly,

i, (1-58) — oo

bn



22,

23.

24,

26.

27.

28.

29,
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1/n

n . .
o] . . P 1+sin a, . 1 +sin a 1+31n(nlﬂgo a.n) 14sin0
nz=:1 a, tonverges => lim a, =0; nan(}O (-———-§~——) ] = nll»nc}o ( 3 “) = 5 = 5
= % = the series converges by the nth-Root Test
. Un4y I . pitlyntl 4 g 1 1_ _ .1
Jm <1l = dim ITYCESY bnxn<1=>|bxi<1:> p<x<p=b=b=xg

A polynomtial has only a finite zumber of nonzero terms in its Taylor series, but the functions sin x, In x and
€* have infinitely many nonzero terms in their Taylor expansions.

3.3 3
(a.x—a;!( +...)—(x-—%+...)—x

sin (ax} —sin X —x _

= lim [222-22 4 1 (& 1V2o lisfniteifa—2=0ma=2
T ox0 | %2 a3 5 5! -
. sin2%x-sinx-x_ 22 1 _ 7
Jim 3 R R
(l,giﬁ+ﬁ_ )_b

- cosax—b _ : ) ! - : 1-b_a% a%x® _ —_
fi <250 =1 = iy s —=1= I (- )=
=b=landa= +2

Uy (A1) o 1ol & 1
(a) e _1+n+n2:>C_2>lanan=:1 -7 converges

% _o+l_, 1.0 - = 1a
(b) U7 = W —1+n+n2=>C—lglandn§1 5 diverges

5n°
6 3 oy T
U,  2n(2n41)  4n®+4+2n _ @ 5 _ (2) [(4H —411+1)]
i~ @oo1)?  d—dn+1 =14-5 __—_4n2-4n+1-1+ i +-—-—-—-—-———r12 after long division
3 5n? 5 & ;
= C=5>1and|f(n)|=— = <5= > u,converges by Raabe’s Test
2 4n“—4n+1 4.1 n=1
4-z5+—3
n

£ O o
(a) 3 a,=L=>al<a 3 a =al= 3 a’convergesby the Direct Comparison Test
n=1

n=1 n=1
(s)
1—a, ) 1
a

[+
= nh_ng 1—:_—5—“- =1 since ngl a, converges and

(b} converges by the Limit Comparison Test: lim

therefore lim a_ =10
X -+ n
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2,3
as a a
30. If0<a.n<1then|ln(1—a.n)lz—ln(l—an)zan+—29+—3’l+. L +ai+ad+. 1_"an,
a positive term of a convergent series, by the Limit Comparison Test and Exercise 29b
1 A 1 1_ 1
3. (1-x)""=1+ 3% ;.c“\;;rhere|)':|{1;*»(I (1—x) ): nx" andwhenx=§wel1ave
n=1 -
4=1+ 2(1)+ 3(1)2 + 4(1)3+ + n(l) s
5 5 5 5 .
32. (a) %x““z x? :>§ n+1)x—— ﬁvz n{n + 1)x"1 = — 2 =>Z n(n+ 1)x" = 2x
n=1 I-x " 35 {1-— x)2 n=1 —x)° (1-x)°
2
o 2 2
=3 z n(n+l) X 2}( 3||XE>1

33.

34.

36.

()

1/3 1/3
o 2 [V Ei LV
b x= 3 2D 3:>x3-3x2+Xm1=0=>x=1+(1+—§z) +(1—£)

n=1 * (x—1)

rr 2.769202, using a CAS or calculator

The sequence {x,} converges to % from below so ¢ = %—xn > 0 for each n. By the Alternating Series
Estimation Theorem ¢, , m%(cn)s with |error | < é(fn)s, and since the remainder is negative this is an

overestimate = 0 <¢ |, < %(en)s.

'2 3
Yes, the series 2 In{l +a_) converges by the Direct Cornparison Test: 1+a_ <1+a.n+ +3I,‘+
:>1+am<e-"‘-::»ln(l-i-an){an
1 —d 1 -4 2 3 —_ 2 3 R n-1
- (l—x)z—dx(l—x)'dx(l+x+x R e
£ a3V (L) = (L)L )=
{b) from part (a) we have ngl n(ﬁ) (6) _(6)[1 _(%)]— 6
{c) from part (a) we have io: nplgm ol -4 _1
n=1 (1-pf ¢ @
= R -k (%) -k _1 R 1o1-k _{1 1
(a) k); pk:kz_;l 2 =—4 =1 and E(x) = 2 kpy, = kzl ke~k =1 gl k2 :(5)___i_=2
5 sy : ()]

by Exercise 35(a)

Ve ¥

oen

T
P

® & m=f LS @) g e = F e B L @)
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€ L »w=Y yp= X (6—537) = dim, (1~ phy) =1 end Bx) = 2 k= 2 j‘(k(k+ 1))
>
=3 k—li- 7> a divergent series so that E(x} does not exist
k=1
—kt —nkt -k,
—kt —2kt, —nkt, Cpe o(1 — ¢ ™) Cpe ™0 C
c(a) Ry=Cpe 04+Cpe” 04, 4Cpe  0=2 T = R = lim Rn-1 e"kLU_ " 0_1

e ! (1 _ e-l{J)

e'(1—em) -1
=2 V"¢ VR =e 1 %0.36787944 and Ry, = € 0.58195028;

—e I1-e

1 R-Ry

(1-e") g 1 R_1-e1n /1y 1
(C)Rn_—*_——l—*’z‘ﬁ( 1)%4.7541659;Rn>7éﬁ+>(§)(e_l )

el — -1 -1

—ng’ll] —njfi0 _ U = =
=1 >2=; <2=:> —10<ln(2)=>m in(2)=>n>6.93:>n_7
C kt, k. ©C C
0 - 0. —H R ¢ |
=R4+Cy=Cy=e _CL:te-kln(CL)

. (@) R=—"— = Re
ekto-l

=1 —
(b} tg= KB In e = 20 hrs

{c) Give an initial dose that produces a concentration of 2 mg/m] followed every t, = ﬁ In (02—5) == 69.31 hrs

by a dose that raises the concentration by 1.5 mg/ml

(@) to=gly n(Ed) =5 1n(10) % 6 hus

= =]
. The convergence of nE=:1 {a, | implies that nll.ngo |an|=0. Let N >0 be such that |a,|< % => 1—ja,|> %

2] . I - | N
:>1_[an|<21an|foralln>N. Now [In(1+a,)|=la, - +5 — 7+ <|a.n|+ +| 2+
a oo
<|an|+|anl2+}an|3+|an[4+...:1!_rin1<2’an|. Therefore ngl In(1+a,) converges by the Direct

(= ¥}
Comparison Test since 3. |8y, | converges.
n=1

o0
1 converges if P >1 and diverpes otherwise by the Integra.l Test: when P= 1 we have
(ln n))p g E ¥

n§3 n In n{ln
b b

. dx
lim = lim [In (In(In x))] = co; when p # 1 we have llm f o {ln (In X))

b—oo J; xIn x(In (In x))

(In (in 3))"P*!
—p+1 b Sy if P = 1
= lim [———(ln(l‘; f)])) ] - 1-p

3 oo if pl
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2n+1_t ty—ty
miT=1Tt 7t

t, — & t —t.
btay . 4lmen o

4l (a) gy =FHF Gt PR

- 1 1.1 11 bongr _ 3 4y bant1
=u(1-4)+u(3-3)+ - +tn(zm _2n+_1)+2n+1_k§1 KE+T) TIn+1

converges

® (e ={1r}= B

(e} {cn}:{1,—1,—1,1,1,—1,—1,1,1,...}=~the seri&sl—%—%+4l+g—6~—7+... converges

42, (@) (1=t +t?2 =3+ L+ (D) A+ ) = 1=t + 62 =3 4 ()Pt -2 4 3t g (1)

(_l)ntn-}l 1

=1+ s Lt P GO S =

(b) l g ~I[1—c+t2+...+(w1)nt“+

(—] )n+1tn+1

T
=[t-%+5+..+ + dt = In |1 + x|

n+1

(_l)ntn-}l]i
o n+1

J’f (__ 1)n+1 o +1

o

2 3 (_l)nxn-i-l (—l)n+]t.n+l
— X X —
_ﬁx-~.2~+-—3--...+n—+l—+Rn+1, whereRn+1_J Tdt
D
x + X 1 X +2
— +1 t? & +1 x°
(¢) x>0and R, =(-1)" J 1+tdt.=:»|H.n+1|_-[ 1+tdt§ft.“ dt = n+2
D 0 0
Tt T st T |t
— (. 1yn! t* _ " t
(d) -1<x<0and R, =(-1) J 1+tdt:!Rn+1|“J 1+tdt SJ ¢ dt
0 0 0
X
|n+1 n+2 .
gI Ilt‘ dx:L——smcell—HIZl—m:
) —-1x| (1—1x1)(n+2)
n+42
e) From part {d) we have <X the given series converges since
+1|= B g

1—tx1)(n +2)
jx |t

o dxm o own 1
2 (1‘|x|)(n+2) 0:>|Rn+1| 0 when x| <

NOTES:



CHAPTER 9 CONIC SECTIONS, PARAMETRIZED CURVES,
AND POLAR COORDINATES

8.1 CONIC SECTIONS AND QUADRATIC EQUATIONS

2
1. x= % = 4p =8 = p = 2; focus is (2,0), directrix is x = —2

2

2. x= —%— = 4p =4 = p = 1; focus is {~1,0), directrix is x = ¥

2
3. y= —-’%—ﬂ dp=6=p =%; focus is (0‘—%), directrix is y =%

2
4. y :% =4dp=2= p:%; focus is (0,%), directrix is y = v%—
2 2
5. %—a%: 1=>c=+/448=1+/13 = foci are { £ +/13,0); vertices are ( £2,0); asymptotes are y = :I:%x

b 2
—+-¥g—= l=c=/9-4= \/3 = focl are(ﬂ, :t\/g); vertices are (0, :t3)

b
g

2
7. ¥2-+y2=1:>c= 2~l=1=>f0cia.re(:|:l,{]);verticesare(:}:\/é,l])

2

8. ywaz =l=c=4+1= \/g = foci are (U, + \/5), vertices are (0, :|:2); asymptotes are y = + 2x

v 2 3
9. y2:12x:>x:ﬁ:>4p:12=>p:3; 10. X2=6y=*y=%$4p=6ﬁp=§;
focus is (3, 0), directrix is x = —3 focus is (U,%}, directrix is y = —%

8¥ H
[ y ;12
X = =3 4
2 F
" X
-4 -2 -5 2 3 4
-4
-6

-8
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x2 ¥

b=

11. x2:—8y=>y:_'8:>4p:8:>p:2; 12. y2=—2x=>x.—._2=>4p:2:~p=
focus is {0, —2), directrix is y = 2 focus is (—-%,U), directrix is x =%
3( .
dy=2
1 x=1/2
2
'y - 4x 1 2)(
“1 = -y
-=»F
2 2
13. y=4x2:>yzx—=>4p=—1~=>p=L; 14. y=—8x2:>y:—l~—:>4p=i:’>p:
ORRS O
4 8
focus is (0’11_6)’ directrix is y = _11_6 focus is (0,—%), directrix is y = %5
2Y
1.5
1 2
=4
Q.5 Y X
“[15eF
-1 =0S ovs 1
s N\
-1
2 ¥ 1 1 2 y? 1 1
16, x = -3y =>x:-(—l—):>4p:§:,-p=l—2; 16. x =2y :xz(—lj:>4p=§=>p:§;
3 2
focus is (“_1_ 0) directrix is x = & focus is (l 0) directrix is x = —4
1227 )0 ’ 12 g 3
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2

2
2 2 X ¥ o_
18. 7x° + loy _112=»w—16+7—1

:>c-_-\/az—b2:\/]ﬁ—723

“& e X
-7
v? 2 3’2
19, 2x2+y2:2=>x2+~7=1 20. 2x2+y2:4:>2"2—-+?=1
»c=val-b*=/2-1=1 Se=vVal-b?=1-2=2
Y Y
2
2 =Y
2 y -+ -1
=1 z ' 4
ey e
’:1'I -3 Fz'%\
X + X
TGy {2”'4.-1 2
-2 -2
2 2 2 2
2 7 _ X, Y - 2 2 _ XY
21, 3x° +2¥ -6=>2+3—1 22, 9x*° 4+ 10y —9[}=>m+9_1
:>c=\/a.2—b2=\/3—2=1 == az—bzz\/lﬂ-gzl
Y
— X X
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2 2 2 2
23, 5x2+9y2:54:-%+3‘—=1 94, 160x2 + 25y% = 4225 = X_ 4 ¥

5 55T igg =1
>c=val-b*=/9-6=3 =c=Va?-b?=,/169-25 =12
¥
13
-] 2 1
X ¥
25 * g !
X _‘_5‘ P X
1 F
-13

2
25. Foci: (:I:\/E,O),Verticcs: (i?,ﬁ):*a:Q,c:\/5:»bzzaz—c2=4—(\/§)2z2=»%2+y2—=l

b 2
. F s 4 — 7 — 7 _ — X y o _
26. Focl: (O,ﬂzd),\fertlcm. ({},ﬂ:a):a_o,c_rl:t»h =125 16_9=>-g-+%__1

2 2
27 xi-yi =1l e=val+bl= J/T+1=1+/2; 28. 9x2—16y2:144:>’1(—6—¥g~=1

asymptotes are y = + x =>c=\/a2+b2=\/16+9:5;

asymptotes are y = £ %x

2 2
29. yz——x2=8=>%-—%=1 = ¢ = v/a’ +b?

= /8 + 8 = 4; asymptotes are y = + x

2 2
Y
T T 6

\
=

R

\

%,
/|

)
Jr;
/.

rd




Section 9.1 Conic Sections and Quadratic Equations 823

2 2 2
31. 8x2—-2y2:16:»%-—%=1=>c= a‘+b 32. y2—3x2=3=>y?—x2=l:>c=\/a§+b2
= +/2+48 = +/10; asymptotes are y = + 2x =+/3+1=12; asymptotes are y = & \/gx
Loy
o2 8T 0
~y
O

b4 2 2 2
33. 8y2-2x2=16=>y?—%:1=:-c=\/a2+b2 34, 64x2~36y2=2304=>§—5—%2=1 Sc=+va’+b

= +/2+8 = +/10; asymptotes are y = :t% = /36 + 64 = 10; asymptotes are y = :1:%

L4
[

‘\,\_ x
-4 =2 T 2 ] X
f-""(" \"‘"\.,
P “l-3 e
/."’“f '\.\_.‘
e -2 \"‘-\..\'\N
3 T

35. Foci: (O,j:ﬁ),Asymptotes: y= :I:x=>cz\/iandg:1:>a=b=>c2=a2+b2:232=r2:23.2

:>a=1i*b=l:>y2—x2=1

: 1 b_..1 a 2_ .2 12,2
36. Foci: (£2,0}, Asymptotes: y= t—=xFc=2and2=—=>b=-2.c?=a2+h? =42 48 42"
( ) ¥ op Y \/5 a \/§ \/5 3 k]

2 2
=>4:%:>a2=3:>a=\/§=>b:1:rx?—y2=1

37. Vertices: (:L—S,G), Asymptotes; y = :I:%x = a:Sand%:%:} b:%(3)=4 :)%-——{—6:1
1 ] v
38. Vertices: (0, 2}, Asymptotes: y = :i:ix:>a=2a.nd%=§=>b:2(2)=4=>?—%——=l
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39. (a)

40. (a)

41. (a)

42. (a)

y?=8x = dp =8 = p = 2 = directrix is x = ~2,
focus 1s {2,0), and vertex is (0,0); therefore the new
directrix is x = —1, the new focus is {3,—2), and the

new vertex is (1,—2)

xzz—ély:>4p:4—4>p:lédirectrixisy:l,

focus is (0,—1), and vertex is (0,0); therefore the new
directrix is y = 4, the new focus is (—1,2}, and the

new vertex is (—1,3)

2 2
¥_6+ % =1 = center is (0,0}, vertices are (—4,0)

and (4,0); ¢ = Val—b?= \/’? = foci are (\/'?,'l])
and {—1/7,0); therefore the new center is (4,3), the

new vertices are (0,3) and (8,3), and the new foci are

(4++/7,3)

2 2
-x§—+%3 =1 = center is (0,0), vertices are (0,5)
and (0,—5); ¢ = Va®? —b? = /16 = 4 = foci are (0,4)
and {0, —4); therefore the new center is {—3,-2), the

new vertices are (—3,3) and (-3, -7}, and the new foci

are (—3,2) and (-3, —6)

y
X -t 2 /
-2 -3 2 3 4 X
-2 Vi1 ,-2) ¢ F{3-2)
-4
a2’

y=4

PN VL - LT |

vy (0.33

Fy (4.3) R
[ ] L ] L ]
Wieas) © (s




Section 9.1 Conic Sections and Quadratic Equations 825

y? x-2) ° _!f
43, (a.) 6= ? =1 = center is (0,0), vertices are (—4,0) y 16 9 =1 'y =3 — 2304

and (4,0}, and the asymptotes are % = :t%or & / "/

3x /a2 4 b2 — ; 1™

= 4= c= 24+ b?=+/25 =5 = foci are (=5,0
€= _ (=5:,0) RV, \c;z 0) v { R

and (5, []), therefore the new center is (2,0), the Sorez0 7 608000
new vertices are (—2,0) and {8,0), the new foci -1 }»/
are (—3.0) and (7,0), and the new asymptotes are rf’f \

3(x-2 4
y= :I:—g-‘l——) < y = —3{x — 2)/4
¥ x?

44. (a) Z-—% =1 = center is (0,0), vertices are {0, —2) z
4 5 y ;1 } . S
and (0,2), and the asymptoies are 5= :}:—ﬁ or 5
©O.DLF e Y+ 2m2x/¥B

y = :l:2_X;c=\/a2+b2=\/§:3=>foci are (0,3) \)“ } o y

Ve “2. 001}V, 7 3
and (0,—3); therefore the new center is {0, -2}, the \_2 Q{{;-zj
new vertices are (0,—4) and (0,0}, the new foci o ) Y, M" -
are (0,1) and (0, ~5), and the new asymptotes are © '511\ v2a-2/y5

-6

y+2== 2x

45.

486.

47.

48.

49.

NG
ylodx = dp =4 = p = 1 = focus is {1,0), directrix is x == —1, and vertex 1s (0,0); therefore the new

vertex is (—2,~3), the new focus is (-1, —3), and the new directrix is x = —3; the new equation is

(v+3)° =4(x+2)
yP=-12x = 4p = 12 = p = 3 = focus is (—3,0), directrix is x = 3, and vertex is (0,0); therefore the new
vertex is (4,3), the new focus is (1,3}, and the new directrix is x = 7; the new equation is (y — 3)2 = —12(x — 4)

x? =8y = 4p =8 = p = 2 = focus is {0,2), directrix is y = —2, and vertex is (0,0); therefore the new
vertex is {1, —7), the new focus is (1,—5), and the new directrix is y = —9; the new equation is

(x-1*=8(y+7)
2 _ _ _3 : 3 ey — 8 . ; .
x*=6y=>4dp=6=>p= 5= focus is 0,5 , directrix is y = -5 and vertex is (0,0); therefore the new

vertex is (—3,—2), the new focus is (—3,—%), and the new directrix is y = ;* the new equation is

(x+3)%=6(y +2)

6+);) =1 = center is (0,0), vertices are (0,3) and (0,—3); ¢ = Va? = b2 = /96 = /3 = foci are (0, /3)

and (0,—V/§); therefore the new center is (—2, —1), the new vertices are [—2,2)} and {—2,—4}, and the new foci

(x 22)2+(y+1)2=1

are ( 2,-1% \/_) the new equation is g
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50.

52.

53.

54.

55.

86.

2
xT+y2 = 1 => center is (0,0), vertices are (\/5,0) and (—\/5,{]): c=val-bl=4/2-1=1 = foci are
(—1,0} and (1,0); therefore the new center is (3,4), the new vertices are (3 + \/514)' and the new foci

(x=3)

are (2,4) and (4,4); the new equation is x 5

+{y-4°=1

2
¥

Ty 1 = center is {0,0), vertices are (1/3,0) and (—\/E,[l); c=vVal-b*=/3-2=1= foci are

(—1,0) and (1,0); therefore the new center is (2,3}, the new vertices are (2 + \/5,3), and the new foci

{x—gz)2+(y—3)2

=1

are (1,3} and (3,3); the new equation is

2
1’% 5= =1 = center is {0,0), vertices are (0,5) and (0, -5); c = v/ a? —b? = /25 - 16 = 3 = foci are

(0,3) and (0, ~3); therefore the new center is (—4,—5), the new vertices are (—4,0) and (—4,—10), and the new

(x+4)2+(y+5)2

16 7% =1

foci are (—4, —2) and (-4, —8); the new equation is
P 2

XL Y =1 = centeris 0,0), vertices are (2,0) and (—2,0): ¢ = va* +b® = /4 + 5 = 3 = foci are (3,0) and
4 5

/bx

5 therefore the new center is (2,2), the new vertices are

f(x 2).

{—3,0); the asymptotes are +% = R AN y= +

2= /s
{4,2) and (0,2), and the new foci are (5,2) and (—1,2); the new asymptotes are y —2 = ; the new

(x-2° (-2°_

equation is 3 3

2 2
—}156— lg' =1 = center is (0,0), vertices are (4,0) and {—4,0); ¢ = va® + b? = /16 + 9 = 5 = foci are (—5,0)
and (§,0); the asymptotes are :l:i—‘: % =>y= :E:%}E; therefore the new center is (~5,—1), the new vertices are

{—1,-1) and {—9,—1), and the new foct are {~10,—1) and (0,~1); the new asympiotes are y + 1 = i:i(i:—@;
(x+8)° (yv+1)?

the new equation is % ~ 9 =1

y2 - x% = 1 = center is {0,0), vertices are (0,1) and (0,-1); ¢ = Va’ + b* = y/T+ 1 = /2 = foci are

(0, + \/_), the asymptotes are y = =£ x; therefore the new center is (—1, 1), the new vertices are (—1,0) and
{—1,~2}, and the new foci are (-—1,—1 + \/ﬁ), the new asymptotes are y + 1 = & {x + 1); the new equation is
(y+ 12 -(x+1)2=1

2

%—— x? =1 = center is {0,0}, vertices are {0, \/5) and (0,—\/5); c=vaZl+b¥=,/3+1=2= foci are (0,2)
and (0, —2}; the asymptotes are +x = % =>y=+ \/gx; therefore the new center is (1, 3), the new vertices

are (1,3 + /3), and the new foci are (1,5) and (1, 1); the new asymptotes are y — 3 = = /3 (x — 1); the new

(y—3)°

equation is 3 —(x— 1)2 =1



57.

b8.

59.

60.

61.

62.

63.

64.

66.

67.
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X2+4)§+y2 =12 = x2+4x+4+y2 =12+4 = (x+2)2+y2 = 16; this is a circle: center at
C(-2,0),a=4

2x2 +2y2 —28x+ 12y + 114 = 0 = x? — 14X + 49+ ¥y 4 6y + 0= 57+ 49+ 9 = (x ~ ¥+ (y + ) = 1;
this is a circle: center at C(7,-3),a=1

X4 2x4+4dy—3=0=>x"+ 2w+l =—-4y+3+41= (x+1)2 = —4(y — 1); this is a parabola:
V(-1,1), F{-1,0)

y2—4y—8x—12=0=:»y2—4__v-+-4=8x+12+4:>(y—2]2=8(x+2}; this is a parabola:
V(_zaz)a F(Gt 2)

{x+2)%
5

x2+5y2+4x=1=>x2+4x+4+5y2:5:>(x+2)2+5y2=5=> +y2 = 1; this is an ellipse: the

center is {~2,0), the vertices are (-2 /5,0); ¢ = vVa? —b? = /5 — 1 = 2 =5 the foci are (—4,0) and (8,0)

32
9x? + 652+ 36y =0=>9x" +6(y? +6y+9)=54 = 9% +6(y+3)2 =54 = 6 (‘”; ) = 1; this is an eliipse:

the center is (0, —3), the vertices are (0,0) and (0,—6); ¢ = va? —~b? = /9—-6 = /3 = the foci are
(0,-3 +/3)

X2yt Ay =l x? -2+ 142y -2y +1)=2= (x-1)2+2(y-1)2=2

12
= (x IJ +(y—1)? = 1; this is an ellipse: the center is (1,1), the vertices are (1 + \/5,1);

=va? b2 =+/2-1=1 = the foci are (2,1) and (0, 1)

A 4y 4 8x -2y =-1=24( 2+ 2%+ 1)y -2y +1 =4 = 4(x+1)2+ (y~ 1)? =4

(y=1?°
I

(=1,-1); ¢ = va? —b? = /4~ 1 = /3 = the foci are {—1,1 ++/3)

= x+1)2% 4+ = 1; this is an ellipse: the center is (—1,1}, the vertices are (—1,3) and

Cxley? x4y =4 xP-2%x+1-{yT -4y +4)=1=> (x—l)E—(y—2)2=1' this isahyperbola'

the center is {1,2), the vertices are (2,2) and (0,2); ¢ = v/a? + b% = V1+1l= V2 = the foci are (14+/2,2);
the asymptotes are y — 2 = x(x—1)

X2 -y 44 -6y =6 = x®+dx+4—{y? + 6y +9)=1 = (x +2)2 = (y + 3)? = 1; this is a hyperbola:
the center is (—2,~3), the vertices are (—1,—3) and (=3,-3); c = va? +b% = /1 + 1 = /2 = the foci are
(—2 ++1/2,~3); the asymptotes arey + 3 = + {x+2)

_m? 2
2%° —v2 4+ 6y = 3 = Ix? —(y2 — 6y + 9) =—6=> v 63] —3‘3- = 1; this is a hyperboia: the center is (0,3},

the vertices are (0,34 /6); ¢ = v/aZ +b° = /6 +3 =3 = the foci are (0,6) and (0,0); the asymptotes are

Y3 4 X y= 4/2x43

YRS
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2 - 92
68, y2 4%+ 16x = 24 = y2 - 4(:&2 —dx 4+ 4) =8 = %—-— (x 3 ) = 1; this is a hyperbola: the center is {2,0),

the vertices are (2, + \/g), c=+va’+ b = VE+2= \/Ia = the foci are (2, + 4/ 10); the asymptotes are

= ix"z:-y: +2(x—2)

¥
_ﬁ

69. 70.

b4
x24+y%> ]and 4x2+y2< 4

Y

x2 4 4y% > 4] and 4x2 4 9y® < 36
2

& 74. % -y <1= -1gx?—y? <1 -1 <x* —y? and

x*—y?<1=12y"~x>and x* —y* < 1




75.

76.

77.

78.

79.

80.

81.
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b/2

2 4
Volume of the Parabolic Solid: V, = I Drx h—~4—l;x2 dx = 2rxh J‘ X — dx = 2wh|X X
b b 2 b,
4]

2 2
7rhb p 1 _(bY, _1_{b* _7rhh 3
3 ; Volume of the Cone: \2—3 (Q)hh37(4)h— SUR ; therefore V, __2V
2 2 032 2
y = J‘ %xdx:%(%)%—(j:%ﬁ-c; 5’=Owhenx:0=>ﬂ—w2(H) 4+ C = C = 0; therefore y z‘;_‘)f(l is the

equation of the cable’s curve

A general equation of the circle is x* + y2 + ax + by + ¢ = 0, so we will substitute the three given points into
a +ec=-1
this equation and sclve the resulling system: b+tec=-13=c= % and a=Db = -—%, therefore
2a+2b+c=-8
3x% + 3y% — Tx — Ty + 4 = D represents the circle

A general equation of the circle is x% 4+ y? + ax + by + ¢ = 0, so we will substitute each of the three given points
2a+3b+ec=-13
into this equation and solve the resulting system: 3a+2b+c=-13 »=>a=2,b=2, and ¢ = -23;
—4a-+3b+c=-25
therefore x% + y% 4+ 2x + 2y — 23 = 0 represents the circle

Pae(-2-12+(1-3%=13= (x+2)° +(y — 1} = 13 is an equation of the circle; the distance from the

center to (1.1,2.8) is \/(—2 — 1132 + {1 —2.8)% = \/12.85 < 1/13, the radius = the point is inside the circle

(=24 {y-12 =52 Az -2y - D=0 P “EoZiy=0s (-2 4 (0-12 =5

= (x—2)2 =4 = x =4 or x = 0 = the circle crosses the x-axis at (4,0) and {0,0); x = 0
= {0~224(y-1)?=5=>(y—-1)? =1=y=2o0ry =0 = the circle crosses the y-axis at (0,2) and (0,0).

At (4,0) g—i _4-2 2 =2 = the tangent line isy = 2(x ~4)or y = 2% — 8

@
._.

d — L
At (0,0} % = H = —2 => the tangent line is y = —2x
At (0,2): dy _ 0=2 _ 2 -, the tangent line is 2=2x0ry=2x+2
hdx T O2-17 g y—e= y=ax
y?
(8) Y’ =kx = x = T the volume of the solid formed by y
Vkx 2
¥
revolving R, about the y-axis is V; = I ”('j;‘) dy P(x,’lk—x)
St -
0 R
2/ kx RZ |
2. A
= ic% [ ytdy = ?_ris_lz; the volume of the right Q‘ X
0
cireular cylinder formed by revolving PQ about the y-axis
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82.

83.

84.

I8 Vg = #x’y/kx = the volume of the solid formed by revolving R, about the y-axisis Vo =V, -V,

2
= M%ﬂ Therefore we can see the ratio of V5 to V is 4:1,

b 4 X
2
(b) The volume of the solid formed by revolving R, about the x-axis is V| = J #{/kt) dt = 7k J t dt
[t}

2
= %}E— The volume of the right circular cylinder formed by revolving P35 about the x-axis is

2
V, = fr(\/ kx) x = 7kx? = the volume of the solid formed by revolving R, about the x-axis is

2 2
V=V, -V, = wlex? —% = 7rk2x . Therefore the ratio of V3 to ¥V, is 1:1.

Let Pl(—p,yl] be any point on x = —p, and let P(x,y) be a point where a tangent intersects y* = 4px. Now

dy _ dy _2p ¥Y-¥ _dy_2p
y% =dpx = 2y e 4p = == x>V then the slope of a tangent line from P, is pny el il

2 2
& [y v * Ly
= y(‘z—y_y1 = Zp)(-i-‘lp2 Since x-_4p, we have y - ¥y _Qp( p)-r2p2 = yz—yyl :%y2+zp2

2y, £ 4/4y? + 16p?
2

=y, % wy% +4p?. Therefore the slopes of the two

=iy -wi=0=y=

4p2

—andmz— =>mm2———-—ﬁ-
\/y1+4p \{>1+4p (y1+4p )

= the lines are perpendicular

tangents from P, are m, = =-1

2
Let y —4/1 —X? on the interval 0 < x <2, The area of the inscribed rectangle is given by

Alx) = 2x(21| {1 -—) 4x4f1 - (smce the length is 2x and the height is 2y)
{ 2 F4 fj
]‘L ,‘

= x= \/_ 2 (only the positive square root lies in the interval). Since A(O A(2) = 0 we have that A( \/_) 4
is the maximum area when the length is 24/2 and the height is /2.

(a) Around the x-axis: 9x% + 4y? = 36 = =9-—%x2:>y= :tﬂ'g—"a-j x% and we use the positive root
2 2
2 2
— _9.2 _ _9.2 _ _3.3]° _ ;
=>V_2J :r(,zg ix) dx_QJ' r(Q 7 )dx__er[Qx T ]0_247
1 0

{b) Around the y-axis: 9x?+4v® =36 = x> =4 —%y2 = x= t4/4 —-giy and we use the positive root
3 3

=2>V=2 [ 1(1#4—%)(2)2 dy:?J' 7r(4—%y2)dy—27r[4v- ¥ ]Szlﬁfr
[}

(V]
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4
2 2
85. 9x2_4y2:36:>y2=9x4—_36:>y= :t-%\/xz—4on theinterva12§x54:>\/’:f :fr(% x2—4) dx
2

:-94—“'] (x2—4)dx=94—7r[)§—3—4x:| =9717£[(63—4—16)—~(%—3)]=9T(%ﬁ 8) 31?(55 24) = 24w
2

86. x2—y*=1=x= :f:\/1+y20ntheinterval—35y53=>\/’=

b

w(\/1+y )2 dy =2 J fr(\/1+y2)2dy

3 313
=2 J (I+y2)dy=27r{y+¥3—] =247
0
0

87. Let y = 4/16 ——Igﬁx2 on the interval —3 < x < 3. Since the plate is symmetric about the y-axis, ¥ = 0. For a

16 — 22x?
vertical strip: ( X ,¥ )= (x,—%), length = 4/16 —%xz, width = dx => area = dA = /16 ——-—~I!;‘Bx2 dx
_ — _s fig_16 2 : e
= mass —dm = § dA = §,/16 g X dx. Moment of the strip about the x-axis:

16 2

16 —x
~ A _I6 2 _ _8.2 i s
¥ dm = 5 (6\#16 Igﬁx )dx—é(S TR )dx $0 the moment of the plate about the x-axis is

3
3
M, = J"f;' dm = J 6(8 - %xz) dx = 6[8)( —%xﬂ . = 324; also the mass of the plate is

2
44 1—(%){) dx = 4§ I3\/1—u duwhereu——=>3du—dx,x—— -3
-1

=
11
1
T
o
It
=3
[
os &
B
(2]
=R
vy
1!
] e, 23

1
Hu=-landx=3=u=1 Hence,fié[i’n 1-u? u—l26Jv’1——u du
-1 -1

1 M
= 126[%(1{ 1 —u?+sin™! u)] = 6md = ?:ﬁ:%—i—% é—ﬁ Therefore the center of mass is([],—é—g-).
-1
d 2 2 d 2
1 X Y X ¥ X
88. y =/ +l:> = +1 2 :ﬁ:(") :—=>1/1+(—):1/1+
y x d (x ) ( X) x2+1 dx x2+1 dx X2+1
V2 : V2
_‘fin _:'llzwa: j 2Ty 1+(3—§) dx = J 27v/x2 + 1 21&’\/2:{5-5- dx;
x2
o Q

2

{d :ﬁd } “ﬁl w1 du = %[l(u\/ﬁﬂn(wm))] Z=[2v/5+1n(2 4 v5)]

dI‘A dl’B d . . B .
w: Tl T a(rA ~rg) =0 =1, —rg = C, a constant = the points P(t) lie on a hyperbola with foci at A

and B

89.
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90. (a} tan 8 =m; = tan 8 = {'(x,) where f(x) = {/4px;

oy

- 2 2
f(x =1 4px) 1/2(4p =—P_ = fix,) = P L
) 2( ) \/éﬁ {xg) \/Kxo . "/B
_% _2p B E
_yﬂitanﬁ_yu. a y
_ __Yg"o ¥y /\dr
{b) Lanqb_mpp~x0_p—x0_p 0} Fip.0) )
(wp-52)
—_ -p ¥
(C) tan @ = tan ¢ tan |8 — XO o J"zdju'
1+4tan ¢ tan 3 ! Yo 2p
+(xo—p) Yo

_ vi— 2p(xp — D) _ 4ApXy —2pxy + 2p? _2p(xg+p) _2p
YolXo— P + 2p) Yol%g+P) volXo+Pp) Yo

91. PF will always equal PB because the string has constant length AB = FP + PA — AP + PB.

92. (a) In the labeling of the accompanying figure we have X
31—(= tan t so the coordinates of A are (1,tan t). The
coordinates of P are therefore {1 4+ r,tan t). Since .
12 4 y* = (OA)?, we have 1% +tan?t = (1 4 1)?
= l+r=m=sect=:-r:sect——1.
The coordinates of P are therefore (x,y) = (sec t,tan t} 5 3t
= x?—y? =sec’t —tan®t = 1

(b} In the labeling of the accompany figure the coordinates ¥

of A are (cos t,sin t), the coordinates of C are (1,tan t),

and the coordinates of P are (1 +d,tan t). By similar

d _0C d _v‘l+ta.n2t ! .

triangles, AB-0A ~ T—cost 1 Clo/p

= d = (1 —cos t)(sec t) = sec t — 1. The coordinates

of P are therefore (sec t,tan t) and P moves on the 0 DGO

hyperbola x% — y? = 1 as in part (a}.

93. x?=4pyandy=p=>x’=4p =2x=+ 2p. Therefore the line y = p cuts the parabola at points (—2p,p} and

{2p,p), and these points are \/[2p ~(—2p})% + (p — p)? = 4p units apart.

2 2 2 2
1. s (Bx-2VAT=7) =8 s (x-vVAT—3D) =B Jin [(x-vx =) Vi —a?)

A= x+\/x2—a2
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9.2 CLASSIFYING CONIC SECTIONS BY ECCENTRICITY

y
2 2
1. 1t3x%r25y2=400:"‘—5+E=1=:—-:z\/at2—b2
=VB-16=3=e=§=3; F(£3,0);
F‘I
directricesarex:ﬂi%z -%—:i%é ~5 -3 X
3
2 42 y
2. 7x2+16y2=112=>’1‘—6+—7-=1=>c=\/a2~b"' 2 2
x
I3 +-?'-1 ,_\TF

c

:\/16—?=3$e=5 % F(:|:30) /—,\
3 1 F
directrices are x =0:b%= - :i:m k —t ‘f
/}

§) 3 <\ 3 s *
4 <
-7
¥y [T 52 y
3. 2x2+y2=2¢x2+-2—=1=>c= a? —b?
2
=91 = =c__1 2. ¥
= 2—1——1=§C-—-E—7ﬂ2!,F(0 :!:I Ve X +2—-1
Fe?
directrices are y =0 £ § = i(f)— 2 ——— F‘: - x
V2 2
2 2
4 24yt =d=s X4t =1 c=Val- b’ 4
2 2 42
=+/1- :ﬂée:%:%;l“(ﬂ,iv@); ‘;_T""‘%‘-‘ 2
L
22N
direcirices are y =0+ &= % 2 .——:{:2\/5 3 N VA T x
& hi
Z [
-2
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2 2

5 3x2+2y2=6=>x7+—3-=1:>c: a?—b?
_ - —c__1.
= 3—2—1‘—"*8—%—%,I’(0,i’1),
V3 X

= /10— :l:}e:%:ﬁ;ﬁ‘(il,(}),
directricesarex:ﬂi%:i '110 = F+10 X
(V)
2 2 2, ¥ AT Y
T 6"+ == F+E=l=e= a“—b 2 2
b S
vets 7%
=+/9— =\/§=»e=§:—\/-3-_§;}“(i\/§,0); ]
F1 Fa
direcirices a.rex:O:I:%: :{:L: :t3\/§ -3 _J'; WG" a x
3 -
(%) |
..-\IE-.

2
8. 160x% +25y2 =4925 = X 42— =1 = ¢ = /a2 —b?

25 ' 169
2
=10 -2 =12 > e=5 =12, F(0, £12); 3% * e
directrices a.rey_—_l]i%: A3 = :f:@ x

5 _a= — _~c_ 3 _ 2 _ o XP Yz_
9. Foci: (0,i3),e—0.a='c_3anda_%—-—.5—6=>b _36—9.~2r=>§-7+%—1

o — _ _c_8 _ 2 _ _ x? ¥ -
10. Foci: (:1:8,0),e—l).2=>c—8a.nda—e_m+40;*rb —16[}0—64_1536=>1600-}-1536_1

2 2
ices: = = —ae= - 2 - —49 = Xt Y
il. Vertices: (0, :!:70),&-0.1 = a="T0 and ¢ = ae = 70{0.1) = 7 = b* = 4900 49_4851:54851-;-4900_



12.

14.

15.

16.

i7.

. Focus: (\/5_3,0), Directrix: x =~ —ae=+/5and 2=

Section 9.2 Classifying Conic Sections by BEecentricity 835

Vertices: { £10,0),e=0.24 3> a=10and c =ae = 10(0.24) = 2.4 = b2 = 100 — 5.76 = 94.24

= X

\/5:,5(:_&3
:>e=\—/§. Then PF=_3\/—5~PD=> \/(){-\/5-)2-!-{)’—0)2‘2\/5

3

2 2
:>x2—2\/5x+5+y2=§(x2 18 81):>g)(2+y2=4:;.§_+3/_:]

g VA

Focus: (4,0), Directrix: x=

3

i»c:ae:4a.nd%:—3-=>——:-3—:.‘> 5=g e :%:‘»e:——2—3.Then
6

1 39 256)=>1x2+y 1:;6:(3(2)“‘—3&:1

1) (¥)

Focus: (—4,0), Directrix: x=—~16 = c¢=ae=4and2=16 = a._;: =16 = %: 16 = &2 = =1, Then
e e

2

Hea—

PF=1pp = \/(x+4)2+(y—0)2=%ix+lﬁl=>(X+4)2+y2=%(X+16J2:~x2+SX+16+y2

2

2
=1(x* +32x+255)=>3x +yl=a8= X 31’8 1

Focus: (—4/2,0), Directrix: x=—-2v/2=>c=ae= 2and%:2\/2_=>%:2\/§=>£=2\/§:>e2=%

:>e=-—-\/_-— ThenPF—V/_PD:>\/x+\/-)+(y 0)° = \/_1x+2\/_|:>(x+\/‘

2

=%(X+2\/_) =X +2\/§X+2+ :%- X +4\/§X+8):}1x -+~y —-2:;,&-.1.!2_

7} 1

i

e=‘5—1=>ta.kcc=4anda=5;c2=a.2—b2 y

2
=>16:25—b2:>b2:9:>b=3;therefore é-% +—;-l

}’_.
—g—]

M| £
[+3]
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18. The eccentricity e for Pluto 1s 0.25 = e = % =025 =%

>takec=landa=4:c?=a’—hZ = 1=16-b*

|—-|'<
| e

= b? = 15 = b = /15 therefore, ’1‘——}- =lisa

(=1~

meodel of Pluto’s orbit.

18. One axis is from A{1,1) to Bf1,7) and is 6 units long; the

other axis is from C(3,4) to D(~1.4) and is 4 units long.

y 1) x -a)?
Therefore 2 = 3, b = 2 and the major axis is vertical. The ' =

LT -w.,\\

center is Lthe point C(1,4) and the ellipse is given by /{; . F2{1‘-9<.,/§')

132 432
()(41) -;-(y 94) =l;c2:a2—b2=32—22=5

= c= »/5; therefore the foci are F{1,4 % \/5), the

ﬁ
3

s 4

‘ 4 -8

c
eccentricity is e = A=

20. Using PF = e-PD, we have y/{x — 4)% + y? :2Lx-9|:> {x —4)% +y2 :i(x-9)2 = x? ~8x + 16 +y2

2

=%(x2—18x+81]=>gx2+y = 90 = 5x? + 9y? —1800r36 =1

and the directrices are P
! “F, (1{4-/5)
gvf i

& 1 3 *

m}§ ,

21. The ellipse must pass through (0,0} = ¢ = 0; the point (—1,2) lies on the ellipse = —a + 2b = —8. The eilipse

is tangent to the x-ax}s = its center is on the y-axis, so a = 0 and b = —4 => the equation is 4x% +y? —dy = 0.

Next, 4 +y? 4y + 16 =16 = 4x° + (y —4)2 = 16 = £ +(y 6] =1=>a=4and b =2 (now using the

sta.ndardsymbols]:bc =a?-b* =16~ 4:12:>c:\/12:>e:—§=————"412:§.

22. We first prove a resuit which we will use: let m,, and

m, be twa nonparallel, nonperpendicular lines. Let « be
my —m

the acute angle between the lines. Then tan o = —1 2

L+mym,

To see this result, let #; be the angle of inclination of the

line with slope m,, and §.,, be the angle of inclination of the

line with slope my. Assume m, > mgy. Then &, > f, and we

have o = 8; — #,. Then tan o = tan (#; ~6,)

tan 8, —tan 8, m;—my
1+t.an€sl tan &, T 14 mym,

, since m; = tan &, and and m, = tan 8,



24

- Xz“yzl‘-] =>C=Va-2+b2=\/1+1:ﬁ:-e:%

Section 9.2 Classifying Conic Sections by Eccentricity 837

Now we prove the reflective property of ellipses (see the

2 2 .
accompanying figure): If % + i% =1, then b%? + aly? = ah?
a

and y = ?I:V a?_x?= y' = —=bx | Let P(xg.¥o) be any
ava® —x*
~bx —b%x
point on the ellipse = y'(x,) = g - S Let

7
a\/ag—xg a'¥p

Fi(c,0) and F,(—¢,0) be the foci. Then Mpp = XO'VEC and

MpF,, = f:ii-_}c Let o and 3 be the angles between the tangent line and P¥; and PF,, respectively. Then

_bo_ Yo . s as
. az}’u Xo= ¢ —bzxg + bzxoc - agy% bxgc - (b Xpta }'0) bzxnc —ap? b2
an o« = = = = = =
- b2x0y0 3-2)’03{) - a-szc - b2x0y0 ___aZch + (32 — bz)xnyo —32)"0‘3 + C2X0Y0 o
32}’0(x0 —c)

2
Similarly, tan # = %6' Since tan & = tan 4, and o and 3 are both less than 90°, we have o = 3.

:-—{g: \/E asymptotes are y = +x; F(:h \/:‘2-,0);

A

V2

directrices are x = () i% = =

L~}

. 2
9x% — 16y? = 144 = ig—

=+/164+9=5=e =§=%; asymplotes are

]

=1=>c=+/a’+b 2 f y
) 9

—
<
|y:

¥y = i%x; F( £5,0); directrices are x = 0+2

— 4 16
_H:I:5
2 2
y2_x2:8=>%_x§=1:>c=\/m _Zf_!_?,} 4
g 8
_ 8+8:4ﬁe=§=%:‘/§;a&ymptote§are Nbﬁ ‘,\..r'"")
(e
. . a \"w 2NE, ﬁﬁ
y = +x; F(O, :i:4)i directrices are y =0 £ 5% N#/w‘ X
B e ol M S
= :f:—\/—g‘_— :I:Q _,-v"’f"z _.J-g\\“"\
J". .
2 o -4% N
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? 2
2%y -x’=d4= L T =1=c=Va+b?
23/

= 4+4=2\/§:—e:%———§—=\/§;a.symptotesare

y = +x; F(0, +2¢/2); directrices are y =0+ 2

= :tL= :i:\/i
V2
2 2
97. 8x2—2y2=16:>%—%-=1=> = /al +b?

=./2+ =\/]—ﬁ:.;’e:%:\:/—/_r : asymptotes are

y= £ 2x; F( + \/10,{]); directrices are x =0 :I:%

= 4 = 4

IS
=

2
28, y2—3x2=3:>¥3——x2=1=>c:\/a§+b2

2
_\/_+1_2:»e_% ; asymptotes are
NG

y= :i:\/gx, 0 :I:Q);directrices arey:O:t%

y

2 2
29. 8y2—2x2:16:>y7—3‘8&=1:>c:\/m

=./248= \/_B:be- \/_ \/_asymptotesare

y_:t F(0, +/10); dlrectncesa.rey-ﬂ:ta

}s

= 4+ = 4

8- [

S

= 4% =+

RN
s 1




30.

31.

32.

33.

34.

35.

36.

37.

38.
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L]

2
2 2 _ x‘_
fidx* — I6y _2304:36

\/36+64_10=>e_—=%-

= i%x; F( + 10,0); directrices are x = 0 :t%

=l=2c=+a“+b

El"

; asymptotes are

mir.n

=46 . 418
-—:té)—:*:5
3
2
Vertices(ﬂ,:I:l)a.nde:S::va.:la.nde:%:3‘—.*'(::33.:3=>b2=c2-—a2=9—1=8=>y2—§8-=1
. s .2
Vert.ices(:i:?,())ande:Q:>a=2ande=%=2:>c=2a=4=>b2=c2—az=16—4:12:&%—{—2 1
2
Foci(iB,[})ande=3=>c=3ande=%:3:>c:3a:ra=1=>b2=c2—a2:9—1:8:’x2—?:1
Foci((],d:S)a.nde:1.25:>c=5ande=%_=1.25:%:’.‘»c:%a:>5z%a=>a:4=>b2=c2——a2
2 2
- y _x_
=25 16'“9:’16 g 1

Focus(4,0)andDirectrixx:?:=‘,~c=a.e=4a.nd%=2=>§§—=2:»§=2:>e2:2=>e=\/5. Then

PF = /2PD = \ﬂx—4)2+(y-0)2 =v2[x-2= (x—4)2+y2 =2(x~2)? = x? — Bx + 16+ y?

2 2
=2(x2—4x+4):> —x2+y2:—8:>;£8-._.%=]

Focus(\/iﬁ,{})andDirectrixx:x/iﬁc:ae: 10 and & = \/_::v \/-z:r——C \/_=>e —\/_

::’8_4\/_ Then PF = 4\/_PDZ>\/(X—- +(y 0)? = 4\/_lx \/_|=>(x— )-}-y2

= /ax=v2) = x2o2y/T0x 1104 y2 = /3(x*—2¢/2x+2) = (1= /B)xP + y2 = 2/5~ 10
(1—v5)x* y? X2 ¥

=% =1= - =
245 - 10 +2\/5-10 2/5 10-2+/5

:%——93-3 1 %:lz?»e2=4:>e=2. Then

Focus (~2,0) and Directrix x = —--% =c¢=ae=2and 5

. 2
PF=2PD = \/(x+22+(y - 02 =2|x+3|= x+22 43 =4(x+1) = P+ ax+a+y? =4(x? +x+1)
2z
= -3l+yl=-3s - =1

Focus (—6,0) and Directrixx:-2:c:ae:ﬁand%-:?:bi’-%:?:>f—2:2::>e2=3=>e=\/§. Then

PF = /3PD = \/(x+6)2+(y—0)2: V3x+2] = (x+6)2+y2=38(x+2)? = x? 4+ 12x +36 + y2

2 y2
=3 +ax+4) =z w4yl = U= -5 =1
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39, \/(x—l)2+(y+3)2:%fy—2|:>x2—2x+1+y2+ﬁy+9=%(y2-—4y+4)=>4x2-—5y2—8x+60y+4:0

=6 (x=1? _

2 2 , _— _
= 4(x* —2x+1)-5(y? =12y +36)= -4+ 4180 = % 5

40. c2332+b2:>b2=c2-a2;e=%=>c=ea=>c2=e2a2:>b2:e2a2—a2:a2(ez—1); thus,
2 y2 2 y?
- =1=% 7 1 the asymptotes of this hyperbola are y = i(e2 — ]) = as e increases, the
a’? b’ a? az(ez—])

slopes of the asymptotes increase and the hyperbola approaches a straight line.

41. ‘Yo prove the reflective property for hyperbolas: y
2 2 d 2
x“ ¥ 2,2 2,2 _ 212 ¥ _xb
25 -te =1 = a‘y’ = b*x® —a’bh® and = = 22,
a‘ b Y dx yaz

Let P(xg, o) be a point of tangency (see the accompanying
figure). The slope from P to F{—c,0) is 20 _ and from

Xg+¢
L. e, a A e, &
P to Fy(c,0} it is X:—EC Let the tangent through P meet fibsr © Gl
the x-axis in point A, and define the angles £F,PA =«
and ZF;PA = 3. We will show that tan o = tan 8. From
the preliminary result in Exercise 22,
X5k ¥o
}’032 Xpte xgb2 “+ xobzc — yg a? a?b? + xﬂbzc b2 Lo
tan o = 2 = 5 5 7= 3 T = yE In a similar manner,
- Xgb Yo Xg¥pa“ +ypa‘c + Xg¥gh®  Xpy¥ee® +ypa‘c a
yoa2 X +¢
Yo x0b2
X3—¢C y(}ag b2 .
tan 8 = N = YT Since tan & = tan f, and ¢ and B ate acute angles, we have o = 3.
Yo Xgb 0
1+ (i_—t:') 5
0 yoa

42, From the accornpanying figure, a ray of light emanating from
the focus A that met the parabola at P would be reflected
from the hyperbola as if it came directly from B {Exercise 41).
The same light ray would be reflected off the ellipse to pass
through B. Thus BPC is a straight line.

Let 3 be the angle of incidence of the light ray on the
hyperbola. Let o be the angle of incidence of the light ray

on the ellipse. Note that o+ 2 is the angle between the tangent
lines to the ellipse and hyperbola at P. Since BPC is a straight
line, 2 + 28 = 180°, Thus o 4+ 3 = 90",

9.3 QUADRATIC EQUATIONS AND ROTATIONS

1 x®—3xy+y?—x=0= B2—4AC = (—3)* — 4(1)(1) = 5 > 0 = Hyperbola



140.

1l1.

12,

13.

14.

16.

1y.

i8.

Section 9.3 Quadratic Equations and Hotatlons

3x? — 18xy 4 27y% — bx + Ty = —4 = B? —4AC = (—18)2 — 4(3)(27) = 0 = Parabola
3x2 — 7xy +/17y% = 1 = B2 —4AC = (-7)2 — 4(3) /17 =~ ~0.477 < 0 = FEliipse
9%~ /1hxy +2y% 4+ x+y =0 = B2—4AC = (~/T5) — 4(2)(2) = —1 < 0 = Ellipse
24 2xy +v? 4+ 2x -y +2=0= B> - 4AC = 2% - 4(1){(1) = 0 = Parabola

2x% — y? 4 4xy — 2x + 3y = 6 = B? — 4AC = 4% — 4(2)(~1) = 24 > 0 = Hyperhola

x2 4 dxy 4+ 4y% — 3x = 6 = B? —4AC = 4% —4(1)(4) = 0 = Parabola

x2 4 y2 4 3x — 2y = 10 = B2 ~4AC = 0% - 4(1)(1) = —4 < 0 = Ellipse (circle)
xy+y?-3x =5 = B2~4AC = 12— 4(0){1) = 1 > 0 = Hyperbola

3x% 4+ 6xy + 3y% — 4x + By = 12 = B? —4AC = 67 — 4(3)(3) = 0 = Parabola

3x% ~ Bxy 4+ 2y? — Tx — 14y = —1 = B2 —4AC = (—5)2 - 4(3)(2) = 1 > ¢ = Hyperbola
9x% - 4.9xy + 3y% —4x = 7 = B? - 4AC = (-4.9)2 - 4(2)(3) = 0.01 > 0 = Hyperbola
x2—3xy +3y2 + 6y =7 = B? —~4AC = (-3)*> - 4{1)(3) = =3 < 0 => Ellipse

25x? 4 21xy +4y? — 350x = 0 = B? — 4AC = 21% — 4(25)(4) = 41 > 0 = Hyperbola

. 6x% 4 3xy + 2y + 17y +2 = 0 = BZ —4AC = 32— 4(6)(2) = —39 < 0 => Ellipse

3x? 4+ 12xy + 12y% + 435x — 9y + 72 = 0 = B2 — 4AC = 127 - 4(3)(12) = 0 = Parabola

cot 2&:A~E—Q:%—O = 20:%:»a:%;theteforex:x’cos a—y' sin a,
y=x'sina+y cosa :rx:x"—g\/é——y"g,) =x’—§+y'—2‘/—§
= (- (e ) =22 bt fyt =2 x oy = = e

cot 20:«‘5—5——(:—:}—1—1:0:2&:%::-0:%;therefmex:x' cos o — ¥y’ sin o,

y:x"sina+y"cosa:>x:x7—yT,y:xT Y5
2 2
(e (e e ()

:>%x’z—x"y’-i-%y’z-{-%x’z——%y'2+%x’2+x'y’+%y’2: 1 :>%x"2+%y'2 =1=3x2+y? =2 = Ellipse

841
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A-C 1
i9. t 2 =i =2 s =2
cot 2a A BT

y-—x Slno:—+-y oS @ = X 5
V3, V3.1 )

;«3( 5 X ) "'2‘/_(7 +ay

+8\/_( x+{y):0:¢4x’2+16y’=0=>Parabo}a

_A-C_1-2_ 1
20. cot 2(),’——3-——_—%—%

y:x’sina+y'cosa=>x=—2—

2
\/grlx) (\/ﬁflf)(lf '\/g:) (lr
i(T" —3¥' ) VAT gy X+ iy 2\ g+
2 4 5y = 2 = Ellipse

cals
U
=
Il
o

2
\/gr _ 1. 2.5
—Q—y)_1:>2x +3y?=1

21. cot 20:-""'1'3——‘—_'__2'

y:x’sina+y’c05a=:-x=~2—

v y
() (e () (s o) w2

2

= Parallel horizontal lines

ooy
il
=]

(=]

A-C 3-—1 1
22, cot 2o = ———~== = — = o=
B _2/3 3

y=x'sin o+ cosa:‘rx:%

2 2
lr_\/gf)_ (1 r__ﬁ r) \/g.f l:) (\/_r 1 r)_ 2 _
=>3(2x 5 ¥ 2v/3 FX =5 Y N X oy [H\Fx4gy f =14y =1
= Parallel horizontal lines

23.cot2a—A c_v2- \/_-.(]:>2a=£=>a=
2/2 2

y=xsina+y cosa=x=
- i) aafhe il e
8(“?""‘%_53") (\/_" +{Y) = 24/2x"? + 84/2y’ = 0= Parabola

I therefore x = x’ cos o —y' sin a,

2 2 2 2
=y =Yy

_A —
24, cot 20_-T3—-_ T



25.

26.

27.

28.

29.

30.

31
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ﬂ(#)ﬁ’—gy’)(ﬂ ! ﬁy')—(%:t’ gy’)—([—x +{y)+1:0:x’2-y’2~2ﬁx’+2

(\/_ V2, ) (%xf —gy' (%x’%——gy’>+3(§x’ +~\@y')2 =19 = % 4+2y? = 19

= Ellipse

A-c_3-(1_ 1

B 44/3 /3

Y snaty’ EVEIVI WS WL/
y=x sma-+y cosor:>x.-2x 2y,y—2x+2}'
T

:»3(%/-5:(' i ’) +4\/_(

= Hyperbola

f1 - §
cot 2a = 1416 2= g = cos 2a = (1f we choose 2¢ in Quadrant I}; thus sin o = 1f1 = cos 20 5 = ——-

3
1+()
and cos o = 4/ tcos do 5 :—gw(orsinaz—iandcosaz—ln)
2 NG NG NG

cot 20 =

cotQQZA—E—Qz%z—%::«-COSQrJ::—g(if

we choose 2a in Quadrant II); thus sin o = ”’I ”’ms 2o
1- (g) 2 + cos 1- %
5 a.nd €O8 @ = v/ \(

:—ﬁ (orsina:—ﬁandcosa:—%}

tan 2a = ﬁ = % = 20 23 26.57 = o =2 13.28° = sin o & (.23, cos a a2 0.97; then A’ == 0.88, B’ = 0.00,

C' ~3.10, D' = 0.74, E & —1.20, and F' = —3 = 0.88x'? + 3.10y'2 4+ 0.74x' — 1.20y’ — 3 = 0, an ellipse

tan 2o = TTLBS 1= 20 % 11.31" = o % 5.65" = sin a = 0.10, cos a ~ 0.99; then A’ ~ 2.05, B! = 0.00,
C = —3.05, D' a2 2. 98 E’' & —0.30, and F' = =7 = 2.05x'% — 3.05y'% 4+ 2.99x’ — 0.30y’ — 7 = 0, a hyperbola

tan 2a = —l-—_:4—4 = % = 20 = 53.13° = a & 26.56° = sin o & 0.45, cos « =< 0.89; then A’ 2 0.00, B = 6.00,

C' = 500,D =0, E'=~0,and F' = -5 => 5.00y"* =5 = 0 or y’ = = 1.00, parallel lines
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_lfs g = 2 %2 36.87° = o 7 18.43 = sin a & 0.32, cos a & 0.95; then A’ ~ 0.00, B’ ~ 0.00,

C' 2 20.00, Df % 0, ' 2 0, and F' = —49 = 20.00)(‘r2 — 49 = 0, parailel lines

32, tan 20:_2

33. tan 2e = g-i—i =5 = 20~ 78.69" = o &~ 39.34° = sin o =~ 0.63, cos & ~ 0.77; then A’ 2 5.05, B/ 2 0.00,

C' & -0.05, D' & =5.07, E' = —6.18, and F = —1 = 5.05x"% — 0.05y"2 — 5.07x’ — 6.18y’ — 1 = 0, a hyperbola
34. tan 20 = 2—3—9 =1 = 20 2 —45.00° = o & ~22.5" = sin o = 0.38, cos o & 0.92; then A’ 22 0.55, B’ ~ (.00,

' = 10.45, D' 2 18.48, E' & —7.65, and F' = —86 = 0.55x'% + 10.45y'% 4 18.48x’ — 7.65y’ — 86 = 0, an ellipse

35, = 90° = x = x’ cos 90’ —y’ sin 90° = —y’ and y = x’ sin 90"+ ¥’ cos 90° = ¥’

2 y'? y'2 o g2 2 2 2
a} A4 =1 b) Y -25 =1 c) x4+ =a
()bz 22 ()ag b (c}) ¥
(dy y=mx =>y-mx=0= D= —m and E:l;a:go“:;rD’:landE’_—.mz:’my’q-x’:(]:,-y’:-%x’

() y=mx+b=y-mx—-b=0=D=-mandE=10=90C=D"=1L,E =mand F = -b

=>my"+X’—h=G=ry’:—%x'+%

36. a= 180°= x = x’ cos 180°— y’ sin 180° = —x' and y = x’ sin 180° + y’ cos 180° = —

<7y y'2 2 2 _ .2
(a) PR {b) a__'b_g—l (c) x“+y*=a
(d)y=mx=>y-mx=0=>D=-mandE=L;a=1800=> D =mand F'=-1 = -y +md' =0 >

!

y =mx

(&) y=mx+b=>y—-mx—-b=0=>D=-mandE=%0=180=D'=m E' =—-1and F =-b

=y 4+mx'—-b=0=y=mx'-b

37. (a) A’ =cos 45" sin 45" = — =1 820, C' = ~cos 45 sin 45°=—-l, Fr=-1
-2 2
1 2 1. 12 _
= 5X Qy =1=x'" =2
(b) A =%, C'= -—% (see part (a) above), D' =E' =B =0, F = -a = %x’z—%y’z —a=>x?-y?=2a
§ 2 2
38. xy=2:>x"2—y”:4=;>54——— =1 {see Bxercise 37(b)) > a=2and b=2 => ¢ = /4 + 4 = 2¢/2

:}e:az-——-—

c 2\2/§=\/’2_

39. Yes, the graph is a hyperbola: with AC < 0 we have —4AC >0 and B% —4AC > 0.

40. The one curve that meets all three of the stated criteria is the ellipse x? + 4xy +5y2—1 =0. The reasoning:
The symmetry about the origin means ihat (—x, —y) lies on the graph whenever (x,y) does. Adding
Ax? 4+ Bxy + Cy® + Dx + Ey + F =0 and A(~x)? 4+ B(—x)(—y) + C(—¥)* + D(—x} + E(—y) + F = 0 and dividing
the result by 2 produces the equivalent equation Ax? + Bxy + Cy?+F =0. Substitnting x = 1, y = 0 (because
the point (1,0) lies on the curve) shows further that A = —F. Then —Fx®+Bxy + Cy? + F = 0. By implicit



41,

42.

43.

44.

45,

46.

47,
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differentiation, ~2Fx + By + Bxy’ + 2Cyy’ = 0, so substituting x = -2, y = 1, and ¥’ = 0 (from Property k)]
gives 4F + B = 0 = B = —4F = the conic is —Fx? — 4Fxy + Cy?+ F = 0. Now substituting x = —2 and y = 1
again gives —4F + 8F + C+F =0 = C = —5F = the equation is now —Fx? —4Fxy — 5Fy? + F = 0. Finally,
dividing through by —F gives the equation x* + 4xy + 5y2 —1 = 0.

Let o be any angle. Then A’ =cos®a +sinfa=1,B =0, C' =sina+cos’ae=1,D'=E =0 and F' = —a?

= Xr? + yf2 - a?_

If A—=C, then B’ = B cos 2a+ (C— A) sin 2a = B cos 2a. Thenn:%ﬁ2&:%:>B’:Bcos%:050the

xy-term is eliminated.

(a) B?~4AC = 4% - 4{1)(4) = 0, so the discriminant indicates this conic is a parabola
(b) The left-hand side of x? -+ 4xy + 4y + 6x + 12y + 9 = 0 factors as a perfect square: (x -+ 2y + 32=0

= x+2y+3=0= 2y = —x - 3; thus the curve is a degenerate parabola (i.e., a straight line).

(a) B?—4AC = 67— 4(9)(1) = 0, so the discriminant indicates this conic is a parabola
{b) The left-hand side of 9x% + 6xy + y? — 12x — 4y + 4 = 0 factors as a perfect square: (3x+y—2)2 =0
= 3x+y—2=0= y = —3x+2; thus the curve is a degenerate parabola (i.e., a straight line).

(a) B2—4AC =1 —4(0)(0) = 1 = hyperbola

{b) xy+2x—y=0:>y(x-1)=—2x:>y_—_x‘g’i
_ —2x fll_ 2 ~1 _ _
(c} y——-——-x_1=>dx_(x_1)2and we want e 2,
ax

(x- 1) 2
theslopeofl y = —2x = —2=- 5 =>(x~-1}¥=4

Sx=3orx=-Lx=3=3y=-3=(3,~-3isa

point on the hyperbola where the line with slope m = -2
is normal => the lineisy+3=-2(x-3) or
y=-2x+3;x=~-1=y=-1=(-1,-1) is a point on the hyperbola where the line with slope m = -2 is
normal = thelineis y +1 = —2(x+ Jor y = -2x—3

{a) False: let A=C=1,B=2= B%-4AC =0 = parabola
{b) False: see part {a) above
{c) True: AC <0 = —4AC >0 = B —4AC > 0 = hyperbola

Assume the ellipse has been rotated to eliminate the xy-term => the new equation is A'x’? +C'v'% =1 = the

semi-axes are i—, and é =5 the area is r(1 }11—,)(1 fé) = \/:"C" = \/212:"(')" Since B2 _4AC

= B2 - 4A'C' = —4A'C’ (because B’ = 0) we find that the area is an as claimed.
V4AC - B?
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48. (a) A'+C' = (Acos’e+Beosasina+C sina)+{A sine—Beosasina+C sin?a)
:A(cosza+sin2a)+C(sin2a+cosza)=A+C
(b) D'2 4+ E’2 = (D cos @ + E sin )% + (=D sin o +E cos @)? = D? cos® o + 2DE cos a sin o + E? sin o

+D? sin’a — 2DE sin a cos a + E? cos®a = Dz(cosza+sin2 a)+ E2(sin2tx +cos? ) = D? + E?

49. B2 —4AC’
={B cos 2o+ (C — A) sin 20:)2 —4(A cos?a+ B cos o sin « + C sina}{ A sin? o — B cos a sin o+ C cos? o)
= B? cos? 20+ 2B(C — A) sin 2 cos 2 + (C — A)? sin® 20 — 4A% cos® o sin? o + 4AB cos® o sin a

— 4AC cos? o — 4AB cos a sin® o + 4B? cos? a sin? & — 4BC cos® @ sin o — 4AC sin? & + 4BC cos o sin® o

—4C? cos* a sin’ «

= B2 cos? 20 4+ 2BC sin 2 cos 20 — 2AB sin 2a cos 2a + C? sin® 2o — 2AC sin? 2e + A? sin? 2a
—4A? cos o sin? o + 4AB cos® a sin & — 4AC cos? a — 4AB cos @ sin® & + B? sin® 2a — 4BC cos” a sin o
—4AC sin @ + 4BC cos a sina — 4C? cos?a sin® o

= B% 4+ 2BC(2 sin « cos a) (cos?a—sinZa)—~ 2AB(2 sin « cos cr)(c:os2 a—sinfa)+C¥(4 sin?a cos?a)

- 2AC(4 sin? & cos? a) + A2 (4 sin? o cos? a) —4A% cos® o sin® a + 4AB cos’ & sin a - 4AC cos? &

— 4AB cos o sin o —4BC cos® @ sin a — 4AC sin? & + 4BC cos a sin® & — 4C? cos? o sin’ o
= B2 -8AC sin® e cos? & —4AC costa — 4AC sinta
=B2- 4AC(cos‘*af +2 sin? o cos? a + sin? cx)
2
=BZ- 4A(}(t:r:)s2 & + sin? a)
= BZ-4AC
9.4 PARAMETRIZATIONS OF CURVES
1. x=cost,y=sint, 0<t < 2. x=coslt,y=sin2t,0<t< 7w

= cost +sint=1= ){2+y2 =1 = cos?2t +sin?2t =1 => x°+y2 =1
¥ ¥
h
§ xzoy2-1 ¥ + ¥ =i




3. x=sin(2n({l—-t)), y =cos(Am(E —¢)), 0<t <1

= sin? (27(1 — 1)) + cos? (2r(1 —t)) = 1
= x4y =1

:.1]. xZey%1

{4

5. x—4cost y—2sint 0<t.<21'r2

16 cos®t , 4sint Y
=T T4 1="16*‘4 =1
Y

2
;%a-r-{--l
l-x/rzx\l.o
= My Pl
\/h:-

7. x_.4cost,y 5sint 0<t<1r

16 cos2t, 25 sin t

Y
16 5 =1= s+ =

I

9. X=3t,y=9t2,-—0t3(t<00=>y=x2

1

Section 9.4 Parametrizations of Curves
4, x=cos(wr—t),y=sin(r—-t),0<t €7
= cos? (r —t) +sin? (x —t) = 1

= x*4+y?=1

-

lzt l’z-‘l

WA
£

-1

B. x=4sint,y=2cost, 0<t<n

16 sin’t 4c052t__ x2 32__
> g+ =1 =1
1
4

2 2
:_G*-}-‘?I-D
/_- twn/2
K"/4"
-2)t=x
i
8. x=4sint,y=5cost, 0 <t <2x
16 sin?t |, 25 cos®t x2 ¥
AT R VR Tl

- TE ]
0. x:—\/t-.,y:t,tZO::—xz—\/)-'
ory=x%x<0
t=0 ¥

xe=vf

847
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11. x.—_t,y:\/'f,tzo—_#y:ﬁ 12, x:sec%—l,y:t&nt,—%(t(%

= sec’t — 1 =tan’t = x =y2

13, x= —sect,y =tan t, -—%(L(% 14 x=csct,y=cot t, 0 <t <
= sec?t—tan’t =1 = x*—y* =1 2> 14cott =csc?t = 14y’ =x> = x*—yi=1

12, x=2t=38, y=4 -7, —co<t <0 6. x=1—-t,y=1+t, —co<t <0
S x+5=H=2>2x+5)=4 Sl-x—=t=>y=1+(1-x)

Sy=2x+5)-T=>y=2x+3 =>y=-x+2

7. x=t,y=1-1,0<t<1 18 x=3-3t,y=260<t<1=F=t

S y=1-x :>x=3—3(%):>2x=6—3y:>y=2—%x




19. x=t, y=v1-t% ~1<t <0

=y = 1—x?

2. x=t%, y=vt +1,t>0
ﬁry=\/x2+l,x20

23. x=—-cosh t, y =sinht, —co <1 <0

= cosh®t —sinh®t =1 = x*—y? =1

25. (a} x=acost,y=—asint, ¢ <t <2
(b) x—acost,y=asint, 0 <t <2x
(c) x=acost,y=-asint, 0 <t <4n

(d) x=acost,y=asint, 0 <t <4rx

dy

dy dy _
dx

27. x4y’ =2l > By =0 o=

2 and x =

22 22 .o
YUty =aisy=—r— At

Section 9.4 Parametrizations of Curves

20. x=t, y=vd4—t%0<t <2

=y =v4-x*

22, x=+/t+1,y=/1,120

¢y2=t$x=\/y2+1,y20

‘; -\hﬂ- 1 .

24, x=2sinht,y=2cosht, ~co<t <

= 4cosh’t—4sinh’t =4 = y?—x? =4

T

26. (a) x:a.sint,y:bcost.,:zgtséz

2
{b) x=acost, y=bsint, 0 <t <27
{c) x:asint,y:bcost,zgtgg—;ﬂ
(dyx=acost,y=bsint, 0<t < 4n

- g’“ = - % =t = x = —yt. Substitution yields

849

28. In terms of 0, parametric equations for the circle are x —acos #, y —asin 8, 0 < 8 < 27. Since § = %, the are

length parametrizations are: x =acos§,y=asin §, and 0 <§ < 27 = 0 < s < 27a is the interval for s.
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29. Extend the vertical line through A to the x-axis and
let C be the point of intersection. Then OC = AQ =x

ye2
andtant_oc ’2(:>x_t32 ._2cottsmt=L
_ 2 . _ 2 ©.1
= OA =2 and (AB)(0A) = (AQ)* = AB( )
2 V_{ 92 _2sint o
B(s_int)'_(tant) = AB=2851 Next

y=2—-AB sint:‘*y=2—(igt)sint=
tan®t

2~ 251nt_2 2 cos?t = 2 sinZt. Therefore let x = 2 cot t and y = 2 sin?t, 0 < t < 7.

tanZt
Y
30. ZPQB = ZQOB =t and PQ = arc (AQ) =t since
PQ = length of the unwound string = length of arc (AQ);
thus x = 0B +BC =0OB+ DP =cos t +t sin t, and ""‘“ql
P(x,
y=PC=QB-QD =sint—tcost / c(xy)

! )AU 0}

3L (a) x=xg+ (xy—xg)t and y = y5+ (v, — yo)t@t*xl_xo:y Yo+ (v, — yo)(xl__ioo)

0

=S ¥V-Yy= (Yl"?") (x — xp) which is an equation of the line through the points (x,,yo) and (x,,¥4)

(b) Let x5 =yy=0in (a} = x = x,t, y = y,t (the answer is not unique)
(¢) Let (xq,¥0) = (—1,0) and (x;,y,) = (0,1) or let (x4,y5) = (0,1) and (x,,y;) = (—1,0) in part (a)

> xX=-1+t, y=torx=—t,y=1-t (the answer is not unique)

32. (2} Let C be the point where the vertical line through P ¥
meets the x-axis. We have AB=R and AP =L
=>PB=L-R. Then y=PBsin § = y =(L—R) sin 8,

P{x,y}

and BC=PBcos # = BC=(L—R) cos 8. Also, in 0 5
triangle OAB, cos 8 = OB OB = OB =R cos 6. /
Therefore, x = OB + BC = R cos 4 (L —R) cos 6 A

=Lcosf = x=Lcosf and y=(L~R)sin 8
2

x> y _L2 cos (L“R)z Singg_ : -
(b) Note that £; Lz + TR~ 1! + T-R° 1. Therefore, the points P(x,y) satisfy the
2
equatlon x y = 1, which is an eilipse.

TRy

[} PP
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33, Arc PF = Arc AT since each is the distance rolled and
A P = /FCP = Arc PF = b(£FCP); AIGAE = ¢
= Arc AF = af = af = b(LFCP) = LFCP = &¢;
Z0CG = %—* 8, Z0CG = Z0CP + LPCE

= LOCP + (g - a). Now LOCP =7 - /FCP

:w-%ﬁ. Thus £OCG =7r—%9 +%—a = %‘9

- - a—b
W-EB+§—Q:>Q_-?T—ES+6 T - ( 5 9).

Then x = OG — BG = OG — PE = (a— b) cos 6 — b cos a = (a —b) cosﬂ—bcos(ﬂ-__agbﬁl)

=({a—Db)cos@+b cos(agbﬂ). Aoy =EG=CG—-CE=(a—b)sinfé-bsin a

= (a~b) sin 6 —b sin{x —25L) = (a— b} sin 0 — b sin (25 B6). Therefore

x=(a—-b)cos?+b cos(agbg)aﬂd y = (a—b) sin a“bSin(aEb‘g)'

Hb —% then x:(a—%) cos 9+%cos

=:%Tacos 8+%c05 36:@c038+%(c059cos 28 —sin f sin 26)
33’ cos 0+ 2 ((cos #){cos? 8 —sin®6) - (sin #)(2 sin ¢ cos 9))
343'(:05 9+2’c0538-—3c05851n ﬂ—a—asinzﬁcosﬁ
ia'cos o+2 00539——(cos 9)(1—(:03 6)=a cos®8;

&
a—[8&
y= (a - %) sin & —% sin (3()4)9 :?f sin @ ﬂ—— sin 30 = 2 sin § — (sin -cos 26 + cos 0 sin 28)
4

=32 cin 6~ 2{(sin 9) (cos? 0 —sin? )+ (cos €)(2 sin 6 cos a))

4

- 3a 2a 24 o
= sin 0—3 sin § cos? €+Zsm Q—Tcos @ sin @
:ilasm G—i—asinﬁcos29+%sin39

33 sin f — (sin 9)(1 —sin29)+%sin39 =a sin’d.

34, P traces a hypocycloid where the larger radius is 2a and the smaller isa = x=(2a—a)cos f +a cos(za 9)

=Zacos8,0<f8<2r, andy=(2a—a}sinf—-a sin(zaa" a’ﬁ) =asin § —asin # =0. Therefore P traces the

diameter of the circle back and forth as # goes from 0 to 2.
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35. Draw line AM in the figure and note that ZAMO is a right angle
since it is an inscribed angle which spans the diameter of a Al0,a)] il
circle. Then AN? = MN2 + AM2, Now, OA =a, &N AI\ = tan t,

and AM — gin t. Next MN = OP = OP? = AN? - AM? "

=a? tan?t — a2 sin t=>OP—\/a tan®i — a’ sin?1

.2
(asin t)Vsec?t —1 =280 L
co

5 tt . In iriangle BPO, ¢

P{x,y

It

-3
x=0OPsint= aci’;;ltt = a sin?t tan t and

y = OP cos t = asin®t = x = a sin?t tan t and y = a sin’t.

36. Let the x-axis be the line the wheel rolis along with the y-axis through a low point of the trochoid

(see the accompanying figure).

r

Y

o]

h=a#

Let & denote the angle through which the wheel turns. Then h = a# and k = a. Next introduce x'y’-axes
parallel to the xy-axes and having their origin at the center C of the wheel. Then x' = b cos a and

y' = b sin «, where o = 3%— . It follows that x’ = b u:os(32Tr ): —bsinfandy' =b sin(32—7r— 8)
=-bcosf =>x=h+x'=af—bsinfand y=k+y =a—b cos § are parametric equations of the trochoid.

37. D = \/{x—2)2+(y-%)2 = Dzz(x—2)2+(y—%)2 = (t—2)2+(t2—%)2 = D?=tf—ar+ 1]

d(p?)
dt
minimum for D? (and hence D) which is an absolute minimum since it is the only extremum = the closest

= =4t —4 =0 => t = 1. The second derivative is always positive for t #0 = t = 1 gives a local

point on the parabola is (1,1).

_ 3V 2 2 _ A S d(D?)
38. D—\/(2cost-z) +(sin t—0} =D -(2(:051; 4) +sint = =
=2(‘2 cos t—%)(—Z sin t) + 2 sin t cos t = (-2 sin t.)(3 cost—%):ﬂ = =2 sint=00r3cost~—-g—=0
. 2(p2 2
ﬂt:ﬂ,ﬂ'ort:%,%. Nwd(ftD) —6 cos®t + 3 cos t + 6 sin® tsothatd( )(0) —3 => relative
2{n2 FIR Y
maximum, d (? )(ﬂ'} = -0 = relative maximum, d—d(g—)(%) = % = relative minimum, and



Section 9.4 Parametrizations of Curves 853

2{2
d d(trg }(%ﬁ) = % = relative minimum. Therefore both t =% and t = 53—?7 give points on the ellipse closest to
the polnt (%,0) = (L@) and (l, —é) are the desired points.
39. (a) (b} (c)
Ta=dcosty=2sint -
--ga-:z: , Xxwdcost y=|2sint
A\r_!_/‘ x = - R ——t—t S x
- Fxwdcost,ys2sint ¢
T | Dctex -2
40. (a) {b) (c)
Y Y ¥
14
o XxwECLYy=TaN1 Q.
t=zect y=lant | ~DE5L1505 x=52Ct y=lani
-1.55121.5 ~0.1£1£0.1
' \ X x %
41.
¥
42. {a) (b} (e)
¥ y Y
4 xmi-sint ¥ =1-sint
k=1-gint y=1-c051 y=1~—cosl
ymi-cost ] <15 ax K<ES3n
ostsex 1
1
—l—l—b—d—@— X Y&+ x

x
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43. (a)
1 X = c0S7 1, y = sin?
/&
.\/
14. (a)
y
x=2cest+cos 2t
y = 2sint—gsin 2t
w
45. (a)
¢
4
¥=ICOStecosdt
y=J3sint-sindl
/ Ost<2n
\ ‘x
-4
46. (a) v
m\
(e)
¥

o=

(b)

(b)

(b)

(b)

(d)

x =0053t,y=sinst
~Rf2stsn/2

X w -2 £os 14 cos{-21)
¥ w -2&in1-sin-21)

(TS

/

y X=-3C08T+cos(-31

» <3 $in 1- 4in{-30)
(.wostszu
Q

)

O =6

X

-
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47. (a) (b) (c)

48. (a) (b)

5
f—i/ﬂﬂ_—‘\; o X

s K S 1o DK $e——tf

5

xmbeosr+Scosdr, y=Esing—5sindy, ¥=6co8 2+ 5c0s 61, y = 6 sin 2 — 5 sin &,
05!52:!’ 0535’

{c) (d)

X=6co81+5¢083, y=06sindt—5si
05r<2n Y A & =3 sin 3r, ;:f:ﬂﬂwiwﬁr. ¥=6sin dr — S sin 6r,
=i

4.5 CALCULUS WITH PARAMETRIZED CURVES

T _ T _ g an X _ Ldx . g - dy _ dy _dy/dt _ 9¢ost _
1. t_.4:rx_2cos4—\/§,y_251n4—\/§,dt_ 2smt,dt_2cost=>dx_dx/dt*—~—~_2sint_—cott

!
:_d_y = —cot & = —1; tangent line is y—\/_z—l(x-ﬁ)ory:—x-i-Z\/E;d—y:csczt
dxt=% 4 dt
2 ! 2 2
d% _dy'/dt  ese?t 1 d’y =_\/32

dx? dx/dt ~ —=2sint 2 gindt = dx? t=%
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2. tzué——.:»x:sin(Zﬂ(—%)):sin(—%):—@,y:cos(Qw(—%)):cos(—%):%;g—}t(=27r cos 2wt
dy _ dy _ —2x sin 27t _ dy — 1Vy _ T _ )
a= —2m gin 2?rt=>dx B oos Daf. T tap 2ﬂ:>E t__l._—-ta.n(%r(—g )_—tan(——g)_\/g,

="8
P s 1_ __H\/__3)j| _ dy sz —27 sec? 2t
tangentlmeisy—ﬁ_ﬁ{x—( 5 ory_\/gx—i-?, & = —27 see? 21rt=:>dx2 B cos Ot
_ 1 d?y __
3 2 =-8
cos” 2xt  dx®|, _ _1
"8
_T A T _ - b dy _ d}' _dy/dt _ _osint
3. t-z:rx_fl51n1~2\/§,y-2cosz_\/§,a_4cost,:ﬂ_—2 t:> = dxjdt = dcost
:—-%t.ant:.‘rj—it=%——%tan%=—%;tangentlineisy_\/_=—%(x—2\/2_)ory:-%x+2\/§:
1 2
Y et Sy A It a L dy | V2
dt 7 2 dx/dt 4 cost 8 cos°t  dx?|, =z 4
3 . d d 3sint
4, t:%—w&x:cos%— %,y-—\/gcos:!gw V;_;g—fz—sm ‘d{ 3smt=>di P
L dy ( ) dy’ dy__ g
dx TN_\/v tangent line is y \/_[x—(— )]ory—\/ﬁx, GG O:dxz_—sint_
2
:‘»d—-—g =0
dx“|, _2r
=73
_1 1 o ldx_,dy_ 1 _ dy_dy/dt_ 1 dy _ 1. e
5. t—zﬁx—z,y—ﬁ,a l,a—méa—r/dt \/- :l—m—i—l,tangenthnels
2 ! 2
1.1 Ldy'_ 1p-ap Ly _dyYdt 1,8 dy -
y—g=1-(x-gJory=x+p Go=—] prcialery il ARG |
__T e ene2f _EN 1 — _ oy _ dx _ 2 dy _ 2
6. t= 4:>x_sec( 4) l_l,y_ta.n( 4)_ 1’dt 2secttan1.,dt_sect
dy sec?t R | 1 dy _1 y_ 1
::’&w2sec2t,tant. R QCOH:dxt:_%_ECO"(HE)_ 2,ta.ngtﬂ:ntllnels
1 2
. _1 Sl L 1 e Ay TESC g s
y—(—l)_—i(x—l)ory_ 5X=3igp = 3¢ t=>dx2*2secztt.ant_ 7 cot”t
&y _1
dx? 4

af
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—tan T=-l_.dx__ dy _ dy/dt
y—ta.nﬁ— ectt.a.nt,dt—.sec t:- dx/dt

sec?t ¥ T S 1 2
=————_—c¢csct = = ¢sc = = 2; tangent linelsy — ——==2{ x——==Yor y = 2x ~ +/3;
sec t tan t dxt_% 6 i Lang \/5 ( \/5) y \/_
dy’ d%y dy"/dt, —csc t cot t 3 dz)’
—:—csctcott=> = =—cot’t =5 —% =-3/3
ki3
dt 2 dx/dt ~— secttan t dx?
=%
3 -1/2
_ d £ 1(3t)
g t=3=x=—3+1=-2y=AB=3FL=-3¢+1)7, FT=33)"?> dx —(12) —
(-3)e+1)7
3vit+1  dy -3/3+1
v = = ————== —2; tangent lineis y -3 = ~2[x ~ (~2)] or y = —2x —~ 1;
V3 dxl o V3(3)
_3 —-1/2 3y -1/2 ( )
_\/37:[ S(t+1) ]+31/t+1[2(3t) ]= g L&y 2t\/_\/tT 3
3t 24/3t /1 +1 T t4/3t
2\/t+1
2
=4 =-1
dx t=3 3
. _ dx _ 4 QY _ 403 dy _dy/dt _ 4¢3 _ .2 _ dy _ 2_ 4. o
9. t=-1=x=5,y=1; ik P nhel :dx"dx/dt_ﬂ_t éat 1-.(—1) = 1; tangent line is
y-l=1-(x-5)ory=x—4 (oo Sy _dy/dt o 1 dY =1
= y=x—4 = &2 dn/dt 427 ged| T3
_ gt yo o dx__1 dy_1_ dy_ (f) _ dy|
10't_l=>x_l’y__2’ﬁ__t__2‘a‘_f:3§_(_L)__t a—}—(tul 1; tangent line is
i2
dy’ d _ -1 _,2_ d%
—(-2)=—l(x-Dory=-x—-1;—=-1=—= =t = 5 =1
Y ( ) ( ) ¥ dt dx2 (_l) dx -
t2

. 3
1. t'=%=')'x:%_5m%:§—%‘Y=1—cos%=l—-

sin t dy

l—cost dx

() (2
:=I_1i12583()£)_(ﬁ)_—. /3 tangent line isy—%: \/ﬁ(x_%_‘_%)
> P

3
. . -1
r\/_+ 9 y' _ (1 -—-cos t)(cos t) — (sin t}(sin t})  _j = & _dy'/dt (m)
’ dt’ (1 —cos I;)2 T l-cost T gx? T dx/dt T I—cost

=y=3x~

1 d?
2

== =-4
(1—cost}? ~ dx

T

t==
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.7 _ T _ - T, dx _ _ dy _ dy _ cost . _
12.t_2=>x—c052_0,y_l+sm2—2,dt_ smt,dt_costz:»a;_—_sint_ cot t
dy — mep? sz__ esc?t _ 3 dly
aatzi‘_ —cot§—0 ta.ngentlmelsy_il,a €sc tﬂgjc—z-m——csc t:@ . -1
2 t=%

_ 2 dx _ o, dx _ _ dx _ 2x —4t _x-—2t,
13. x2—2tx + 2t —4=>2xd —2x 2tdt+4t 0= (2x 2t) u2x 4t=>dt T il

t
"]
2 _ dy dy 6L _ dy_dy/dt__ (}’) _ t(x —t) =
-3t 4=>6yd bt=0=G=gi" —z‘th“&‘dx/dt—(x—m)”yz(x—zt)’t*
x—t

Yoy
S -2x+202 7 =4 i +4=0= (x-22=0>x=2t=2> 2% - 3(2)% =4

""21’3:16:"}'3:8=>Y=2;t.hereforej~}—' =—3(2r2)_=
<l _, = 22 -2)

Mox= 5= vi= §=30 \/-)—1;2( 3¢7%)= 4\/@1/15*\/5;y(t~1)=1ny=r a-D+y=($)F

2

=¥
(t 1 l)d_y dy _ -y _ —.V2 . th dy (ty*yvl) _4y2x/f\/5—\/£.
IS ¥ B T i e . 1y us == =5 ==y
(4%45-%)
412 /14/5-/1
t.:l=>y(1—1)=lny=>0=lny:-y:l;thereforeg—y = (1) \/' \'/_z_

Xlp=y  (D(H)-1-1

3/2 _ .2 dx 1/2dx _ 1/2 26+1 _
15. x+ 22 =t 4y = DXy g/ 2 X = 2+1=(143x ) 2t+1=>dt T Y T+ 142t/7=4

dy - 1 _-172)dy y y t ydy _
> FVIFT+y(Je+ D v s n(fy )dt“":" tvt+1+2\/t+—1+2‘/§+(7§)ﬁ_0

=Ty
(\/tT+ )dt _t+1 ~ & ((2\/::_14_%)) 2£({;1)4iﬁ1'thus

-y/¥ -yt i
dy dy/di \ZVY(+D)+26V/b+1
E)-czdx/dt: ( %+ 1 )

1+ 3x/2

;t=0:>x+2x3”2=0=>x(1+2x”2)=0:}x:(};t:(}

—4/1—4(a)\ 0 F1
2/4(0 + 1) + 2(0)/0 + 1

t=0 2(0) + 1
14 3(0)/2

= ¥yvV0+1+2(0),/y=4=y=4 thereforej



16.

17.

18.

19.

dx _
20. qat =
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dx . dx _ dx _l—-xcost,
xsint+2x =t => smt.-l-xcost+2d —1=>(51nt+2) —1 xo::osl;::-dt ETEEVAL

thus dy sin t+t.cos t—2,

tsint—2t:y:>sint+t.cost—2—d it=r=> xsinzr+2x=n7

ds dx — (I—xcost)
sin t 4+ 2
w

-—-.5}(:5 i’.h(-:l'eforejy _sinar+1rcosvr—2__4ﬂ_g__‘4

xlyo 7™ I:l—(2)cosw] IR

sin © + 2

c_é)ic__ —sin t and (cily =l+4cost = (g’:) +(dy) \/(——bm t}2+(1 + cos t)2 VZ+2cost

T m w
:}Length:J Vv2+2costdt = -\/EJ \/(-%-—:g—g::)(1+cos t) dt:ﬂj flsu::o;tdt
Q 0 i

n
=\/§J ——-Sli—-nt—dt(sincesint.ZOc)n{U,r]); [u=l-cost=>du=sintdt;jt=0=u=0,

v 1I—cost

2
2
t:rﬂ*u:?}ﬂ\/ﬁj u"”gdu=\/§[2u1/2}u:4
aQ

(3_1— = 3t2 a.nd =3t = 1“‘ a}- \,f tz) +(36)% = VOt + 912 = 3/t + 1 {since t > 0 on [0,+/3])

\/5
= Length = I 3tyv/t2+ 1 dt [u_t2+1=- du=3tdt;t=0=>u=1, t.._\/_=>u_4]
a

4
4
- J Sut/2 du =[] =(8-1) =7
1

2
d 2 fd .
%:tanda-%:(‘zt%-])vz:‘» (3—’-{) +(a%) = VR 2t + D) = /(t+1 =]t +1|=t+1since 0 <t <4
4 2 4
ﬂLength:J {t+1) dt:[%—-&t} =(8+4)=12
0
i

2
(2t+3)”2andg—f=1+t:- (%%) +(dy) V) + 40?2 = VP aird =642 =t +2

3 3
2
since § <t <3 = Length = J {(t+2) dt:[%+2t] =%
a
0
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2
dx _ dy _ o frax¥  (dvY _ 2 T T3 7 .2
21. dt_Stcostanda_St sint = (dt) +(dt) _.\/(Bt.cos £)° + (8t sin t) = v/64t% cos?t + 64t sint
w2

/2
=|8t| = 8t since 0 < ¢ < T = Length = I 8t dt ={4¢2]]" =2
iy

2

29, dx

1
dt (sec t+tan t

2
2
)(sec t tan t—+—seczt)—cos t =sect—costand 3—{: —sin t = (?j—f) +(§—E)

= \/(sec t — cos t)% 4 (—sin t)? = VsecZt —1 = vtan?t =|tan t]=tan t since 0 < t 5%

/3 x/3
i 3
= Length = J tan t dt = I ‘S:g;tédt:[—ln{cost}];} :—ln—%—+ln1:ln2
0 0

dy

2
dt) = \/(—sin t)% 4 (cos t)? =1 = Area = J 2wy ds

dx _ .. dy _ dx )}
23. aL = smtandHE_cost:» (dt) +(

=]

T

= J 2m(2 + sin $)(1) dt = 2722t — cos t13T = 2x{(d4x — 1) — (0 — 1)] = 8«2
0

] -
dx _ (172 dy 172 dxV? , (dyY _ =T _ [t 41 _
24. dt_t' and dt‘t = ( )+ A =Vt == = Area = | 27x ds

/i /i

2
J. 2«(%9“)\}%&:%‘[ tvViZ+ldt ju=t?+1=>du=2tdt; t =0 = u=1,
o] v]

—

4
[L:\/E::}u:4]_, -[ Q_r\/ddu:[’;_‘?fu:if?]é:?sTr
1

2
2#(%1;3!2) \,‘t—?--l— dt is an Improper integral but lim+ f(t) exists and is equal to Q, where
t—0

= J F(t) dt = 287
a

= d 2 fay¥ 2
25. g—f:]andd—{=t+\/§:‘~ (%—’E) +(3%) =\/12+(t+\/§) = /12422t +3 = Area= J2:rxds

J 2 (44 V2R 20/F 0+ 3 dt [u =12+ 20/Zt+3 = du = (2t +2v/2) dts t = —/Z > u = 1,

=2/ 2
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9
9
[t: \/E;%u:g]—-, J IV/E du =[%fru3ﬁ]1:2%(27~—1}:§-2—”
1

3

861

x /3
dt) =tant:~Area=J2w)-’ds: J 27 cos t tan t dt = 2m J sin t d¢
a
= 27l—cos t] 1-”3--‘.2?r[—-%——(—1)]=:l1r

2 xf3
26. From Exercise 22, (g’t‘) +(d_v

0

27. 4 = 2 and dy_ o (d")2

1
( ) =22+ 1% = f:Area:IQ:‘ryds:J 27r(t+1)vr5dt-
1]

3ny/5. Check: slant height is v/5 = Area is (1 +2)/5 = 3m/5
0

9 1
78. é% —hand ¥ (%%) +(%) = VhP 41 = Area = f 2ry ds = J 2rrtv/h? + 12 dt
0
1

= 27r/h2 4 12 J t dt = 271/ 4 17 [ ] 7rv/h% 412, Check: slant height is vh? 4 r? = Area is
0
)
arv/h?+1?.

29. {a) Let the density be § = 1. Then x =cos t +1t sin t = dx

— s dy _, &
au Lcost,a.ndy_smtutcost—q‘»a—tslnt
2
=>dm=1I-ds= (d—’&) + d} dt-\/{tcost) +(tsin t)? ={tidt =t dt since 0 <t <Z. The curve’s
dt =2
x*f2 w2
2
ma.ssisM:Jdm: J tdt—zrs—. Alsosz-[?’dm: J (sin t —t cos t)t dt
0 0
w2 mf2
. xf2 2 . . =f2 2
t sin t dt — t2 cos t dt = [stn t ~t cos tlg [t smt—281nt+2tcost]
0 o

_ T
o =3 — where
3.1
_ M, 4 -
we 1ntegrated by parts. Therefore, ¥ = (—2 — 2. Next, M ¥ dm
- mt
)

Y
/2 w /2
= I (cos t -+t sin ¢) t dt = J tcost.dt+J t? sin t dt
o] 1]

wf2

0

T f2 . wf2
=[cos t +t sin t]0/ +{—t2 cos t +2 cos t + 2t sin t]D" =37

5 3, again integrating by parts.
3
m, (-3
Hence X = —% —2—) 12

— 24 12 24 24
M= (ﬂ-z) =% 7 Therefore {X,7) = (—-——;-— —~-2)
3
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b) (X%,¥7)~ (1.4,0.4
(b) (x¥)~( ) Y x=coststsint

L y=sint-tcost
Centroid
(1.4, 0.4} »

4 t X

-1 | 1
30. (a) Let the density be 6 = 1. Then x = e* cos t = 33( —elcost—e'sint, andy=e'sint

dy _ ¢ . t — _ dx)z dy

> =¢ sint+e cost=>dm=1-ds= (E @ dt

: 2 2
= \/(et cos t — e* sin t) +(et sin t + e' cos t) dt = v/2e% dt = \/EeL dt. The curve’s mass is

M= Jdm: J V2el dt = /2e" — /2. Also M_ = J'S('dm: J (et sin t)(1/2et) dt
0 0

v

a

o
2t
= J V2e% sin ¢ dt = \/5[95—(2 8in t — cos t)]
0

o o™
Next M_ = J.?c'dm: J {e* cos t)(/2et) dt = J V2e® cos t dt
¥ [¥]
2e27 | 2
_ﬁ( 5 +5)_ 2627 4 2

k3
2t 2T M
= 2[6—— 2cost+sint ] — 2(2'3 +2)=»f=-——3:= = . Therefore
V2|5 )], = VIS s M= ez alero1)
(£.7)= J2¥ 42 274
" 5(e*—1)5{e"—1)
(b) (X,¥) =~ (-9.7,4.8) y
x melcost T8
y=s'sint Cantroid 16
o<ts .
(-9.7,48) 47
2
et : + x
-20 -1 -0 -5
31. (&) Let the density be § =1, Thenx——cost:-gx——sin t, andy:t+sint:>fl—{=1+cost

2
=dm=1-ds= (95) +(dy) dt _\/(—smt]2+(l+cos !‘.)gdt— 2+ 2 cos t dt. The curve’s mass

dt dt
os(%)l dt

o k) n m
isM:Jdm:J‘ 2+2costdt=\/§J \f1+costdt:\/§.[ 2(‘.03%%)&:2]
0 Q 0 0
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Il
[
Oy

cos(%) dt(sincc 0<t<r=0 5%_(_ —725): 2[2 sin(%n: =4. Also M, = J'S’ dm

= T (t + sin t) (2 cos %) dt = ][ 2t cos(%) dt + I 2gint cos(%) dt
0 i) i

T p sin(gt) ’
Next M, = f&"dm: J (cos t)(2 cos%)dt:f& I costcos(%)dt:Q[sin(%)+ 2 ] :2—%
0 0 0

=%=> X:FZ—T:%' Therefere (1’,?):(%,#—%)

(b) (%.¥) ~ (0.33,1.81)

— !
Xmeost 2T .
PR

.{1 1 X

2
32. Let the density be 6§ = 1. Thenx:t3:>g-—§= 312, andy:gt—ﬁd—y*—'lit:*dmzl-ds

2 dt
d dy Y’ 2y 2 /2
(d_)t( E} di =1/(3t2) +{3t)* dt =3t|+/t® 4+ 1 di since 0 < t < 4/3. The curve’s mass is
vh 3/2 V3 ve 2
M:Jdm: J 3t\/t,2—|—ldt.={(t,2+1) ]0 =17. Also szjs"dmz J %(31;\/9-}-1](15
0 o
S
M Cd
=g J' t3v/t? + 1 dt :%“::17.4 (by computer) :Y:V":-”T—sztig. Next My: Jx dm
a
N i '
= t3 Bt(tz +1)at=3 t4Vt2 + 1 dt ~ 16.4849 {by computer) = ¥ = % = 16.4849 5 35.
M 7
0 0

Therefore, (X, ) 7 (2.35,2.49)

2
2
33. (a) S = -2 5in 2t and 3—1’ =2 cos 2t = (d—’t‘) +(%%) = /(-2 sin 202 + (2 cos 2t) = 2

xf2
=> Length = J 2dt=[2tlg‘m=7r
G

863
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(b) g—’é[:wcos 7t and %}t—,—:—r sin wt =
£/2
= Length = J T dt =[7rt]yf'}r2 =7
-i/2
/2 x/2
34. (a) a:l,e:%;*r[..cngth=4 J
0 i)

T
Ty\_yg
; _ b——a__(g) n
Rule withn =10 = h==7%= o 30

=

mf(xn) = 37.3686183

2
I V4 —cos tdt =
o

= T = 8(37.3686183) = 5 (37.3686183)
= 2.934924418 = Length = 2(2.934924418)
= 5.870

b) [f")|<1=>M=1

[S-]

< (5)-0 (10)21 < 0.0032

35. x—x::»j =1, andy—f(x):»d

b
= f'(x); then Length = J
a

+ (0] dx

36. x = gfy) has the parametrization x = g(y) and y =y force <y <d = 3=

37. For one arch of the cycloid we use the interval 0 < 8 < 2x,

2’ 27
a.ndd —a(l—c056)=>A= j a%(1—cos 6)° d8 = a®
0 i}

1 —%coszt dt=2 J V4 —cos’t dt =

2
+ %%) = \/(ﬂ' cos 7t)¢ + (=7 sin 7)2 =7

ni2
J f(t) dt; use the Trapezoid
0

X f(x;) o mf(x;)

Xp ¢ 1.732050808 | 1 [ 1.732050808
x; | =/20 | 1.739100843 | 2 | 3.478201686
x, | #/10 | 1.759400893 | 2 | 3.518801786
Xy |37/20 | 1790560631 { 2 | 3.581121262
X, n/5 | 1.82906848 1 | 3.658136959
Xg n/4 | L.87T0828693 | 1 | 3.741657387
Xg [37/10 [ 1.911676881 2 3.823353762
X, [7w/20 | 1947791731 | 2 | 3.895583461
xg | 2n/5 1 1.975982919 | 2 | 3.951965839
Xg |9w/20 | 1.993872679 | 1 | 3.987745357
Xyo| ®/2|( 2 2 2

(&

Then, A =

dx

c&......_-.,ga

d
d _g{Y) d§

a 5 d . a
Length=£ (j”) +(3§) dy#‘c[ 1+(di) dy_l I+ )P dy

Ll

T

(l — 2 cos 9+c0$29)d9

=1; then

v(8) dx = I a{1 — cos 6)(%’—5)(19
4]
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27 .21.' 2w : , , , . : e
=a’ J df -2 c036d6+J. §(1+c0329)d9 :a([&]D”_Q[sin 6]0”+§[8+§sin29] )
0
0 0 2

H

a2[{2rr-0) —~2(0~0) + 1 (27 —0)] = 3ra?

2
38, x=a( —sin §) = %:a(] —cos §) = (%) =a2(1 -2 cos 0 +cos? ) and ¥y =a{l—cos 8)

d 2 2 4 2 27
¥ ¥ ¥y
= qg=asinf= (d—) = 2% sin?# = Length :J (% (d&‘) df = J. v/ 2a%(1 — cos 8) d#
0 0
rid 2 Zr 2
:aﬂ \/iyfl_%g df =2a J |sin%'d9:2a J sin%dE?:—-éia[cos g] = 8a
[t}
] 1] a

39. x=f—-sinfandy =1—cos 9,039527r¢d5:\/(1—cos 9)2+sin29d8:\/2——2 cosfdf = 5= JQ‘H’}’ ds

L]
L]

kg ™ L

_2\/_J ‘.'r(l—c:c:s&):i”2 8—2\/'J 7r 2sm d9~—87rJ. l—cos slng)dﬂ
a ] v]

b

= 81r[~—2 cos Q+%c033 Q} = b4nm
: 0

2 2 3
27 27 27 Ix
40. V=17 J yidx=m=x J g— =7 J (1-cose)2(1—cose)de=arj {(1-3 cos 8 +3 cos?8 — cos3 ) dé;
0 0 0 0
27 2 2r
evaluating each integral: I, == J df = 272 ilo=m J (-3 cos 0) d0 = —3xisin 013" = 0; =7 J 3 cos? 6 dé
0 0 0
2w it i
= 31{%9 +21;- sin 28]0 = 3% [,=x J cos’§ df =7 f (1 —sin?g) {cos #) d8 = 0; therefore
0 ]

V=141, +1, +1, = 52

dx _ dy _ dY _ dy/dt 20052t_2(20062t—1) dY 2(2(:05%—1)__
41. :E_costand i= 2cos2t=> /Al cost = o5 [ thn G:::——~—~—-—-——mst =0
L =7 37 51 Tn b eI yognTo Y2

= 2 cos? t—l—[]::rcost—:l:ﬁ:}t. 4' 4707 4.Inthelstquadra.nt.t.-4:>x_sln-;1-— 3 and

¥ =sin 2(%) =1= (?, 1) 1s the point where the tangent line is horizontal. At the origin: x =0 and y =0
=>sint=0=t=0ort=7andsin2t=0=¢=0, 2T 51 7 32”; thus t = 0 and t = = give the tangent lines at

:2:*y=2xa.nd% =-2=y=-2x

t=0 t==r

the origin. Tangents at origin: j—}y(
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49 dx dy _dy/dt 3 cos 3t _ 3(cos 2t cos t —sin 2% sin 1)

- dy _
aT-?cos2Land-JE—3cos3t=>

dx ~ dx/dt ~ 2cos 2t T 2(2 cos?t— 1)
_3[(2 cos?t — 1) (cos t) ~2 sin t cos t sin t]_(?o cos t)(2 c032L—1—2sin2t)_(3 cos t){4 c082t-3)_ then
2(2 coszt—l) 2(2 coszt—l) 2(2 coszt—l) ’
2 —
::ji_yzor_}(Scost)(f?;cos t 3):0=>3cost=00r4c032t-3=0: 3cost=[]:—t:%,3%and
x 2(2 cosztwl)

57 7r 1= =T y—sing(T)= Y3
£ 6 E In the 1st gquadrant: t = =>x—51n2( )— 3

2, _q. — 1 ¥VY .
4 cos“{ 3—{}"—.‘>cost—:l:2=>t-ﬁ. 3 ;

and y = sin 3(%) =1= (\/Tg,l) is the point where the graph has a horizontal tangent. At the origin: x =0

andy=0=sin2t=0andsin3t=0=>t=0,Z, 7,5 and t =0, %, 2%, 7, 4% 37 & ¢ — g and t = 7 give

151”:? ’3’3‘W’T’3
: - o dy _3cos0_3 _3 dy|
t.hesta.nge(::t )lmes at the origin. Tangents at the origin: axl, _ = 2cos 02 > y=3x and Ic .
_3cos(3m) _ 3 __3
T 2cos(2m) 7 3= ¥ = 75X
43. 44,
¥ y
o
1
X 4
1 1 i
-1
1
45, 48,
Y y
1!-
11
s .1‘ :x
- 1
T
47, y 48. v
L9 3
- + X : j ij
-1 1 3
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49,

>4
KK

56-55. Example CAS commands:

Maple:
xi=t-> exp(t) —t'2;
yi= & -> t 4 exp{—t);
plot([x(t), y(t), ¢ = ~1.2);
GT(x(t),1);
dx:= unapply(”,t);
diff(y(t),t);
dy:= unapply(",t);
sqri(dx(t)"2 +dy(t)2)
simplify({"");
ds:= unapply{",t);
arc:= int(abs{ds(t)), t =—1..2);
evalf(");
dy()/dx(t);
dydx:= unapply(”,t};
diff(dydx({t),t);
simplify(*): dyl:= unapply(",t);
dy1(8)/dx(0);
d2ydx2:= unapply(".t);
th:=1: evalf{d2ydx2(t0)};
tanline:= ¢ -> y(t0) + (dy(t0)/dx(10))*(t — x(t(0));
plot{{[x(t), ¥(t), t = —1..2], [t, tanline(t), t=t0—1..t0+2]});

Mathematica:
Clear[x,y,t]
{a,b} = {-Pi,Pi}; t0 = Pi/4;

xt_] = t— Cos[t]

yit-] = 1+ Sint]

pl = ParametricPlot[ {x[t},y[t]}, {t,2,b} ]
yplt—] = yltl/x[t]

ypplt_] = yp'[t]/x'[t]

yp{t0] // N

ypp{th] // N

tanlinelx_] = y[t0] + yp[tB]x(x—x[t0])
p2 = Plot{ tanline[x], {x,0,0.2} ]
Show[ {p1,p2} ]

ds{t_} = Saqrt[ x[t]2 + y'[t]2 ]
Nlntegrate] ds{t], {t.a,b} ]
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56-57. Example CAS commands:

Maple:
with(plots):
eql := X" 2xcos(t) + 2xx = t;
eql ;= trsin(t) + 2xsqri(y) = v
solve(eql,x);
x:= unapply("”{1],t);
solve(eq2,y);
yi= unapply("[1],t);
t0:=—Pi/4: x0:= x(t0}: yh:= y{t0):
plot{[x(t), (1), t = —2+PL..2«Pi]);
diff(x{t),t);
simplify(");
dx:= unapply{",1);
Gy (1),0);
dy:= unapply(’’,t);
dy(ty/dx(o);
dydx:= unapply(”,t);
m:= dydx(t0)
tanline:= t -> y0 + m=(t — x0);
plot({[x(t), y(t), t = —2«Pi..2+Pi],[t, tanline(t), t = t0-1..t0 + 1}});

Mathematica:

{ab} = {-3.436,2.073}; t0 = —Pi/4:
xeqn = x2 Coslt] + 2x == t
yeqn = ¢t Sin[t] + 2 Sqrtfy] ==
Solve[ xeqn, x }
] = x /o %{2])
Solve[ yeqn, y | // Simplify
y[t_) = y /. First{%]
ypit_] = y'[t)/x'Tt]
ypitt} // N
tanline(x_] = y[t0] + ypl{t0]x(x—x[t0])
pl = ParametricPlot] {x[t],¥[t]}. {t.2,b} ]
p2 = Plot] tanline[x], {x,~2,1} ]
Show| {pLp2) ]

9.6 POLAR COORDINATES

1. a,e; b, g; ¢,h; d, f 2. af b h eg de

3. (a) (2,%+ ‘Zmr) and (—2,32"-+ (2o + 1)?1'), n an integer y
(b) (2,2n7) and (-2,{2n + 1}7), n an integer
{¢) (2,32—“4- er) and (—2,321 +(2n + l)ﬂ'), n an integer
(d) (2,(2n + 1)) and (~2,2n7), n an integer
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4. {a) 3,%+2nﬂr)and( -3, 547r+2mr) n an integer

- L
{«3,=n/4) (3.xd)

3,%+ Qnr) and (3,54—“-4- an), n an integer

—————Y

+ er) and ( 3‘347'- + 2n:fr) n an integer
{3.vd) [ (3-w4)
- | [

3‘——+2n7r)a.nd (3,34—7'-4- 2mr), n an integer

- (a) x=rcos# =3 cos 0 =3,y =r5sind=3sin 0 =0 = Cartesian coordinates are (3,0)

(b) x=rcos # = -3 cos 0 =—3, y =rsin § = -3 sin 0 = 0 = Cartesian coordinates are (—3,0)

{c} x=rcosf=2cos 237" =-l,y=rsinf=2 sin 27 = /3 = Cartesian coordinates are (-1, \/_)
(d) x=rcosd =2 cos 3 =1,y =rsinf = 2sin — \/_ 3 = Cartesian coordinates are (1,+/3)
(¢} x=rcos# =—3 cosm=3,y=rsinf# = -3 sin # =0 => Cartesian coordinates are (3,0)

(f)y x=rcosf =2cos ,; =1,y =rsinf=2sin Z=+/3 = Cartesian coordinates are {1, V3)

(g8) x=rcos § = -8 cos 2r = -3, y =1 sin § = —3J sin 27 = 0 => Cartesian coordinates are (—3,0)

869

(h) x=rcos 8 =-2 cos(— %) =-l,y=rsinf=-2 sm(-——) \/_ 3 = Cartesian coordinates are {—1, \/_)

. (a) x=+/2 cos % =1,y =1+/2sin 4 =1 = Cartesian coordinates are (1,1)

(b} x=1cos 0 =1, y = 1sin 0 = ) = Cartesian coordinates are (1,0)

{¢) x =0 cos g— =0,y =0sin -g = { = Cartesian coordinates are (8,{)

(d} x = —+/2cos[ = E)= -1,y = —/2sin{ = &) =1 = Cartesian coordinates are -1,1
4 4

(e) x =-3 cos %—W = 33£, y = —3 sin 56“ —% = Cartesian coordinates are (33/5,-—%)

{f) x=5 cos(tan‘1 % =3.y=5 sin(ta.n"1 %) = 4 => Cartesian coordinates are {3,4)

(g) x=—1cos 7xr =1,y = —1 sin 7w = } = Cartesian coordinates are (1,0)

(h) x= 2\/5 cos 2X = —\/_ y = 2v/3 sin 2% = 3 = Cartesian coordinates are { \/§‘3)
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X x
10, y 11. y i2. y
+
0sHSnH, 20 P
152
X bt pp X
-1 & k
_2..
13. 14, 15,
¥ y y
- F
1 8= 110
1 Qun F2-1 ?z-om
b 14r<3 1
x — P E—— — ———
1 R A X ¥
186. y 17. y 18, y
: :0595; ’
0= %2 1] r=1 0sBsx
b rso [ vt
e — i x —— bt X
X} I |
- 3 s




19.

22.

23.

25.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
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20. 21.

x4 <6< 3n/d
~%4 50 <4

-1srg1

L)

»
-
o
»
LY
s
ARY
A
AAAS
Ay

o x
o] 2
rre)
ey
- .

rcos § =2 = x = 2, vertical line through (2,0) 24. rsin @ = —1 = y = —1, horizontal line through (0,—1)

rsin 8 =8 = y =0, the x-axis 26. rcos # =0 = x = 0, the y-axis

r=4ccf=>r= .4

smg = rsin =4 =y=4, ahorizontal lire through (0,4)

3

r=-3secd = r= c;hﬂ = 1 cos § = =3 = x = -3, a vertical line through {~3,0)

rcos@+rsinfd =1=>x+y=1, line with slope m = —1 and intercept b = 1

tsin # =rcos # = y=x, line with slope m = | and intercept b =10

r? = 1= x% + y2 = 1, circle with center C = (0,0) and radius 1

r? = 4rsinf=>x? + y? = 4y = x* +y-4y+14 =4=:—:1c2+(y~2)2 = 4, circle with center C = (0,2) and radius 2

5

T Snf-2cosd

= rsinf—2rcos § =5 = y— 2x = 5, line with slope m = 2 and intercept b= §

r’gin20=2=2r%sinfcos =2 = (r sin 8)(r cos #) =1 =% xy = 1, hyperbola with focal axis y = x

r=cot § csc § = (%?nig)(sié @

which opens to the right

) = rsin20 =cos 8 = 1? sin?0 =1 cos 6 = y% = x, parabola with vertex (0,0}

r=4 tan & sec § = r=4(3iL26;)=> rcos?f =4 sin 8 = 1% cos?§ = 4r sin § = x2 = 4y, parabola with
cos

vertex = (0,0) which opens upward

rcos @ rcos

r={csc f)e =>rsinf=e = y =¢”, graph of the natural exponential function
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38, rsinf =Inr+1ncos & =In{(r cos #) = ¥y = In x, graph of the natural logarithm function

39. P+ cos fsinf=1=>x*+y?+2xy =1 2+ xy+y’ =1 = (x+y)2=1=x+y= %1, two parallel
straight lines of slope —1 and y-intercepts b= #£ 1

2

40). cos?0 = sin% 8 => 1° cos? 8 =1’ sin?d = xZ =y = x| =|y|=> £x =y, two perpendicular

lines through the origin with slopes 1 and —1, respectively.

4. P dreos > P4yl dx=> X tax+yl=0=> X +4x+4+yi =4 = (x +2)% +y% = 4, a circle with
center C{—2,0) and radius 2

42. = —6rsinf = x¥+y%= 6y = x*+yi 46y =0= x2+y2+6y+9:9 = xz-l-(y+3)2 = 8, a circle with
center C(0,—3) and radius 3

43. r=8sinf = ’=8rsinf > x>+ =8y = x?+y? -8y =0=> x> +y* -8y + 16 = 16
= x% 4+ (y —4)% = 18, a circle with center C(0,4) and radius 4
44, r:3c039=>r2=3rc09€=>x2+y2=3x=-x2+y2—3x=0:>x2—3x+4§+y2:%
2
= (x —%) +y?= %‘ a circle with center C(%,U) and radius %
45. r:Qcos9-‘.—2sin@:>r2=2rcosﬂ+2rsin3::»x2+y2=2x+2y:>12—2x+y2~2y=0
= (x—1)2+(y—1)2=2,acircie with center C(1,1) and radius \/5

46. r=2cos—sinf =>r?=2rcosf—rsinf = x+y?=2x-y =P - +yl+y =0

2
= (x—1)° +(y +le) = %, a circle with center C(l,-%) and radius "é

7. 1 sin(3+%)=2 = r(sin g cos%+cos @ sin %):2 = ér sin 9+%r cos =2 = §y+}2~x:2

= \/gy+x=4, fine with slope m = A

V3

and intercept b =

4
V3

48, rsin(%—ﬂ):f)::»r(sin%‘icos & — cos 23£sin 9):5;‘*—-\§—§r cos 9+%rsin9:5:>§x+%y=5
= +/3x+y = 10, line with slope m = —+/3 and intercept b = 10

43, x=T=rcosf@ =7 5. y=1=rsind =1

ol. x:y:}rcosﬂ:rsinﬂ:bﬁ:% 52. x—y=3=rcosf-rsinf=131

53. X!’ +y?=4=r=43r=20r1=-2

54. x2~y2 =1=r’cos*0—-1r?sin?0=1= r2(c0329—sin29)=1 = 1%cos 20 =1

2

+¥ =1 = 4x? 4+ 9y? = 36 = 4r? cos?6 + 9r? sin? 4 = 36

85. T

e ®
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56. xy =2 = (rcos B)rsin#)=2=>r’cosfsin§=2= 2’ cos fsin § =4 = v’ sin 26 = 4

57. y2 = 4x = r? sin®0 = 4dr cos § = rsin®0 =4 cos §

58. x2+xy+y2=1=>x2+y2+xy: 1=>124+r2sinfcos =1 :vr%l-!—sin@cos 8 =1

59. x2+(y—-2)2=4=>x2+y2—4y+4 4= x*tyl=dy=>rP=drsinf>r=4sind

60. (x—5) 2 +y? =25 = x2—10x+25+y =25 = xZ 4y =10x = 12 = 10r cos & = r = 10 cos &

873

6l (x—=3) 2 +(vy+1) 2 =4=2>x*—6x+9+y?+2y+1=4>x*+v?=6x—2y-6=>r’=6rcos -2 sin f—6

62. (x+2)24+(y =5 =16 2> 22 +4x+4+y* - 10y +25 =16 = x? + y2 = —4x 4+ 10y — 13 = r?

= —4r cos 8 + 10r sin @ — 13

63. (0,6) where ¢ is any angle

a
cos £

(b) y:b;‘rrsinﬁ:bﬁrrzg;?-g#r:bcscﬂ

=% r =4 sec &

64. (a) x=a=>rcosf=a=>r=

8.7 GRAPHING IN POLAR COORDINATES

1. 14+cos{~8) =1+ cos § = r = symmetric about the x-axis;
1+cos(—f)#-~rand 1 +cos{mr—8)=1—cos §#1
= not symmetric about the y-axis; therefore not symmetric

about the origin

2. 2—-2cos(—8) =2—2 cos § =1 = symmetric about the
x-axis; 2 -2 cos(—0) # -t and 2—-2 cos (v —#)
= 2+ 2 cos 8 # 1 = not symmetric about the y-axis;

therefore not symmetric about the origin

3. 1—sin{~8)=1+sin ##rand1-sin({r—#)
= 1-—sin # # —r = not symmetric about the x-axis;
I —sin{wr — 6} = 1 —sin # =1 = symmetric about

the y-axis; therefore not symmetric about the origin

rel+cos@

fe2-2co6d
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4,

1+sin(—f) =1 —sin # #r and 1 —sin (7 —6)
=1 -sin # # r = not symmetric about the x-axis;
1 +sin(x — 8) =1 +sin 8 = r = symmetric about the

y-axis; therefore not symmetric about the origin

2 +sin(—0} =2—sin f #rand 2 +sin{r — )
= 2 +sin & £ r = not symmetric about the x-axis;
2 +sin(x ~ 8} = 2 4 5in # = = symmetric about the

y-axis; therefore not symmetric about the origin

14+2sin(~f)=1—-2sin @ #rand 1 +2sin(zr-48)
=1+ 2 sin # # —1 = not symmetric about the x-axis;
1+ 2sin(zr—#8)=1-+2sin § = r => symmetric about the

y-axis; therefore not symmetric about the origin

sin(-—g) = —sin (%) = —r = symmetric about the y-axis;
sin(-—%) = —sin(%) = -t #rand sin("'r o) B) = sin(% —%)
= cos(g) # —r1, but clearly the graph is symmetric about the

x-axis and the origin. The symmetry tests as stated do not
necessarily tell when a graph is not symmetric. Note that
sin (2—"%_—2) = sin(g), so the graph is symmetric about the

x-axis, and hence the origin.

8

. cos(-—g) = cos (f) =1 => symmetric about the y-axis;

cos(—g) # —r and cos(’r 3 '9) = sin (—g—) # 1, but clearly the

graph is symmetric about the y-axis and the origin. As in

Exercise 7, the tests fail to give enough information. Note that

cos (%?_—9) = cos(g), so the graph is symmetric about the

y-axis,

ruls+nng |2
x
[y B
¥
a
fra2as3ing
.z&_/z
3

tel+2sin




10.

11.

12.

13.

cos(—8) = cos # =1 = (r,—8) and (—r,—#) are on the graph
when (r,8) is on the graph = symmetric about the x-axis and

the y-axis; therefore symmetric about the origin

sin (7 — #) = sin 8 =1 = (1,7 — ) and (—r, 7 — 8) are on
the graph when (r,#) is on the graph = symmetric about the

y-axis and the x-axis; therefore symmetric about the origin

—sin(r —6) = —sin § =% = {r,r—§) and (—r, T — 8} are on
the graph when (r,#) is on the graph = symmetric about the

y-axis and the x-axis; therefore symmetric about the origin

—cos(—8) = ~cos # = 1% = (r,—8) and (—r, —8) are on the
graph when (r,f) is on the graph = symmetric about the

x-axis and the y-axis; therefore symmetzic about the origin

Since { T, —9) are on the graph when (r,#) is on the graph
((£1 =4 cos 2(— ) = r? = 4 cos 20}, the graph is
symmetric about the x-axis and the y-axis = the graph is

symmetric about the origin

Section 9.7 Graphing in Polar Coordinates 875
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14, Since (1,6} ou the graph = (—r,#) is on the graph
((+r? =4 sin 26 = r? = 4 sin 26), the graph is
symmetric about the origin. But 4 sin 2(—0) = -4 sin 24
# 12 and 4 sin 2(7 — 6) = 4 sin (27 — 26) = 4 sin (—26)
= —4 sin 20 # r? => the graph is not symmetric about
the x-axts; therefore the graph is not symmetric about

the y-axis

15, Since {r,#} on the graph = {-r1,8) is on the graph
{(+r?=—sin 20 = 12 = —sin 20), the graph is

symmetric about the origin. But —sin 2(—6) = —(—sin 28}

sin 26 # r? and —sin 2(x — #) = —sin (27 — 26)
= —sin (-20) = —(—sin 26) = sin 20 # r? = the graph
is not symmetric about the x-axis; therefore the graph is

not symmetric about the y-axis

16. Since( & r,~f) are on the graph when (r,4) is on the
graph (( + 1% = —cos 2(—8) = r* = —cos 20}, the
graph is symmetric about the x-axis and the y-axis = the

graph 1s symmetric about the origin.

=X ——— _1.r = _ T ==
17.9—~2=>1'__ 1= 1,2),and6'— = r=-1

t’ sin 8 +r cos @
[}

=1,~T}; ¢' = 9L~ _sin 6; Slope =
:"( ’ 2)** dg = T R = e G —rem 6

—sin®f +1 cos 8
T —sinf cos B —rsind
—sinﬁ(%)+(—l) cos%

= —1; Sl t(—=1,—%Vi
—sin%cos%—(—-l) sin% ope # ( 2)15

) L s
~sin( —F} cos( ~ T}~ (~1) sin( - F)

= Slope at, (—1,%) is

Padsin 2

O{L

<1

t?a-sn2p

[=1,-m2}

-1

% Tw-1+cas0
X

{-1.m2)




IB.A=0=r=~I=2{-1,0)and =7 =1~ -1 = (—1,n); ¥
r_dr _ . r'sin@+rcosf® _ cos@sinf+rcos b
r_dg_cosﬂ,Slopc_.r cos@—rsinfd cosfcosf—~rsméb

15.

20.
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cosEsm @+rcosf

. cos 0 sin0+(~-1)cos 0

= 8l t (-1
cos? @ — 1 sin 6 ope at (~1,0) is

. cos wsin T+ (—1)cos 7 B

cos?0 — (—1)sin 0

=18

= —1; Slope at (—1,m) is

P ( ) cos’ 7~ (—1)sin 7
N = A\.p—_T [ _T.
f=Z=r=1= 1,4),9_ == 1:,»( 1, 4),
=3 - _ ~1.37). p= _37m - 3
9—4‘::’1'— 1'—‘>( 1,4),9— q Z}l‘—l:’(l,—T),

i

r 3—9=2c0529

r’ sin f4+rcosd _

2cos 20 sin 0 +r cos

Slope =
P feosf—rsind

2(:0(

2 cos 28 cos # —r sin @

{-1.—)

(1, -axr)

s (S ey

o (1) R
s ), S )
o1 2L 0

§=0=r=1=(1,036=7=

=r=-1= (4,—%);

9=r=>r=1=>(1,r);r':d

r=-1= (—l,g); g = —327-

dr
g

L} 3 r
=9 r sin @4+ rcosd _ —2sin 260 sin § 4 r cos @ (lord)
sin 26; Slope = cosf-rsinf —2sin20cosf—rsind -
= Slope at (1,0} is :g :i:‘l g 2::; %“::?; g, which is undefined; . o
—2sin 2 sin{ 5 )+ {—1) cos
Slope at(—l,—g)l (2) ( ) (2)= : )
-2 sin 2(%) cos( )—( 1)51n( ) L
~1.2)

Slope at (—I,

—2 cos 2(
i 2(-

Slope at {1,7) is

—28in 2rcos T —sin w

=2 sin 27 sin « T cos 7r' which is undefined

BT7
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21. (a) y

"

(L] =

22. (a) y
; t.comt
23. (a) v
: /\
%{j‘
.
24, (a)

25.

r=.q

1
\l_j’
2 2
raf-
-3

{b)
{b)
AT
{b)
S VAR I
:-%-iﬂ L]
&
(b}
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— __2 — _
26.r_25ec8;*»r_-50592>1'c059—2=>x—2 (242, 1/4)

r=2sech

(2/Z, -x/4)

27. 28.
¥

G<r<2-2cosé

-4

Ha

29, 2,31r) is the same point as (—2,- %), r = 2 sin 2(—1)= 2 sin(—%) =-2= (—2,—%) is on the graph
3

m

) is on the graph

s
30. (%,3%) is the same point as (—%,%); r= —sm(T)) = —sin % = ——% = (—%,72—") is on the graph = (%,32—“-)
is on the graph
i ] ratesoad
31.1+cos€:1—cosﬂ=:-cos9:0::'9:%,3%:”*:1; [Pk )
points of intersection are (1 1) and (l 3—“’) The point of
*2 12 3 ’ + x
intersection (0,0) is found by graphing.
71
¥
32. 14+sinf=1-sinf=>sinf=0=6=0,7=r=1; "'("“" z
points of intersection are (1,0) and (1,x). The point of
intersection (0,0) is found by graphing. X v
e
rat-gnB|-2
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33. 2sin § = 2 sin 20 = sin # = sin 2§ = sin § Z ra2sne

=T = —\/5; points of intersection are %

T
3 r=2sn28
-2

(0,0), (v3.5). and (-v/3,-%)

=2sinfcosf=>sinf—2sinfcosf=0

= (sin 9)(1—2cos€)=[}:~sin&:DorcosB:—%

=>9=0‘

or —Z;8=0=r 0,9:%:”:\/3,

BS{ret

34. cosf=1l—~cos#=>2¢cos0=1=cos =

= p=T —£=>r—l ts of int by racosd
=%, -3 5 points of intersection are
(%,%) and (%, —%) The point (0,0) is found by T
graphing. ful-co58
2
35.(\/‘2) =4sin9=>%zsin9:>9:-ﬂ: 561r points y ,
f=dsing

of intersection are (ﬁ,%) and (\/i,%) The

points (\/_ -'ﬁ) and (\/E, —-‘r)ﬁ—?r) are found by

graphing.

r=V2

38. v@sinﬁ:ﬁcosﬂﬁsinﬂ:cosﬁ:?ﬁ:%{-,%;

9:%:>r2=1=>r::kland9__§£=>r —1

= no solution for r; points of intersection are ( =+ I,Z)

The peints (0,0) and ( + 1’34_1) are found by graphing.

37. 1=2sin 26> sin20 =329 =2, 5% 13x 1ir L 2cnz0

= 8= % ?—2 113; , 1172“ ; points of intersection are v \./l
(l,%) ( 5—;) (I 13“’) and (1 17—“) No other x

’ * 12 t12 e 0
points are found by graphing. ( E {‘/
]




38.

39.

40,

41.

V/2 cos 20 = /2 sin 26 = cos 26 = sin 26=>26=g,54—”,

97r 1311' 5_1r9_:lr 13?1'9 gr_ T2
g'8" -

=>0= 8

137

T = —1 = no solulion fer r;

mlcn 00I=|

=r=x18=

=T
points of intersection are ( %) and ( 7"). The point of

intersection (0,0) is found by graphing.

12 = sin 20 and r® = cos 2¢ are generated completely for

0595%. Then sin 26 = cos 26 :>2n‘3'._4 is the only

2 —_1
solution on that interval = 6 = § = r* = sin 2( )— \/_

ol

1 . . . 1
= r = X —=; points of intersection are | + —== 5 |-
v (*7%%)

The point of intersection (0,0) is found by graphing.

1—sin%=1+cosg=>~—sin%:cos% %:%Tﬁ,%ﬂ-'
3z Iz, 3r - 3 _ _ﬁ
::-9_.7 5 Q_T:r_lﬁ—co 4_1 5

2 .
# =221:> r=14cos 741 l+%; peints of

intersection are ( —i 3—”) and (1 + \éi 7"7). The

three points of intersection (0,0} and (1 T’%) are
found by graphing and symmetry.

29_1 5 13r 17x
=%

1=2sin 28 = sin 20 = 66 ' 6

ml'—'

—J_Léil?'_ff 17x,
0= 19 19 12

(i,%), (1,%—;—), (1, 1132“) and (1,%). The points
of intersection (1, lg) (l, 1112”) (1, 1192”) and
( ‘2132 ) are found by graphing and symmetry.

points of intersection are

Section 9.7 Graphing in Polar Coordinates

¥

—T1
r2a V2 sinze

]

-2 2

2=z cos 28

rel -sin%

881
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2 -9 gin 20§ T
42. r* = 2 sin 26 is completely generated on 0 < 6 < 5 SO 2oz s}in 26
_x

that 1=2sin 20 =>sin 20 =L =20=T 5T 4 ¢

2 6' 6 12’

?—g; points of intersection are (i,ir-) and (1,@[). The

rm1
f
12 1 3
points of intersection (—1,%) and (-1,%) are found @j
-1

by graphing.

43. Note that (r,0) and (~r,6 + 1) describe the same point in the plane. Thenr=1—-cos # <& —1 —cos(# +7)
= —1—{(cos # cos ™ —sin # sin 7) = —1 4+ cos # = —{1 — cos §} = —r; therefore (r,8) is on the graph of

r=1-cos @ & {—r,6 + 7} is on the graph of r = —1 — cos # => the answer is (a).

¥ Y )

o O
) yC

r=1-cos8 r=-1-cosé r=1+cos8

44. Note that (r,#) and {—r,# + 7) describe the same point in the plane. Then r = cos 26 & -—sin(2(9 + %)} +~275)

= —sin(28 + %‘1) = —sin(26) cos (57“)— cos (28) sin (5%) = —cos 28 = —r; therefore (r,8) is on the graph of

= —sin(?ﬂ +%) = the answer is (a).
¥

_ _ AORY
N

F=cos 28 rt-sin(23+%} r=-cos=
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45. 46.

¥
r=1 +Zs1'n-az
41. (a) (b) (c) (d)
¥ ) ¥
L r=cus-§ Y ¥
\ o 28 recos 38 g
T @J X A X X
48, (a) (b} ()
y y
/\.)2 e N \
(d) ! {e)
[ r =110V

2 2
49, (a) r2=—4cosﬁ::»cos@:—%;r:l—cosﬂ:}rr:1—(—%)=>O=r2-*4r+4:>(r—2)2=0

2
= r = 2; therefore cos § = -ZT =—-1=# =7 = (2,r) is a point of intersection
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50,

(b} r:O:‘»02——“4(:039#cosﬁ:ﬁéﬂ:%,%ﬁ:»((],%)or( ,321)18011thegraph;r:ﬂiﬂ:l—cosﬂ

= cosbf=1=>8=0= (0,0)is on the graph. Since (0,0) = (D,%) for polar coordinates, the graphs

intersect at the origin.

(a) Let r = f(f} be symmetric about the x-axis and the y-axis. Then (r,d) on the graph = (r,—8) is on the
graph because of symmetry about the x-axis. Then {~r,—(-#)) = (-1,8) is on the graph because of
symmetry about the y-axis. Therefore r = f{#) is symmetric about the origin.

(b) Let r = (8 be symmetric about the x-axis and the origin. Then (r,?) on the graph = (1, —§) is on the
graph because of symmetry about the x-axis. Then [~r,—0} is on the graph because of symmetry about
the origin. Therefore 1 = {(#) is symmetric about the y-axis.

(¢} Let r = f(#) be symmetric about the y-axis and the origin. Then (r,f) on the graph = (—1,—@} is on the
graph because of symmetry about the y-axis. Then (—(-r),—8) = (r,—8) is on the graph because of

symmetry about the origin, Therefore r = {(#) is symmetric about the x-axis.

. The maximum width of the petal of the rose which lies along the x-axis is twice the largest y value of the curve

il
i
£(6) = 2 cos 20 sin 6 = 2(1 -2 sinzﬁ)(sin f) =2 sin 6 — 4 sin®§ = ['(6) = 2 cos § — 12 sin® 8 cos #. Then

(8) =0 = 2 cos § — 12 sin®@ cos # = 0 = (cos 0} (1 — 6 sin’ 9} =0 =>cos 8 =0 or 1 —6sin6=0 =>0="For

on the interval 0 <@ < % Su we wish {0 maximize 2y = 2rsin # =2 cos 20sin fon 0 <A <. Let

Since we want 0 <8< L

_4‘
4.1 M

sin # =

-9 ( =
interval 0 €8 < % Therefore the maximum width occurs at # = sin™? (ﬁ), and the maximum width

2/6
5 g

we choose § = sin ™ (L) = f(#) = 2 sin # — 2 sin>#

NG

. We can see from the graph of r = cos 26 that a maximum does occur in the

7__
)_

. We wish to maximize y =r sin # = 2(1 4 cos 8)(sin §) = 2 sin § + 2 sin 4 cos #. Then

39—2(:039-}—2(31116)(—sm9]+20059cos€_2c0q9 2 5in%0 +2 cos? § = 2 cos f + 4 cos® § — 2; thus
35—0:4035 84+2co86-2=0=> 2cos 3+c056‘—1-_0:>(?cosﬁ—l)(cosﬂ-{-l)—[):}cosﬂ*-%

orcosi=—~1=48= g 5;-, w. From the graph, we can see that the maximum occurs in the first quadrant so
x T sooq T 3\/5 . . s T
we choose § = 7 Ther y = 2 sin 3-+2 sin 5 cos g = —5—. The x-coordinate of this point is x =1 cos 3

3\/§ . 3

=2 (1 + cos % (cos %) = -g- Thus the maximum height is h = —5— occurring at x = 3
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9.8 POLAR EQUATIONS OF CONIC SECTIONS

V3 V3

+sin # sin %):5:»—r €08 9+%r sin6=5=>—x+%y:5:> \/gx-i-y

1. rcos(ﬁ——)_5=>r(cm8cos 7 3

6

6

2.1 cos(ﬁ—%{i)z 2= r(cos # cos 3‘r+s.1n # sin 3”) 2= ——?r Cos 6+§r sin 6 =2

2

4 y=2=—/2x+V2y=4=2y=x+2/2

\&

=> - x 4

3. rcos B—Q) 3:>r(cos€cos4“+smﬂsm 4“)_3:—lrc059—£rsin€:3

3 3 3 2 2
x—§y=3:»x+\/§y=—6:y=—§x—2\/§

Faniine N

== —

B

1. r cos(B«—(—E)): 4 = rcos(3+g—)=4 = r(cos ] cos%—-sin & sin %):4

q
V2 V2 V2 V2

5 rcosB—Trsmb‘ 4:>Tx— 5 y——r:>\/§x—\/_y:8=>y:x—4\/§

5. reos{6—Z \/_=>r cos 8 cos T 4 sin 6 sin !
(#-5)= V= (e b} 1)
2" I+y-2

_\/_:>\/_rcosﬂ+\/§r31n9——\/_=>\/_x+\/—

P + —x
=\/§:x+y=2:>y=2—x 1 2\

6. r co‘;(9+34ﬂ-)_ 1= r(mq # cos 3:4—7r~—sm # sin 3”) 1

Y
:>——§rcos9—¥rsin9:l:>x+y=—\/§ \ l xey=NZ
]

=y=-x-V2 \t\
-2
Y

7. rcos( —23—“-)23::-1'(!:058{;052 +sin # sin 2”)-3

3 3
1 V3 1., V3

= — 51 cos 9+Trsin9=3=>—§x+~§—~y=3

= —x+\/§y=6=>)’2§}(+2\/§

=
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8.

10.

11.

12.

13.

15.

17.

19.

3 3 3

+ x~d§y-4
=>%r cos 9—£r3in9=2=>-1-x-——\/—§y:2

2 2 2 T .
V3 43 t
=>x-\/§y=4=>y=——3—x~—3— ——?’—5..

T cos(ﬂ-f—i): 2= r(cos @ cos T —sin # sin 3—): 2

\/ﬁx+\/§)’=ﬁ=> \/5: cos 9+\/§rsin9=6:>r(%cos 9+%_2—sin 9):3z>r(cos%cos 6+sin%sin 9)

:3:>rcos(9-——g—)=3

ﬁx—y:l:&— \/gr cosf—rsinfd=1 :»r(@cos 9—%sin 6):%:r(cos%ms B—Sin%sin 6)

=1ls rcos(9+1)=

1
2 6/ 2

y=-b=>rsinf=-5= —rsin9:5:>rsin(—9)=5=>rcos(%—(—9)):5=>rcos(9+%)=5

x=-4d=rcosbf=—-4=>-rcosf=4=>rcos{f—w)=4

r=2(4) cos f = 8 cos 8 14, r=-2(1)sin §=—-2sin @
r=24/2 sin 6 16. r:—-Q(%)cosez—-coaﬁ
18.
¥ Y
£, Radus=3
{2.0) L
’ x {2.w2)
Radius = 2 x
ra=ésing
20.
Y ¥

m e o
1.X
3
-2 Radius = 1 l
{—%.x2}

-8




21 (x~6)2+y* =36 = C=(6,0),a=6
= 1 =12 cos # is the polar equation

¥

x-62¢y%ans
re 12 cosd

4
>/

2. x4 (y-52=2=C=(0,5),a=5

= r = 10 sin # is the polar equation

x
(5.0)

r=10%in6

ety -5 w25
(0,5}

25, x?+ 2 +y?=0= (x+ 1) +y* =1

=>C=(-10a=1=>1r=-2cosfis

the polar equation

xe 1) ey
fu-2cos

-0

£ )
N

Section 9.8 Polar Equations of Conic Sections

22. (x+2)24y*=4=>C=(-2,0),a=2

= r = —4 cos # is the polar equation

re=4cos@

y
/\ (x 42)2¢y=-4

(-2.0)

2. X°+{y+7¥ =49 = C=(0,-T),a =7
= r = —14 sin @ is the polar equation

'.(24» (y¢7)3-49

r=<14 sing

{0-"7)

26. x> - 16x+y2=0=> (x—8)2+y2 =64
= C={(8,0),a=8 = r =16 cos # is the

polar equation

y

(:-a)zq-ye- B4
r=18cos

(8,0}

887
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27. x4yt +y =0 :>x2+(y+

={p _1
=C=(0-1
polar equation

-4

),a:%:ﬁ»r:—sinﬂis the

polar equation

_2Y _4
3 =3
%sin # is the

b4 Y 2
s 2 xz+(y—(2f3})-é!9
x“+(y+(12)) wti
Tm=sing (0.23)p
r = {4/3}) sin®
X X
L 10-1/2)
0 .= _ O
29'e_l'xvz:k_2:>r_l+(1)cos€_l+c059
_ — _ I ¢
Woe=ly=2= k=2 SOy = TS em
—f v g _ __6(8) _ 3¢
She=dy=-6=k=60= 1= a9 =1"fa7
P - _ 42 _ 3
32.e_.2,x—4:~k-4;‘~r—-1+2m59_1+2c039
33 e:lx:lzbkz:l:}r: (%)(1) 1
2 1+(%)cosn9 2+cost
1 (%)(2) 2
34.6:3,3{:-2;*’1::2:};": i :4 g
1—(;).:059 —cos
1 (%)(10} 10
35.e=5,x=—10=>k=10=>1-: n E—oind
1 —(5) sing ©°—sin
36 e:l y=6=>k=6=>r= (%)(6) = 6
3 1+(%)sin9 34+sin #
-1 _ _ _
37.r_]+(:0€9=>e_.1,k-.1=rx—1 y
=i
. 1
(11’2.0)\\ 1+°ﬂsax
//1




6 3 1
38. 1=; — = Fe=—z, k=6=x=8;
2+ cos ¢ 1+(%)cosﬂ 2
2
a(l—ez)=ke=>a[1~(%)]:3:%.3:3:3.:4
= ea=2

(3)

1
2

39, r=a 2B

-5 ,3,_ — 10 |
-—§=>4a_ =>a._3=>ea_3
—_ 4 _ 2 _ _ -
40.r_2_2c058=>r_1_c038 e=L,k=2=x=-2
(400)
400 16 25
41. r = - =r = > =
16 + 8 sin 8 BY._: 1
1+(-1-g)sm9 1+(2)smﬂ

2
e=‘%ak=50:ry=50;a(1——e2)=ke=>a[1—(%-)]

— 3, = — 100 - 20
—25=>4a._25=»a— 3 :>ea~3

Section 9.8 Polar Equations of Conic Sections

r= 2icos® =t

BTN
(B.x)\ /(2,00 |

25
X w5 M= 0-5c0s0

AR

(sm,x}\ (5.0
y
. 4
Xm=g 2-2 cosB
/
A6 '
{1 [~

4

yu50

{5032l , 400
f\{' 16856

kjﬁm.sm;

{50,372y’ |

889
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12 _ 4 _ ___ 8 _ 4 _
or T STy T = b Bor=r s " ST = b
k=4=y=4 k=4d=>y=-4
y rr- ,
T z2-2sin@
r-‘

e U
e S,

(2.37/2)
y-‘-4
4 2 1
44, r = - S>I1= =e=35 k=4 Y
2—sin 1 —(%) sin 0 2 o | ten
2
=y =4 al1-e?)= ke#a[l—(%) ]:2
] (443,%72)
3 8 4
=>Za=2=a=5>ea=gz x
4 3 3 \\J
(~4/3, w52}
¥
45, y 46. y
Dsrs2cos®
—deosBErsl
G .
Sy
47.

y 48.
Y
\r=3m(8-x/3) r=dsec@+n/6)
AN /
b 4

AN E

49, 50.

r=4sing

o

r=-~2cos &




51.
Y
+ : + x
!,/
* 1
r=8/(4+cos 8
53.
Y
-1‘I’1 *
ra 1/(1—sin &)
55.
y
175t

/ | 1\
re=1/(1+ 2 5in 8)

57. (a) Perihelion = a — ae = a{l — e}, Aphelion —ea+a = a{l +e)

(b) | Planet Perihelion Aphelion
Mercury 0.3075 AU 0.4667 AU
Venus 0.7184 AV 0.7282 AU
Earth 0.9833 AU 1.0167 AU
Mars 1.3817 AU 1.6663 AU
Jupiter 4.9512 AU 5.4548 AU
Satrun 19.021¢ AU 10.0570 AU
Uranus 18.2977 AU 20.0623 AU
Neptune 29.8135 AU 30.3065 AU
Pluto 29.65649 AU 49.2251 AU

o2,

54,

Section 9.8 Polar Equations of Conic Sections 891

r

i
N

= 8/(4 + sin 8)

h
/1/2
rom 31+ cos 8)
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) ~_(03871){1-0.20562) _  .3707
88. Mercury: 1= S cos 8 — 1% 0.9056 cos @
Venus: g = (0-7233) (1-0.0068°) 7933
emus: T =Ty 0 0068 cos 8 1+ 0.0068 cos §
2
Farth ¢ LU =0.01672) _  0.9097
T+00167 cos@ 1+ 0.0617 cos 8
Mars: 1o (1.524) (1 — 0.0934%) _ 1511
S =TT 0.008d cos 8 1 +0.0934 cos 8
- _ 2
Jupiter: 1= (3.203)(1 0.0484 )= 5.191
14 0.0484 cos ¢ 1400484 cos @
2
Saturm: o — (9.539)(1 - 0.0543 ): 9511
1+ 0.0543 cas @ 1+ 0.0543 cos ¢
_ 2
Uramus: = (19.18)(1 — 0.0460 )= 19.14
1+0.0460 cos &~ 1+0.0460 cos 6
(30.06)(1 —0.0082%) 30.06
Neptune: 1= = i85 cos § — 1+0.008% cos 0
59. (a) r=4sin § = 2 = 4rsin § = x° +y% = 4y; y (2\5“)
tmdsing —— iy
_ _ V3 - 3.3
~\/§sec6=>r_cosgr>rcosﬂ—\/§ ( )
2
=>x=\/§;x=\/§=r(\/§) +y2 =4y {5‘1)
:>y2-4y+3=0=>(y—~3)(y—1):0=;-y=3 4‘\(2:#6}
or y = 1. Therefore in Cartesian coordinates, the points r=y3 secy ——
of intersection are (1/3,3} and (1/3,1). In polar
coordinates, 4 sin # = /3 sec § = 4 sin # cos § = /3

;‘r251n9c039_-£:>51n29“ﬁ:&29—
2 2 3°
27

3 =>€__Eor—~ 9_6:>r_2 andﬂ_g:r—Z\/_é( %)and(?ﬁ,%)arethepointsof
inlersection in polar coordinates.
60. (a) r=28cos § = r? = 8r cos # = x% +y? = 8x y )
Xm
:~x2—8x+y2=0=>(x—4}2+y2=16;
2 14.%0
r=2sech=>r=

=recosf =1 f=8cosh
cos ¢
ﬁx:?;x:2:>22—8(2)+y2=[] / \

=>y:=12y= :I:Z\/E. Therefore (2, :i:2\/§) x

(4 ,5w3)—

are the points of intersection in Cartesian coordinates.

&—=43)

In polar coordinates, 8 cos 6 =2sec ¥ => 8 cos’f =2

1 _ T 2r 4«
= €08 9w3=>c059 i ::9—3 Fagoor

5; f= § and a?:r =>r=4,and § = 3 T and 43"7 =Hr=—4 = (4 3) and (4,5%) are the points of intersection

in polar coordinates. The points (—4,%’7) and ( 4,4{) are the same points.



61.

Section 9.8 Polar Equations of Conic Sections

4

reosf=4=>x=4=k=4: parabo]aée:lér:m

2

62. rcos(f?——%):?:}r(cosﬂcos L +sin 4 sin %):2:>rsin9:2:>y:?:>k=2: parabola = e =1

63.

64.

65.

66.

2

=>r=1+sin6

(a} Let the ellipse be the orbit, with the Sun at one focus.

r -1 .

= —a— ‘max ~ "min

Thenr , =a+candr ; =a c = T,
max min

_(ate)—(a-¢) 2 _¢ Y

= o =8

“{at+c)+{a—c) 2a" 2

i

(b} Let F,, F, be the foci. Then PF; +PF,; = 10 where P EU

-

P is any point on the ellipse. If P is a vertex, then
PF,=a+4+cand PF,=a-c= (a+c)+{a—c) =10

= 2a=10= a=>5. Since e=3 we have 0.2 = % = ¢ = 1.0 = the pins should be 2 inches apart.

e =0.97, Major axis = 36.18 AU = a = 18.09, Minor axis = 9.12 AU = b =4.56 {1 AU = 1.49x 108 km)

(@) r=ke _ali-¢®) (B0N-(0DF]_ 101,
l+ecosd@ 1+ecost 14097cos@ — 14097 cost
- _ __Lo7 .. — 7
(b) 9_0=>r———~1+0.97~0.542? AU =808 x10 km
_ I R | Y — 9
{c) f=n=r=1"5g7~ 357 AU~ 5.33 x10” km
x% 4 y%—2ay =0 = (r cos 8)% +(r sin §)> — 2ar sin § = 0 {
r=2asin @
= 1% cos®§ +r® sin®f — 2ar sin # = 0 = r? = 2ar sin #
= r = 2asin #
3)
> X
0
y? = dax + 4a® =» (r sin 6)% = 4dar cos 8 + 4a% = r? sin?¢
=4&11‘ccbst'i'-+—t1ar"=:>1'2(1—(:1:952(9)=4.?1.1'(:059—#4:‘:12 y
= 12 — 12 cos? = 4ar cos § + 4a% = r? r=’|_%?:m

=t? cos? 6 + 4ar cos § +4a? = rZ = (1 cos § + 2a)°

= rz= d(rcosf+2a)=+r—rcos @ =2aor

_ _ _ 2a _ —2a
r+rcos = 2a.=>r——-—-—-—1_msgorr—-——-—-~—l+039,

the equations have the same graph, which is a parabola

opening to the right

893
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67. xcosat+ysina=p=>rcosfcosatrsinfsina=p y

= r(cos fcosa+sinfsina)=p=>rcos(f—a)=p
recos{B-a)=p

al ™~

68. (x%+ y2)2 +2ax{(x® +y%)~a%y? =0
= (rg)2 + 2a(r cos 8]([2)—32(1- sin 6)2 =0

= 1?4 2ar3 cos # —a*r? sin?d =0

-

= rz[r2+ Zar cos § —a2(1 —c0529)1= 0 (assume 1 3 0)
= 1% + 2ar cos 6 —a® + 2% cos? P = 0

4
=>(r2+23.r cos # + a2 coszﬁ)—azzﬂ 2 )
2

= (r+acosf)’=a’=>r+acosb= +a

-a
= r = afl —cos §) or r = —a(l +cos &); r=a(tl - cos @)

the equations have the same graph, which is a cardioid

69. Example CAS commands:

Maple:
6=t - kee/(1+excos(t));
k:=1; e:= 3/4;

plot(r(t),t=~Pi..Pi,coords=polar,view=[—-4..1,—3..3]);

Mathematica:
Here we define a simple polar plotting function, for convenience:

polarplot[ r_, {ang_.,a_,b_}, opts_ |} =
ParametricPlot[{r Cos[ang], r Sin[ang]},
{ang,a,b}, opts, AspectRatio-> Auntematic]
SetAttributes| polarplot, HeldAlN ]

Clearle k.t
rt.] = ke / (1 +e Cosft])
k = =2;

e = 3/4; polarplot[ r[t], {¢,—Pi,Pi} }

Note: for the parabolas, a smaller range of theta gives a good picture:
e = 1; polarplot] r[t], {t,—3,3} ]
e = 5/4; polarplot] r[t], {t,—PiPi} ]

70. Example CAS commands:

Maple:
=t -> as(1-e2)/(1+excos(t));
ar=2; er= 1/3;

plot(r(t),t=—~Pi..Pi,coards=polar,view=[-3..2,-3..3]};

Mathernatica:
See Exercise 69 for the polar plotting function.

o] = a (1 — ¢2) / (1 + e Coslt)
e = 9/10;
a = 1; polarplot] r[t], {{~—PiPi} ]
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9.9 INTEGRATION IN POLAR COORDINATES

L%

i 2 T

1. A:J La+2 cos 0 dG:J 1(16 + 16 cos 0+ 4 cos?6) d6 = J [8+8 cos 0.4 2( 105 26)] 4
0 4] 0
2
. 1. 2
:J {9+ B cos 0 + cos 26) d9=[98+83m9+§sm 29] = 18«
o 1]
2T 2r 27
2. A=I %[3(1""505 8))? J %3-2(1-!-2605 6+ cos?6) df _—_%—az J (1-!-2 cos 9+l+—c;s——%)dﬂ
o Q o]
211'
1.2 1 3.2
= Za +2cos€+ cos 20 1 df = za B+2sm6+ sin 28| =:=a
3] (rremergonauefelfosammes a3
w /4 wi4 /1
- 1.2 _ 1+ cos 48 _l[ sin 4017'° _«
3. A=2 f Lcos 29d9_J e f d9*29+TL} =z
o] ]
LI w /4
4. A=2 1222 cos 20) d6 = 2a2 cos 28 df = 27 |$in.20 26]™7 a2
2 -4
~rf4 -rjd
/2 mf2
5. A=2 J -21-(4sin 26) df = J 2sin29d9={-—c0329]g;2=2
0 ]
7/6 /6 ;
wi6
6. A=(6}(2)I %—(2sin 36) d6 = 12 I sin 39d6=12[-@§3ﬂ] =
) 0 0
7. r=2cosflandr=2sind =2cosf=2sm# y
:vcosﬂ:sinﬂ:bﬂ_4,therefore rm2sinf
/4 = {4
A=2 J %(251n9)2d9= J 4 sin%9 48
0 0 re2coz @

/4 w/4

= f 4(1—02_0623)de J (2 —2 cos 26) d6 X U X
U a
-1

=[28 —sin 29]”“ %—1




896 Chapter 9 Conic Sections, Parametrized Curves, and Polar Coordinates

8. r:landr=23in6:>25'm9=1:>5inﬂ:1

ol
g

5w /6
_-\ -2ind
= 0= % or %75; therefore A = 7{1)2 — I %[{2 sin 8)? ~ 12] d¢ ress
w /6
52 /6 57 /8
— 20—V dg = - -1
=n f (25in?0 Q)dﬂ_-:r J (1~ cos 20 1)de _ s
w6 nf6 —/
511‘/6 51.—’1’6 rm]

=7 J (%—cos 29) dB:fr—[%G—?_i%Q_B]

76 = /6
T

_ 57 _ 1. b7 1. gy 4r =33
=r—(F-dm )+ (f-jemf)=""5"

9. r=2andr=21—-cosf) > 2=2(1—cos ) > cos § =0
wj2

= 8= ig-; therefore A = 2 I %[2[1 —cos )% d# y
o rau=2(l—tos &)
wf2
rm

+ % area of the circle = I 4(] — 2 cos 8 +cos® 9) df +(%r)(2)2
0

wf2

J 4(1—2 cos 9+1Lc20ﬁ) df + 27

Q
wi2

J’ (4—8cos @ +2+2cos 26) df + 27
1]
(60— 8 sin 6+sin 2]/ + 27 = 57 ~ 8

H

10. r=2(1—cos f) and r = 2(1 + cos §) => 1 —cos # =1 +cos §
Scsf=0=0= % or %1; the graph also gives the point of y

intersection (0,0); therefore r=3(1-+00 6)
xf2 ™
A=2 J %{2(1 —cos M2 do+2 J %[2(1 + cos 6))? 46 x
0 nf2
7.',{2 x h
= 4(1-—2cosﬂ+c0526)d6'+ J 4(1+2c059+c0326‘)d6

rm 2] = cos @)
0 /2
ni2

*
= 411 -2 cogg.{_}_jﬂgg dé + 4 1+2C°58+1+COS 28 de
2 7

0 wf2
x{2 1
= (6 — 8 cos 8 + 2 cos 26) dff + J (6 + 8 cos 6 + 2 cos 20) df
0 x/

2

— 1660 — 8 sin 8 +sin 28]/ % +]66 + 8 sin 6 +sin 26]",_ = 67 — 16
0 wf2

/



11.

12.

13.

14.

rz\/'o_'andr2:£6cos29=>3=6cas?ﬁ:?cos:w:%

=4 =% {(in the 1st quadrant); we use symmetry of the

: w/6
graph to find the area, so A =4 I [% (6 cos 24) — %( \/5)2]
]
/6
=2 J (6 cos 26 — 3) df = 213 sin 23—36]3’6 =3v3-n
Q

r=23acos f and r = a(l + cos 8) = 3a cos # = a(l +cos f)

:-3cosﬁ:1+cos€:>cos€=l=>6=£0r—%;the

2 3
graph also gives the point of intersection (0,0); therefore
n/3
A=2 I %[(3&\. cos 8)° —a®(1 + cos 9)*] d8
1

w/3

= J. (93.2 cos? @ —a? — 2a% cos 6 —a® 00529) dd
D
w/3 {3
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¥
2 r::.,/i
dé X
=G cas 28
¥
rwiacosd
a
( X
3a

reail + coa )
-2

= J (Ba2 cos’ 8 —2a’ cos 0 ——a2) dé = J [43.2(1 + cos 20) — 2a2 cos B —-az] dé
1] 1]

/3

a0
=a2(7r+1—\/§)
r=1a.ndr=—2cosf3:>l:—?cosﬂ::»cosﬂ:—%
=6 = 2% in quadrant II; therefore

ko T
A=2 J' %[{—2 cos 0)2 - 1%]d8 = J. (4 cos?8 -1} d¢
2% /3 27 /3

o

= J [2(1 + cos 20) ~ 1] d6 = J (142 cos 26) dé

2773 2n/3
. 3
=I9 + sin 29];;3 =%+%
2n/3 2% /3

= J (322 + 4a? cos 26 - 2a? cos 9) d# :[3329 + 2a? sin 26 — 2a? sin 6‘];!3 =wal+ 2a2(%)— Qaz(é)

r=—2cosf

Inf3

(a) A=2 J 12 cos 641)? df = J (4 cos?8+ 4 cos 6+ 1) do = J [2(1 + cos 26) + 4 cos 0 + 1] 4
0}

0
2r/3

= J (3+2 cos 28 + 1 cos §) df =[38 +sin 26 + 4 sin §]

0

6]

3:27:——-+——=21r+

2w/
0 2

V3, 4/3 3v3
2 2
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16.

(b} A =(21r +32ﬁ>—(, —i)= 7 + 34/3 (from 14(a) above and Example 2 in the text)
5. r=6andr=3csc > 6sin0=3>sinf=F=8=1
5w /6
or 5—"7; therefore A = J -1—(62 — 9 csc?) de
6 2 r=3cscd
/6
am/6 -
=/ 9 9 5x /6 X
J (18w§csc28)d9:{186+§cot9]
=f6
"y
r=b
( ﬂ'——\/_) (3w+%\/§)=121r—9\/§
12 = 6 cos 2Gandr—§sec9=>%sec 9w6c0323=>29—4—cos 9::0529:»— (cos 9)(2(:05 6—1)

17.

=[]=>c:0320:%0r costf =

quadrant); thus A =2 I %(6 cos 20 -g—seczﬂ) dé = J (6 cos 268 — 2 sec 0) dé = [3 sin 20 — -— tan 9]

(a) r=tan 9andr:(ﬁ)cscﬂ—ﬂ-tanéz(ﬁ)mce

3

5= 2 cos?f —cos? § = 2 (:0549—-(:0529—%:0 = 16 cos*f -8 cos?#—-3=0= (4 cos? 6 — 1)(4 00529—3)

1 V3

—g = cos §=+5- {the second equation has ne real roots) = § = %{- (in the first
w /6 =6
i

4

3(\/5) 4:3[ 3\/05 ;/5:3;/5

2 2 r= H-m)qscay r=tanb
N\ A8
= sin®f = (%) cos § = 1 —cos?d = (?) cos @ \ A, A (.54}
R
=>c0529+(—\é—§)c039—1=0:>c039:— 20r o) X

g {use the quadratic formula) = 8 = % {the solution
%/4 ri4
in the first quadrant); therefore the area of R is A| = 5 tang do = § J (sec?0—1)dp
o

| ¢
Jo

=1 NIPSTEIATY YR Gy 4 W BIN: SOy V2 1__ _(\/5) T _
—2[tan8 8lg _2(1‘..'3.n4 4)_2 8’ (2 ¢ 5= and OB = 5 csc4—1
2
2 2
= AB=14/1° —(\/TE) = % = the area of R, is Ay = %(T)(%) = %; therefore the area of the
region shaded in the text is 2(:—12 —-g-+%) = %_ —2: Note: The area must be found this way since no

commeon interval generates the region. For example, the interval ¢ <8 <T generates the arc OB of

r = tan # but does not generate the segment AB of the line r = g esc f. Instead the interval generates

the half-line from B to +oo on the line r = \/Ti cse f,



18.

21.

22.

r=68%0<8< \/E_) = ﬁ% = 26; therefore Length =

~ 3z 7 "

0 8 [ g
.r:-e—,0<6<w:~¢=£’-—;thereforeLenth:J’ = |+ 5= clb‘-:J
SRR AN A\ T\ )
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(b) lim _ tan # = oo and the line x = 1 is r = sec # in polar coordinates; then lim _ (tan # —sec #)
9—;«/2 - ﬂ_,,r!

= lim (M — ): lim (il—llf'—l) = lim (-%6—) =0 = r = tan # approaches

g—rj2” \cos f cos @ G2 cos f w2~ \—sin #
r=sec fasf — 3—2— = 1 =sgec f {or x = 1} is a vertical asymptote of r = tan . Similarly, r — —sec 8
{or x = —1} is a vertical asymptote of r = tan 6.

It is not because the circle is generated twice from & = 0 to 2x. The area of the cardioid is

T w ™
A=2 [ L{cos 04+1)2 d0 = J (cos?6+2 cos 4+ 1) df = j (A2 2 1 2cos0+1)as

o 0 0

2
= {iﬁ sin 20 4 9 sin G} =37 The area of the circle is A = ‘K(l) = X = the area requested is actually
274 2 2 4

3T _7 _ 5w
2 47 4

NG Vs

[ (9?)2+{2.9)2d9=J' Vi + 462 4o

0 0

VE A

J |61 v/6% +4 df = (since § > 0) J B\/92+4dﬂ;[u:62+4:>%du:8d6;9:0:»u=4,
0 0

= J' ef dez[ea}g-—“e”—l
0

b3

w

r=1+cosé = 4 dr = —sin §; therefore Length = J. \/(1 + cos 8)% 4+ (—sin 8)? df
0

"

m w r
:2[ 2+2c059d6:2J \/4(1'*“’38) J NEES AP [cos(%)d9=4[255n%} =38
0
Q o]

0 Q

x

2
r:asinzg,0595?7,a>0é%:asin%cus%;therehre Length:J \/(asm2 g) +(asin%cos g) dé
a

T ko T
= J \/a sin? %-I-a. sin % gd = J alsm 2‘ ﬁ'sm QE + cos? E d-f? =(since 0 <F<w) a J sm(%)d@
0 4]

T

] gl _
_{ ZacoszJD_Qa




900 Chapter 9 Conic Sections, Parametrized Curves, and Polar Coordinates

/2
2. r= e 0SS == (Tﬁfclznsigﬁ therefore Length = l \/(1 s 9)2 +((1 if:seef)g dé
> /2 -
- J; \/{I +igs 8)* +(13_|EE :;Zz i)‘* =6 J). ]1 + (I!OS CARY, I+ (1 —ililoseﬁ)z a6
/2

. 1 1 1+2 cos 8§ +cos’ 9 +sin’8
= —_— <8<
(51nce1+cosg>00n0 2) 6 _[ (1+c05 6)\/ (1 + cos 6)2 dg
]

/2 *f2 xf2 xf2
—6 J’ 1 2+ 2 cos 40 =6./2 J' =62 J d¢ s J |m32‘d9
1+ I zd 1L 3/2 3/2 2
) ( cos )V(] +cos 8) 2 [1+cos f) > (2 cos? g)a" !
/2 n/4 /4 w/4
=6 J secagdezm [ sec®u du = (use tables) 6 [ﬁ%@ﬂ—u] +% J sec u du
0 0 ° o
=6 LwLllnisem’:u+ta'«nll|M‘l =3[v2+mn(1++/2)]
vz 2 0
24 r——2 Tep<a _—2sinf . therefore Length = T ( 2 )2-}- —2sin d 2cIB
: l—cosf'2—="= df ™ (1 —cos §)%’ & 1—cos d (1 —cos 8)°
wf2
f 4 in?8 t 9 (1-cos 8)% +sin’8
_ J {1+ sin 5140 =6 J ll—cos& 5 dé
o {1 —cos 6) {1—cos?8) 2 (1 —cos 8)

s

2 [
:(sincel—cosﬂZOonigﬁgw)Q ( 1 ) 12 cos  +cos 9+5m6d6
2 1-cosé@ (1—cos 8)?
w2

I

1 2—-2cos B 44 _ I 3
’ J. (l_cos 6) (1 —cos 6)? 4 =2v2 J (1—cos 9)3;2 =22 I 20 372 ,[ lcsc 2|d€
! /2 (2 sin ) /2

xf2
w wi2
=6 J cscs(g) dﬁz(since csc%ZGon%SBSr) 2 .[ escdu du = (use tables)
wf2 w4
12 xf2 1
_eseucotu]™® 1 —of L _T1 B PP 0 Sy ¢
6 [ 3 L!4+2 J csc u du _2(‘./§ {2 In |cse u -+ cot ul]wh)—2[\/§+2ln(\/§+l)]

w4

=2 +1n(1++/2)
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25, r = cos® g = g—; = —sin % cos? %; therefore Length = J \/(coss %)2 +(—sin % cos? %)2 dg
0
/4 /4 xf4
= J- \/CDSG (§)+Sin2(%) cos4(%) df = J (0052 %) \/cosg(%>+ sin2(g) dé = I cos"’(g) dé
¢ o o
/ 26
S [ R
i}

26. r=+/1+sin20,0<8<7/2> 3—5 = %(l + sin 26)_1"2(2 cos 28) = (cos 28)(1 + sin 26)_1/2; therefore

e w3

2 : i 2 2
Length = J \/(1 +sin 26) 4 <95 20 g9 j \/ 1+ 2 sin 26 + sin_26 + cos” 26 4
0 0

(1+sin26) 1+sin 28

»\/2 /3

2
_ A 2sn28 _ 2 _
= J Traay 48 = J V2do=[v20] YV =2
a 0

.2
(1 +cos 26) + S0 20__ 4¢

e STTeo i dr 1 1125 gin 26 -
7. r=+/1+4cos 20 = =5 (1 +cos 28) (—2 sin 28); therefore Length {1 + cos 20)

_ 142 cos 26+c05229+3in229d9_ 2+2cos 26 4o
- 1 + cos 28 - 1+ cos 28 -

0 0

V2 a8 :[\/Ea]g‘/gzzw

foar — 3
o 0"‘-‘-&%
b

b

Fi T

28. (a) r:a::r%:[]; Length = Va?+ 0% df = J la| dB:[aﬂ]g”:h'a.
0 0

(b)) r=acos 8 = E:ld_;: —a sin #; Length =

D——

\/(a. cos 8)2 + (—a sin §)* d6 = J \/&2(c0529 +sin®8) do
0

= J la) d8 =[a8]§ = 7a
)

w

k)
(¢) r=asind = dr — 5 cos #; Length = J \/(a cos 8)% + (a sin §)% d8 = J \/a.Z(coszB-f»sinz&) dé
o 0

daf

lat dﬂ:iaﬁ]g: Ta

i
at— 3
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29, r=+/cos28,0<8 < % ad- = %(cas 20)” 1"{?'( sin 26)(2) = —sin 28, ; therefore Surface Area

Vcos 20’
wf4 5 w4
— . Pyl —sin 24 — / f sin’ 26
= l (27 cos £) ¢(\fc05 26) +(m) dé = l (2m/cos 29)(‘305 §)4/cos 280 +>-—55 cos 28 df
w/4 wfd
= '( (274/cos 26)((:05 ) cos 2 dé = J 27 cos @ df =127 sin 9]“’(4 =2
Q 0
30. r= ﬁew? 0<e<X 5 = g; ﬂ(%)egﬂ {5 3’!2 therefore Surface Area
/2 /2 2 w/2
= J (21r\/§ea‘{2 {sin 8) \/ 9;2 ( 3‘(2) df = I (21r 2e3"’2)(sin 9)1f2e9+%e9 dé
0 0
wf2 w2 /2
= J (21\/596"’2)(3111 #) §e9 46 = J (21*\/5&8'!2)(5111 9)(% 9/2) df = 2x/5 J e sin 6 46
0 Q 4

wf?
= 21\/_[ (sin 8 — cos 6)] = '.'r\,/g(ew"(2 +1) where we integrated by parts

31. P =cos 20 = r = % v/cos 26; use r = v/cos 26 on |0, 2 = At _ Leoos 96)~1/2(—sin 26)(2) = =80 2E“;
4|7 4672 :.;cos 20

=/
therefore Surface Area = [ (27+/cos 26)(sin 0) 1/ cos 260 —}—sm 29 df = 4x J +/cos 20 (sin 8) Vios 90 I
0

ri4

=47 I smﬁclﬁ‘—47r[—c05t‘."]ﬂ"!4 41[—?—(—1)]:2#(2—\/@
0

4
32. r=2acos 20 = 35 —2a sin 9; therefore Surface Area = 2 JQF(?& cos #)(cos 9)\/(2a cos 8)% + (—2a sin #)° dé
0

= darw J ((:052 6)\/4a2 (coszﬂ +sin29) dfé = Bar I (c0529)|a| a4 = 8ax [ cos?@ df
o o o

koY T
k3
= Ra’x J (ﬂéﬂ) df = 4a°r J (1 +cos 20) do = 4a21r[0 + % sin 261 = 4a’x?
0
0 b

33. Let r = f(8). Then x ={(#) cos :> = £'(8) cos 6 — {(#) sin & =>( ) =[{'{#) cos & — f(6) sin 9]2

= [f'(8) P cos® 8 — 2f'(8) £(8) sin & cos 6 + [£(8))? sin?; y = £(8) sin 8 :* = f'{#) sin 8 + £(8) cos ¢

=> (fl—)i) =[£'(8) sin 8 +1(8) cos 9] = [t"(b‘)] sin® 8 + 21'(8)f(6) sin 8 cos 8 +[f(8)]? cos®d. Therefore
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2
(%)2 d—g) =[£(6) [ (cos? 8 + sin? 8) + [(8)]*(cos? 0 + sin28) = [£/(9) [ + [£(9)]? = r* +(§g)
L

8 . s B :
Thus, =j /(4% +(§—;’) d9=J 4 (40 g,

/'_"‘\

2
34. (a) rav=2ﬂ_1_0 J. a{l —cos £) df =2—a;[9—sin g13* = a
D
F1d
| .1 2% _
(b) Tav = 5720 J adf =5-[afl5" =a
0

n/2
J acos § df = ?lr—[a sin 9]2’:,2,2 = Tra'

(©) Tay = 7o
(3)-(-3) 2

8
3. r=24(0), a <8< B> E=200) 5 2+ (L ) [26(8)]2 +[2£'(0)} = Length = J V4EON +4[2(0)] d

V [H6))2 + [f’(ﬁ‘)]z d@ which is twice the length of the curve r =f(#} for a < < 8.

It
[%]
R—

s
36. Again r = 2f(§) =r +(df) 2(6)] +[20(8)F = Surface Area = I 27[26(8) sin 6] \/4[f(6)]2 +4[r(0)F a6

o

8
=4 J 2x[f(8) sin 8]/ [(8)]* + [f' (9)}2 dé which is four times the area of the surface generated by revolving

[+

r = f{#) about the x-axis for o <6 < .

m
Y
w

T

27
% 13 cos 6 df % J [a(1 + cos 8)]%(cos 8) d¢ %—3.3 J (1+3cosf+3cos?f+ cossﬂ)(cos &) dé
0 0

¥ - _ O =
37. X = 2r - 27 = F1.3
J 2 d¢ J [a(1 + cos 8)]% d@ a’ J (142 cos 6 +cos?8) dd
Q 0 8]
2r 2
1 26 . 1 26
%a [cos 9+3(-i-%9§-—-~)+ 3(1—-51n29)(c03 9)+(L0295—) ]CW
= 0 5 = (After considerable algebra using

T

J [1 +2 cos 8+(1+°2ﬂ)]d8
]
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Fis
a —% %cos&-{-gcos% 2 cos # sin 8+12cos40)d9
. . 2, _ 1+4cos 2A 0
the identity cos® A = 5 2T
j +2c058+%c0529)d9
4]
a[%f) % sin 9+35m 20*%5111 9+;1-§Sm49] (1—6—‘.1) 5
= =737 8™

[‘}9+2 sin 9—!—1 sin 29]

2r 2r
%J 12 sin 4 d¢ %J [a(1 + cos )]3(sin 8) 26
¥= 02« =0 37 [u.—a(1+cosﬁ)ﬁr-ldu—sm9d3 =10 = u=2a
J r? d¢
4]
2a
% I —%u3 du
f=2r=u= 2a] — ~—2-5—3?—-~—- = 3% = 0. Therefore the centroid is (7,7) = (%a,ﬂ)
T T
- ” %Irscosﬁdﬂ %Jaz’cosﬂdﬂ 9 3 -
x ga [—sin 81, 0
38, J r2d9=J a2d9:[a29]0=32r;i= 0 =9 = - =J
0 3 J 2 4 a“m a“m a“m
r
o]
T m
QJ 3 2[ 3
£ir'sinfdd £ | a”sind df
s i i [\ % 1 cos 9]3 (%)33 4a 4a
Yy=—=% = = =1 e =i =3, Therefore the centroid is (E,?):(U,:}—ﬂ_).
J r? d¢
D

CHAPTER 9 PRACTICE EXERCISES

2 2
1. x2=-—4yﬂy:—%:¢»4p=4=>p=1; 2. x2=2y=>%:y—'->4p=2=?p=%;

L L

therefore Focus is ({,-1), Directrix is y = 1 therefore Focus is (0,%)} Directrix is y = —

¥

yu1

n

F
P (0.1}
l'a--ly

=] 2l a1
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¥ 3
3. y2:3x=rx=?.—.>4p:3:,p:4_; :
therefore Focus is (i—, 0), Directrix is x = —43 %
: y?
5. 16x"+7y? =112 = X 4 4= =1 3
2 _ _ — .c_3
=>c"=16—7=-9=c= ,e_f—l_z
¥ 22
A Ty =1
Lt (]
—F -ﬁ‘
F 0.-3)
2 yg 2
7. 3x2——y2=3:>x2—!§-=1=>c2:1+3=4 8. 5y2—4x2=2(}=>3--—%:1=>c2=4+5:9
:c:Q;e:%:%:?; the asymptotes are :>c=3,e=§—1=%:thea.symptotesareyz +-2

—==Xx
V5
¥y= :l:\/’3-x

X2

g X*=-12y > —-5=y= 4p =12 = p = 3 = focus is (0, —3), directrix is y = 3, vertex is (0,0); therefore new

vertex is (2,3), new focus is (2,0), new directrix is y = 6, and the new equation is (x —2)* = —12(y — 3)
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10.

1L.

12.

13.

14.

15.

16.

17.

18,

2 -
¥ =10x = % =x=4p=l0=p= % =+ focus is (%,0), directrix is x = —é, vertex is (0,0); therefore new
vertex is (—%, —1), new focus is (2,—1), new directrix is x = —3, and the new equation is (y + 1)2 = IU(X +%)
_,X_E 2

5 +g—5: l1=>a=5and b=3 = c=1+/25-9 =4 = foci are (0, £ 4), vertices are (0, £5), center is

(0,0); therefore the new center is (—3, —5), new foci are (—3,—1) and (—3,—9), new vertices are (—3,—10) and

(x+3)2+(y+5)2 B

0 35 =1

(—3,0), and the new equation is

] 2
-l%g-{-l}iﬁ =1=>a=13and b =12 = ¢ = /169 — 144 = § = foci are ( £ 5,0), vertices are { £13,0), center

is (0,0); therefore the new center is (5,12), new foci are (10,12) and (0, 12), new vertices are (18,12) and

(x—5)?% (y—12)*
6 T =1

(—8,12), and the new equation is 14d

%w%-: 1=a=2/2andb=+2=>c= /8 +2 = /10 = foci are (0, = 4/10), vertices are
(0, = 2\/5), center is (0,0}, and the asymptotes are y = =+ 2x; therefore the new center is (2,2\/5), new foci are

(2,2\/5&: \/ﬁ), new vertices are (2,4\/5) and (2,0}, the new asymptotes are y = 2x — 4 + 2\/5 and

2
- -2)?
y = —2x + 4 + 21/2; the new equation is b Qsﬁ) - 2 .

2 2
—3‘—6—)6(—4= I=>a=06and b=28=¢=1+/36+64=10 = foci are { £ 10,0), vertices are ( £6,0), the center

is (0,0) and the asymptotes are % = i%—‘or y=+

Codlsb

x; therefore the new center is (—10, —3), the new foci are

(-20,-3) and (0,-3), the new vertices are {—16,—3) and {—4, -3}, the new asymptotes are y = 4y +3—1 and

3 3
449, o (x 107 (y+3)¥
Y——Ex——:s,thenewequatlon is T 6 =1

- 9)?
xX—dx—ay?=0= X2 —dx+4—-dyf =4 = (x—2)2—4y2:4:>-(3—~21——)—
b=1=¢=+/1+4=+/5; the center is (2,0), the vertices are (0,0) and (4,0); the foci are (24 1/5,0) and
x—2

2

-vl=1,a hyperbola: a = 2 and

the asymptotes are y = £

—9)2
Ax? -yl 44y =8 = 4x’ —y2+4y —4 =4=>4x2—(y—2)2=4#xz—(—yT)—-zl,ahyperbola;azland
b=2=c=1+/1+4=1/5; the center is (0,2), the vertices are (1,2} and {~1,2), the foci are { + 1/5,2) and
the asymptotes are y = +2x+2

¥ ~2y +16x = —49 = y* — 2y + 1 = —16x — 48 = (y — 1) = —16(x + 3), a parabola; the vertex is (—3,1)%
4p = 16 = p = 4 = the focus is {(—7,1) and the directrix is x = 1

X2 —2x+8y=~17 = x?—2x+ 1 = -8y — 16 = (x—1)2 = —8(y + 2), a parabola; the vertex is (1, -2%
4p =8 = p = 2 = the focus is (1,—4) and the directrix is y =0
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9x% + 16y% + 54x — 64y = —1 = 9(x® 4 6x)+ 16(y? ~4y) = —1 = 9(x? +6x+ 9) + 16 (y? ~ 4y + 4) = 144

2 o2
= 9(x+3)2+16(y -2’ =144 = (x -1|-63) + ¥ 92) =1, an ellipse; the center is (-3,2);a =4 and b =3

=+/16—-9= \/?; the foci are (-3 & \/'?,2); the vertices are (1,2} and (-7,2)

20. 25x% +9y? — 100x + 54y = 44 = 25(x® —4x)+ 9(y% + 6y) =44 = 25(x2 —4x + 4)+ 9(y2 + 6y + 9) = 295
_ 2
= (x 92) (v ;53] =1, an ¢llipse; the center is (2,-3);a=5and b=3 = c = \/25_~—-= 4; the foci are
(2,1) and (2, —7); the vertices are (2,2} and (2, -8)
2L P4yt -2 -2y =0 x* -2+ 1+y -2y +1=2= (x— 1)’ + (y - 1)2 = 2, a circle with center (1,1) and
radius = /2
22 X2yl 4ax+ 2y =12 x° +dx+4+y°+2y+1=6= (x+2%+(v+ 1)2 = 6, a circle with center (—2,-1)
and ra.dius=\/§
23. B2 ~4AC =1-4(1)(1) = -3 < 0 = ellipse 24. B2 — 4AC = 4% - 4(1)(4) = 0 = parabola
25. B2 —4AC = 3% - 4(1)(2) = 1 > 0 = hyperbola 26. B2 —4AC =22~ 4(1)(—2) = 12 > 0 = hyperbola
27. x2—2xy+y?=0= (x—-y) =0 = x—y =0 or y =x, & straight line
28. B® —4AC = (-3)2 —4(1){(4) = —7 < 0 = ellipse
20. B? —4AC = 12— 4(2)(2) = =15 < 0 = ellipse; cot zaz—A"gC:o:za=g=>a=§;x=§x’—‘/7§y’ and
2
3 2 2 2
R S G ) B G O e O I COE i) I
= 5x'2 + 3y =30
30. B% - 4AC = 22 — 4(3)(3) = =32 < 0 => ellipse; cot 2a=—~—A]§C:0 »%=fwa=1; x=‘/7'§x'—%y’ and
2
2 2 2 2 2
B (N ) W1 (LR CENPEN) WY NIy
= 4x2 + 2% = 19
31. B2~ 4AC = (2/3) ~4(1)(~1) = 16 = hyperbola; cot 2a =AZzC = 1 _, 2a=£=>a=1-x=}§x*—ly'
: ' B~ /3 3 6 ) 2
2
3
and y = %x’+% = (%x’—%y ) +2\/_(\/_ %y’ (%x'+§y’)—(—%x’+\/7§y’) =4

SN DN, SR S S
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32. B2 4AC = (~3)2— 4(1)(1) = 5 > 0 = hyperbola; cot 2a =2 =C =0 = 20 =
2 2
2, V2, V2, V2 NV2 V2 (V2 V2
G Y2y (%" —Ty)—3(—2""'73’)(7 gy +( 5’) =

and y = -4 x+2

= %y’z—%x’z =5 or 5y —x? =10

33, x:%andy=t+1:>2x:t:>y=2x+1 34. x:ﬂandy:l—ﬂ:&y:l—x
| ¥
y=Ixr+1 .
Ir=D ‘\\ yri-x
10y

1

\t\ao
x

35.x=lta.ntandy_%sect=>x ita.nt 36. x=-2cost and y = 2 sin t = x2 =4 cos’t and
and y2=%sec2t = 4x* = tan?t and y2=4sin?t = x> +yt=4

4y? =sec’t = 4x2 41 =4y? = 4yt —4x® =1

37. x = —cos t and y = cos?t = y = (~x)? = x° 38. x =4 cost and y = 9 sin t = x2 = 6 cos?t and
%2 Y2
\ ¥ ymat [} y = 81 sin t:>16+§i=1

39. 16x2 + 9y? = 144 = 19-+31(—6—1=>a=3andb:4=>x:3costandy:4sint,[l§t.§21r

0. x*+y*=4=>x=-2costand y=2sint,0<t <67
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1
_ 1 dy __dy/dt _mttant,tant_- dy . ﬂ_\/g. _a
41, x = 2tant y——gsect:> = Ijdt %seczt -_Sect—smtzrat_w;S_.smg———Q—,t_g
I SR/ SR U VB 1Ay Ayt eosy g o3, Ay
:>x-_2ta.n3- 5 a.ndy_2sec =l=y= 5 x+4,dx = &/t %Seczt_ilcos L= xzt_ﬂj
_ y=1
2 cos (3)_..4
)
oyl oy 3 dy _dy/dt  \t*) 3 dy| _ 3ov_ o, .1 _5
42.x—1+t—2-,}—1—t:>~d;—dx/dt—( 2)——512;:}3;‘ 2——-5(2).——3,t-2:>x-~l+?—4—a.nd
t.3
13-l 318, d%y dY’/dt_(_%) 33, &y _30y=
y=l-g=-5=>y= = o] I A0 M

40 g2~ dx/dt (_z)zz

In
2t _ .t dx _o.2¢ 1 dy _ 2t 1Y 1
43. x=e Sandy_e,(lStSan::-»dt—Qe Sanddt*e =>Length_J \/(2(& _E) +(et) at
0

In2 In2 5 n2 n2
— 12 - 2t 1 — ot 1 M2, t — In2
‘J 4ot 4 ge 4 g dt = J (26¥+) de= J (2" +§)de=[e +g], =3+
0 0 0
NG
44, x a.ndy*-——t —\/_<t<\/_:—dx_.2t. ndgtmtz-lzbwLengthz J \/(2t)2+(t2-—1)2dt
V3
Vi v e 7
= J Vit 2t? 4 1 dt = J Vii241) dt = j (1,2+1)dt*[ -H;] Vr:z;\/i
—/3
V5 BV Vi
V5 g
45. x_—_—andy-—Qt 0<t<\/_:>dx—tand dt_2=>SurfaceArea= I 2#(2t)vt2+4dt=I 2rut/? du
0 4
9
:2#[%113’!2] =%E,whereu:t2+4:}du:?tdt;t:ﬂ:‘vu=4,t=\/g=>uz9
4
d
46. x=t? 4L and y = /1, —\/_——_<_t<1:>g§_2t——l§and y:\?_r
1 2,1 1Y, 72V [ (2.1 Y
= Surface Area = J 2r (t Qt)\/(gt_—é?) +(—ﬁ) dt = 2 J (t +ﬁ) (2t+5{§) de
1/1/2 1/4/2
1 1
— 2, 1 3 -3 4 l,-2
= 97 [ (¢ 2t)(2‘+2 ) J 28+ + b av=onled 4 30 ]u\/'
1/4/2 1/4/2
3
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47. 48,

O<rsbcos O

% —~4s5nBsrs0

49, d 50. e 51. 1 52, f
53. k 54, h 55. i 56. ]
7. r=sinfandr=1+snf =sinf=1+sinfd=0=1 ¥

so no solutions exist. There are no points of intersection r=1+sn8

found by solving the system. The point of intersection

{0,0) is found by graphing.

8. r=cosfandr=1-—-cosf =>cosff=1—cos#

=1 T _F.g_T =1l 45__r
=>c036__2:>6*3, 3,6_3:»1»_2,9__ 5

=r The points of intersection are (%,%) and ™~

=1
=3-
(%— ; -%) The point of intersection (0,0) is found x

by graphing. r; cos B

59. r=14cosPandr=1—-cos§ = 14+cos@f=1—cos @

* 3T, a_n 37w
pyil=gory ’

=> r = 1. The points of intersection are (1,%) and (1,%’3).

=>2¢c0s0=0=2>cos8=0=0=
re=l—cos @

The point of intersection {0,0) is found by graphing.




60. r=1+4sinfandr=1—-sinf = 1+sinf=1-~sin b

61.

62.

63.

=>25mf0=0=sinfé=0=0=0,m0=00rx
= r=1. The points of intersection are (1,0) and (1,7).

The point of intersection ({,0) is found by graphing.

r=1+sin @ and r = —1 +sin & intersect at all points of
r = 1 4+sin @ because the graphs coincide. This can be

seen by graphing them.

r=1+4cos f and r = —1 + cos @ intersect at all points of
r =1+ cos f because the graphs coincide. This can be

seen by graphing them.

r=secfandr=2sin@ = secd =2sin &
=>1=23in€cos€:>l:sin29:»29=%:>6=%
T

7= +/2 = the point of intersection is

=r=2sin

2,Z). No other points of intersection exist.
4 po

Chapter 9 Practice Exercises 911

re=l4gind

r=1-gind

—I\‘_/

X

r=]l+3ind, r=-14snd

w

-

r=l4cos8, r=-l+cosd

S

r=2sin@g

r=secé
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64, r=-2cosPandr=—4cos & => —2¢scf@=—-4cos#

=:>1—251n9(:059:>I—sm?t‘}::—26':-“'25,-“]2l
:9:%,2—”;9:%:r— 4coa:{ —2\/5; !
g:%:;. = —4 cosT_2\/— The point of intersection ‘K

\x Y / -2

\
y:

is (2\/5 %ﬂ-) and the point (—2 \/5,{{-) is the same point.

65. P =cos 20 =>r=0whencos 20 =0 = 26 =X 37":;,9=£ 3l-61:3

r=-2cscd

#mlztanE-:l:’y:xisone

2'°2 4’ 4° 4 4
tangent line; 92=§4-=>m2=tan?% —1 = y = —x is the other tangent line
2 _ — _ ~_1 _2r 4 5 _. 2 2
66.1‘_2c059+l=>r-0when2cos€+1—0=>c050——§=>9—-31,—£,91—%:>m1 tan-di_-—\/ﬁ
=>y=-\/§xisoneta.ngent line; 92_43 =:-m2=ta.n~—— \/_:>y-—\/§x is the ather tangent line

67. The tips of the petals are at 6 = T

=N
N
N
N

isrcos(ﬂ—ﬁ)zl; f0r€:3l,rc% 6—3”): 1; for9=%,rcos(9—%’t)= 1; and f0r9_—,77r

4
reos(6 -T2y = 1.
(.-%F)

T

and r = [ at those values of §. Then for § = I the tangent line

T\

68. r = 1 4 sin 6 crosses the x-axis at (1,0}, (1,7), and (0,3—1)' but at (0 3z ) there is no tangent line (see the

2 i
dr _

graph in Exercise 61}. Now = cos # = Slope =

' sin @ +r cos @ _ {cos §)(sin 6} + (1 + sin 8)(cos §)

'df
(2 cos 8 sin ) + cos €

cos? § —sin? @ —sin 8

2 cos Osin 04+cos 0
cos?0 —sin’0 —sin 0

= Slope at (1,0} is

=> 1t sin f =r cos § — I; Slope at (1,7} is 2 cos msin 7 +cos 7

cos“® —sin“T —sin *

Srsinf=-rcosf—1

69. r c05(9+%)= 2v/3 = r(cos ¢ cos%—sin 6 sin -g—)

=2\/§=>%rcosﬁ—§rsin0=2\/§

=>rcos€—~-\/§rsin6=4\/§=>x—\/'§y=4\/§

' cos § —rsin §  (cos 8){cos #) — (1 +sin #)(sin 6)

= 1 => the tangent line s y =x—1

3 7 = —1 = the tangent lineisy = —x -1

X~ V3 y = a3

=

V3

:y=—3—x~—4

/1.1‘
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Chapter 9 Practice Exercises

70. rcos(ﬂ—%{)z—z—:ﬁr(cosﬁcos ?:1—1+sin65it1 %-F) ¥
2 =1+
:ﬁﬁ——-ércos\9+ﬁrsin9=£=>—x+y21 /‘t !
2 2 2 2 1
/] x
= y=x+1 /‘1
TI.r=286c8:r=—2—=~rc039=2=>x:2 y
cos @
=2
2 x
72 r=- 23&c9=>rc059:-\/§=>x=—-\/§ y
Xm=y3
G x
73.r:—%cscﬂ:*rsin&:—%:b»y:—g— ’
x
-3z
¥a-32
74.r=3\/§csc6=>rsin9:3\/§=>y=3\/§ ¥y

913
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¥
75, 1= —~4dsin # = r¥ = —4r sin ¢ ;*px2+)'2+4y=0
= x% + (y + 2)* = 4: circle with center (0,2) and
l‘a.dius 9. fa-dgin® :2.04213-4
x
{0.-2)
76. r=3v3smf =12 =3/3rsinf = x*+y*-3/3y =0
\/_ 2 \/g r-s\ﬁﬁna
= x? +(y —§-2—3) = 24—?; circle with center (0,37) ! (0._,2&)
and radius % :
ro B
77.r:2\/§c059=>r2:2\/§r0069:>x2+y2—2\/§x:0 Y
2
= (x = /2)" +y® = 2; circle with center (1/2,0) and rm2VZcos @
radius \/1_2 @
X
{x— m orznz
¥

78. r=—6c059=>r2:—6rc059=>x2+y2+6x=0
r=—5cus 8

= (x+3)% + y* = 9: circle with center (—3,0) and

radius 3 /-\
X

N,

2 2
(x+3) +y »§
2 -
79. x2+y2+5y=0:>x2+(}’+§ =B 5 0=(0,-2 1
2) 4 ( 2) ta-Sgn@

and a=%;r2+5rsin #=0=>r=-5sin¢ !'*(Y' g’)a'??s'

MC.-572)




80, x+y?—2%y=0=>x+(y—1)?=1= C=(0,1)and
a=l:t* -~ rsind=0=>r=2sind

81. x2+y2-3x:0:r(x——g-)z-l-yz:g::-(?:(g,{])and

%,r —3rcos@=0=>1=3cosé

82. XX +y?44x=0= (x+2)?+y*=4= C=(-2,0)

anda=2;r’+4rcos0=0=>r1=-4cosd

- 2 — :
83. r =7 v S i = parabola with vertex at (1,0)
8 4 1
8. r=g—" - r=———a—— = e =5 => ellipse;
2+4cosd ]+(—é-)cos€ 2
ke=4= %

sk=4=k=8;k=8~ea= 82(—‘;—)—%3
»a=f=a=(3)(P)=

% therefore the center is
(% ) vertices are (8,7) and (% )

Chapter 9 Practice Exercises 915

b (0.)
ra2sind

2 2z
X aly-1) =1

(2.0

.
eas /\
N

=405

2.0

(x*?)z-vya wd

\n 0)

3
PR S
\ 1+C05 @&
-2 -1

_ 8 |
" 2+cos @ |

o (I
m / (8/3,0}
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85.r=1—_2§—5-05—§:>ez2:>hyperbola;ke262>2k=ﬁ 6

= k =3 = vertices are (2, 7) and (6, 7)

75
12 4 1
86. r= — = T = S e=5;ke=4
3+sin é 1+(%)sin9 3 Y
L S
1 2 1} (3.72) 3+sin 0
=>~—k=4=>k:12;a(l—e ):4=>a. l——(—)
3 2 /‘\
- —9 o ea=(1)(9) =3, - *
=4=a= 5 > ea= (3)(2) =5; therefore the (3/2,3n/2)
(3 3Ty, : ar
center s (:.2-, 7), vertices are (3,%) and (6,7) (6,30/2)
87. e=2 and r cos # =2 = x = 2 is directrix = k = 2; the conic is a hyperbola; r = ke o _2Q)
’ ’ l+ecosb 1+2cos b
:>r:=-———fL—-—
1+2cos @
88. e=1and r cos § = —4 = x — —4 is directrix = k = 4; the conic isaparabola;r:u-—k-e—:r=m
4 1—ecosé 1 —cos &
I =TT s g
! . o k 2)(3)
89, e=g5andrsin # =2 = y = 2 is directrix = k = 2; the conic is an ellipse; r = —*& o = — 327
2 l+esind 1 (1) in 6
+{35sin
r= 2
2+sin €
1 . L. . k (6](%)
a0. e=§andrsm6:—6=>yz—6 is directrix = k = 6; the conic is an ellipse; r = € — ==
1—esinf 1——(l)sin9
3
—_—:.r:_...ﬁ._
3—sin 8

w T ki m
91. A =2 J %rzdﬁ?:f (2 — cos 6)? d9=J (4+2c036+cm26)d6=J (4-2cosp+ 139320 g9
4] o] 0 0
|
0
mi3 w/3

92. A = J’ %(sinziia)dﬁz J.
4] 4]

9 €05 26\ 19 (94 _ o o sin 201" _ ¢
(5—2c058+T)dﬂ_[29 2 sin f + 7 ]D_er
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93.r=1+c0320andr:1=>1:1+c0529ﬁ»0=c0529=>29:%:>9 %Lherefore

i /4

A=4 [ %[(l+c0529]2—12]d€:2 J (142 cos 20+ cos?20—1) dé
o 0
xf4 /4

— 1, cos 46 sin 44 T\ .t

=2 J (2c0529+2+ 9 )dﬁ [sm29+ 04252 g ]0 —2(1+8.0)—2+4
0

94. The circle lies interior to the cardiod (see the graphs in Exercises 61 and 63). Thus,

]2
A=2 J %[2(1 +sin 8)]? df — 7 (the integral is the area of the cardiod minus the area of the circle)

—nwf2
w2 w2
= J 4(1+2sin 8 +sin?60)d6 — 7 = J (6+8 sin f —2 cos 20) df — 7 =160 — 8 cos 6 —sin 2017/%, — 7
-2 —n /2

= [31r—(—37r)]—1r =ir

\/( 1 + cos )% + (—sin G)ZdG—J’ V2—2cos ¢ df

9. r=—1+cos :-g%:—sm #; Length

D‘*---»'ﬁ’

L=}

~

f /41 )
J ( —cos J 2 sin
3] 0
= 9T =9 cos 42 sin 6 r +(3;) (2 sin 8+ 2 cos 8)% + (2 cos 6 — 2 sin 6)2

96. r=2sinf+2cos 8,050 < 2 dB

dé = [-4 cos %]Z# =(-4)(-1)-(-49)(1) =8

eol

=8(sin?0 +cos?f)=8= L= T \/§d9=[2\/§9]gn =2\/§(g): /2
0
s Qa0 G (§)em (G o () -lo s (§ fo e (§)en O
=64 sin"(%) > L= T \/64 sin‘*(g) do = T 8 sin?(§) a0 = T 8[1_-::05(239)] do
0 o Q
= T [4 —4 cos(%g)] d4f = [49 -6 sin(%)]m 4(F)-6sin(F)-0=7-3
o

_ -1/2 —sin 260 drY¥ _ _sin?2¢
98. t = y/T+cos 26 = S5 = 2(1 + cos 26)7'/%(~2 sin 26) = m:(dﬂ)_l-{-cm%

sin?2¢ _ (1+cos 26)° +5in”26 _ 142 cos 20 + cos® 260 +sin® 26

d
=r +(dé) _1+C°529+1+c032€_ i+ cos 26 1 +cos 28
=f2
_2+42cos26 _ r_f_ T\ _
T 14cos 28 =2=1Ll= J \/—dﬂm\/_[ ( 2)]_\/§w

-z /2
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w /4
2
99. r = y/cos 280 = dr _ ~sin 20, ; Surface Area = J 2n(r sin 0) 4/r +(%) dé
b

46~ \/cos 26’
w4 T /4

wf4

= J 274/ cos 260 (sin 8) 1 /cos 26+5m 223 df = f 2m+/cos 26 (sin 9)‘,’FI2Bd€= J. 27 sin 6 df
&) 0 0

= [2m(~ cos 9)]3"‘:%(1-@):(2*\/5)”

xjf2
100. r* =sin 20 = 2r g; =2cos20 > gé = cos 26; Surface Area =2 J 27(r cos #) (3—) de
0
w2 w2 w2
=2 I 2n(cos 0)4/1¢ +(x df) 4 = J 2m(cos 6) 1/ (sin 26)° + (cos 26) df =2 J 97 cos 8 46
0 i i

= 2127 sin 61’”‘2 = 4x

101. {a) Around the x-axis: 9x%+4y?=236 = y? =19 —%XZ =y = %,/9 -—% x* and we use the positive root:

V=2 T ?r(w‘Q-—%xz)z dx =2 T W(Q—%xz)dxz2%[93{—%3(3]2:24:1-
a

0

{b) Around the y-axis: 9xZ+4y* =36 = x* =4 —%yz = x= =+ /4 —gly and we use the positive root:

\’=2T Tr( 4—%—y2)2dy=2is[ :rr(4 )cly—21r[4y y} = lfix
1] [}

1l
w
o5
—
X,
|
.
v
L—
-9
i
¥ =]
=[5
Faie
I
|
—_
o
o
T

~(§-8)]| =2 (8- %) =32 (32) = 24r

103. Each portion of the wave front reflects to the other focus, and since the wave front travels at a constant speed
as it expands, the different portions of the wave arrive at the second focus simultancously, from all directions,
causing a spurt at the second focus.

104, The velocity of the signals is v = 980 ft/ms. Let t; be the
time it takes for the signal to go from A to 5. Then dy = 980t1 s
and d, = 980{(t, + 1400) = 4, —d; = 980{1400) = 1. 372 x 108 ft
or 25%.8 miles. The ship is 259 8 mlles closer to A than 1o B, <, ¢
The difference of the distances is always constant (259.8 muiles)
so the ship is traveling along a branch of a hyperbola with foci at A 5
the two towers. The branch is the one having tower A as its
focus.




105.

106.

107.

108.

109.

110.
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The time for the bullet to hit the target remains constant, say t = t5. Let the time it takes for sound to
travel from the target to the listener be t,. Since the listener hears the sounds simultaneously, t, = t; +t,
where t, is the time for the sound to travel from the rifle to the listener. If v is the velocity of sound, then
vt, = vty + vty oF vi; — vty = vi,. Now vt is the distance from the rifle to the listener and vi, is the distance
from the target to the listener. Therefore the difference of the distances is constant since vt is constant so
the listener is on a branch of a hyperbola with foci at the rifle and the target. The branch is the one with the
target as focus,

Let (r,,8,) be a point on the graph where r; = af,. Let (ry,8,) be on the graph where r, = a8, and
#, = §, + 27. Then r; and r, lie on the same ray on consecutive turns of the spiral and the distance between

the two points is ry, —r, = af, —af; = a{f, ~ ;) = 2ra, which is constant.

(a) rzr_p—e—kza;—g:rr-i-ercosﬂzk::? x“+y -|-m{=l:::>v'xz-+-yz=k—ex=:>x2+y2

— k% —2kex+e2x? = x> —e?x 2+ y? 4 2kex ~ k2 =0 = (1 -e2)x2 4+ y* 4+ Fkex ~k2 =0

B c=0=x+3y2-k2=0 = x* +y2 = k¥ = circle;
Dce<lpelcl=el~1<0=>B2-4AC=02—4{1-¢?)(1) =4(e? — 1)} < 0 = ellipse;
e=1= B?—4AC = 0% — 4(0)(1) = 0 => parabola;
e>1=e?>1=B2—4AC=0?—-4{1—¢*){1) =4e? ~ 4 > 0 = hyperbola

{a) The length of the major axis is 300 miles + 8000 miles + 1000 miles = 2a = a = 4650 miles. If the
center of the earth is one focus and the distance from the center of the earth to the satellite’s low point is
4300 miles (half the diameter plus the distance above the North Pole), then the distance from the center
of the ellipse to the focus {center of the earth) is 4650 miles — 4300 miles = 350 miles = ¢. Therefore

_¢_ 350 miles T

€= & 1650 mites 93
l 2
(b) £ = ali=¢?) _ _4650[1 (93) ]_ 430000 .
T T¥ecos b r_(1+lcoe6‘) T 93+ T7cosd
93 ¢

tan ¥y —tan ¥, .
1+ tan 3, tan ¥’

ﬁ=¢g—¢1=>taﬂﬁ=laﬂ(%—¢1)=

the curves will be orthogonal when tan @ is undefined, or 5 v,
t=g®

= 1 = —1(6) g(6)
@)

N BT

r=1{{8)

8 . 3 (8 ¢ Si“4(g) g
r = sin? (Z) = 6= sin (3) cos(z) = tan ¥ = m = tan(-‘i)

4
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— __r _2asindd_1 il _1 .o
111, r = 2asm39=>d€——ﬁacos39=>tanw_(g)—b.—-——acosga 3ta.n39 whenﬁ__6 a.nnfzv?’:;a.n2
dé
. ;
=>v,.f;_§
112, By b=1=r=6¢" dﬁ' -7 = tan Y|y = y
_ e : - I :
_F_—G;‘rgll.ngo tan ¢ = —~00 = ¥ 5 gl

from the right as the spiral winds in around the

origin.

N\

113 , -\/3_cos #

. 1 sin @ .o
. tan ¢, — =—cotfis ——==at § =%; tan v, = = tan 8 is /3 at # = 3 ; since the product of
! 3 sin 6 V3 3 2= Cos § V3 3
these slopes is —1, the tangents are perpendicular
114, a(1+cosﬁ')=3a.cosl9ﬂ]:?cosﬂ:cos&z%or
. a{l +cos 6} . T
Sgiten vy =g s ovIati=gs
Jacosf - 1 _T
an ¥, = ———_sasmalsv%atf?_:;. Then
1 1
_ L Y
tan g = \/_ ( \/_) (\/j)=~-l—‘—‘>523
1+(—/3) (—%) 2 V3 6
115. r. = 1 drl sinf | 3 :bfl_lzg 3sind . 1 3
R S o A (1_0059)2 “T+cos6  df (1 + cos #)2’ 1=cosB  1+cos 0
:>1+cos€:3—3c059=>4cosB:Z:cosﬂ:%#ﬁ: :l:%:?»rl:r2=2:'thecurvesintersectat.the
oints (2. +T\: tan ¥, = (1—(1:053) —_——1_5059is——1—a.t9=1-ta.n¢ — (1+3038) _l+cosd, is
B (’ 3)’ LTI _siné sin § V3 3’ 2 3 sin sin #
(1 —cos §)% (1 + cos 8)*

\/5 at @ _%— therefore tan 5 is undefined at & = gsmce 1+ tan 4 tan ¢, =1 +(_\_/_)(\/_) 0= 8 :-_32"-;

l—cos(-—%) 1 1+cos(—%) _
tan ¥ylg - _pj3 = _—éﬁ == 7 and tan ¥y, — —=/3 _Wz —+/3 = tan f is also undefined



Chapter 9 Practice Exercises 921

116. {a) We need ¢+ 6 = r, so that tan % = tan (r — ) = —tan 6. y

Now tan t) = & —a(1+cosa)-u—tan9:——5in9 WA

(g)_ —asing@ cos 8 L
d#
= cos @ +cos* @ =sin®f = cos § 4+ cos* 0 = 1 — cos? § a

N

X
= 2cos’f+cosH—1=0 :‘-cosﬁz%or cos 8 = —1;
c036=l=>9= :bzr—#r:b'ces f=—-1l=20=x
2 3 2
. . r=afl +cos 8)
= 1 = (. Therefore the points where the tangent line
is horizontal are (_?a., :E-gﬂl) and (0,7}
(b) We need ¥+ 8 =2 so that tan ¢ = tan(E—G)— cot 8. Thus tan ¢ = Lt~ = 3(1 + cos ) = cot &
2 2 - ) (Q) —asin @
dé
= €050 o Gin 8 4sind cos f = —sin 0 cos § :::»cos9=—lorsin9:0;cosfi=—l:r9= 427
sin 8 2 2 3
=T :%; sin # = 0 = 6 =0 (not =, see part (a)) = r = 2a. Therefore the points where the tangent line
is vertical are (%, + 23—“) and (2a,0).
dr : dr .
_ a g _ _asin# _ b Y2 _  bsing |
N = T 0™ @~ (Tcos ) 02T T=cos 8 7 @~ (1 —eos )7 1"

b
1 —cos _l—cosé
(=t2) _
~b sin # —sin @
(1 —cos 8)*

—a
(1 + cos 9} _1l4cos?
asinf ] siné
[(1+cos 9)2}

tan ¢; = and tan ¢, = = 1 +tan ¢; tan ¥,

2
=1 +(1 ;;05’ 3)(1_—5‘;3598) =1 _I_;Eﬁg_%_ﬂ =0 = 4 is undefined = the parabolas are orthogonal at each

point of intersection

¢ _a{l-—cos®) o o
118. tantj;_(ﬁ) s 1ah8—§=>¢-—4
¢
119.r=35ec6:>r=i; 3 =4+4cosf=>3=4cosf+4cos’0 =>(2cos 0 +3)(2cosf—-1)=0
cos 87 cos §
| __3 _r. . br . ; . __ 4(1 4 cos 6)
=>cosﬂ_§or cos § = 5 = 9_3 or 73 (the second equation has no solutions); tan lf)z_m—g—
= _ltcosbi /3 atTand tan ¥ =980l i gic Ll a4 T Then tan 8 is undefined since
sin 0 3 17 3 sec f tan # \/g 3

1 +tan y; tan ¥, = 1+(ﬁ)(—\/§)= 0= g =5. Also, tan 4|y, /3 = /3 and tan ¥, P _ﬁ

= 1 +tan ¢, tan ¢2=1+( L )(\/?_))=Oz>ta.n,3isalso undefined = =X

- :
)

atan( =latf="2=¢y=":m -tan(9+1,b)—tan§£*—1
)‘* 2 T4’ Ttan T - 4~

2 secz(

120. tan ¢ =

]
[T N
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i
1 — 1 _ — 1 o _=. _ (1—(:059) _1—cosé.
121. l—cosé'_l—siné?:l cos =1 smBicosﬂ_smez:»ﬂ...‘l,tanu’)l_[ o ]._. =m0

(1 — cos 6)*

(_1_..._ 1—cos(Z

I—si 9) 1—sin g 4

tan ¥y = COSSH; = cozlg . Thus at # _% tan ¥, = —() =1—+/2 and
[(l —sin 9)2]

1—sin(Z) (V3-1)-(1-v3) _2v2-2 x
B R OV (R e Rt

2 _ =2 = 2
122. (b} = _2csc29—s-m 26~ 2 sin B cos B

N =220
= r?gin f cos # = 1 = xy = 1, a hyperbola =
dy 1 x
-7 = T o=t —
(c) At 8 3 x_y_l-_.*»dx_ = 1

123. (a) tan & = (—rr—j = Ql_[ = ta(}fa =>hr= % +C (by integration) = r = Be®/ (0@} for some constant B;
dé
% 2 26/ (tan a) %
A= % J' Bze”"(tan a) 46 = [B {tan 0)46 } _ Lag Q[Bze‘Zﬂz/(tma}__ Bge%'l/(tma)]
8 o
= @T‘*(rg - rf) since 12 = B 20y/ (tana) o nd = B2e2%/ (tan a); constant of proporiionality K = tag x

2 2 2 2
b) t =i .‘ill=__§.... drY _ _1¢ 2 {drY _ .2 r tan? a+l
(b) tan o = (d_) $=ws=(%) anfa " +(g) =t tomr =\ S

dé
, 8,y 6y 6,
— 2f sect o _ sec o _ ¢f{tana)_sec o [ Bf(tana)]
r (_ta.nzar) = Length = J. r(—tan 0) df = | Be tar o df —B(sec a)e 6,
6 2t
= (sec a)[Besz” (tano)_ Beel (tan a)] = K(ry —r,) where K = sec o is the constant of proportionality

124. r? sin 20 = 2a% = 17 sin @ cos § =a? = xy = a® and Y

dy a?

. . rgin 29 = 247
it 2 If P(x,,¥,) is a point on the curve, the tangent N

2
lineis y—y; = 2 X —X;), 50 the tangent line crosses P(x;4yy)
X1
the x-axis when y =0 = —y, = —%(x—xl)
1
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2
x-].Yl N
=>—T—x~—x]=>x- 7

+x, = x; + X, = 2x; since ﬁ-gl =1. Let Q be (2x,,0). Then
a

PQ = \/(2:(1 —x )2+ (y,—0)%= \/xf +y?and OP =r = \/{xl —0)% 4 (y, —0)% = \/xf+y§ = OP = PQ and

the triangle is isosceles.

CHAPTER 9 ADDITIONAL EXERCISES -THECRY, EXAMPLES, APPLICATIONS

1. Directrix x = 3 and focus (4,0} = vertex is (%,D)
2 1 7 ¥

>p= % = the equation is x—;—:y—ﬁ— T X272

(x—3)°

2 X —6x~-12y +90=0=x*—6x+9 =12y = {5~ = = vertex is (3,0} and p = 3 = focus is {3,3) and the

directrix is y — —3

3. x% = 4y = vertex is (0,0) and p = 1 = focus is (0, 1); thus the distance from P(x,y) to the vertex is v/x° +y

and the distance from P to the focus is (/x° + (y - 1)2 = /X2 +y! =3 /x%+ (y - 1)2

=24y =[x+ (y- 1) =2 Pyl =P + 492 -8y + 4 = 3x% + 3y* — 8y +4 = 0, which is a circle

4. Let the segment a + b intersect the y-axis in point A and

y
intersect the x-axis in point B so that PB=b and PA =a

Al
(see figure). Draw the horizontal line through P and let it a
intersect the y-axis in poinl C. Let ZPBO =8 = LAPC =20. cl X > FPix.y)

2 1

Thensmﬁ"—bandcosﬁzaﬁ 2+i2 5 y: e X
cos?f +sin?8 = 1.

5. Vert.icesare(l]', i2)=>a=2; e—-—=:>(}5—2 c=1= focia.re(ﬂ, :I:l)

6. Let the center of the ellipse be (x,0); directrix x = 2, focus {4,0), and e = % >&8-c=2=8&=2+c¢
= a:%(2+c). Alsoc=ae=%a:>a:%(?+§a)$a=%+%a:%a:%:~ a.:-l-g-; x—2=%
=x—2 =(15—2)(%)=15§ = x= 28 = the center 55(258,[}) —4=c=> c:%—cl =%so that ¢? = a% — b?

28\’ (. _ 28Y
2 X—= 2 b x—= 2
=(15—2) —(%) gg, therefore the equation is T;')-i-y—o =1aor ( T4a 9 ) + 513;5 =
(5 ()
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7. Let the center of the hyperbola be (0, y).

(a) Directrixy:—l,focus(ﬂ,—?)a.nd612:>c=-%=6=>%=c—6=>a,:2c—12. Also ¢ —ae = 2a
—".»a:2(2a)—12:~a:d#c:B;y—(—l]:%:%:?:by:l:>t.hecenteris(O,l);c2=a2+b2
1 2_ .2 N el Vi
= b* =¢* —a“ = 64 — 16 = 48, therefore the equation is 6 _E=1

be=3=>c-28=6=>8=c-6=>a=5c-30. Also,c=ae=5a=>a=>5{(5a)—30=24a=30=>a=

wiem

25 3 - 3
#c:-f;y—(—l)zng:%:w:—z:rthecenterls(ﬁ,——z);czza2+b2=>b2=c2~—az
3 3Y
. ¥+ 2 16y +5% 2
=§I—2§—%—4=% therefore the equation 15( 25) ,’;5 =1lor —(ﬁq—)—%z
(®) (%)
2 2
8. The center is (0,0) and ¢ = 2 = 4 = a® + b = b? =4 —a%. The equation is y—zw—%zlﬁﬁ—mzl
a‘ b a?  b?
49 _ ( 144 )__1:>49(4—a2)—144a2:az(4~a2):>196—49&2*144a2:4a2—a4:>a4—197a2+196
a 4-a®
:0=>(a *196)(6,2—1):0:>a.:140ra.:1;a:14:>b2:4~(14)2<[]whichisimpossible;a:l

2
= b? = 4 — 1 = 3; therefore the equation is y* — x? =1

_ dy dy Y..2_ .2 _ -2
9. xy = 2=>xd +y-_0=>d— —3ix -y =3 Coyiea xy
dv dy _x
=Xy o=0= =y If (x4, ¥¢) is 2 point of \ x

intersection, then the product of the slopes is

( yu)(yu) —1 = the curves are orthogonal.

10. y2:4x+4ﬂ?yj—i:4:}%:%;y2:ﬁ4.—lﬁx
dy dy _ _8 ‘ .
= 2y H_—-lﬁ::ra:—y. If (xg,¥g) is a point of

intersection, then the product of the slopes is

(2—)( 8):—£;now y2=4x+4 and y2=64-16x

Yo/\ Vo
=S 4x+4=064-16x =>20x=60=>x=3=>y= x4

16 16 yiab4—163" 7
5 = —1 = the curves are orthogonal
yo C(£4)

at their points of intersection.

dy

11. 2x% 4+ 3y? = a* =:»4)c+6y§ll --(]':zdx ;l,cy"z—_-x:3 ¥ s 3
2¥ =¥
. dy _ ,.2 __3_x2_3xzy 2 .3

where k is a constant = 2ky ﬁ =3x‘ = dx = 2ky = —2—15'-2— —2y2ax 2xf>3y2- i

2
= 2X 3y (since ky? = x3). If {Xg1¥g) is a point of intersection

* 2 3 2 2 +3Y -
then the product of the slopes is (—%)(Lgo) =1

Yo /A 2xg

=> the curves are orthogonal at their poinis of intersection.



12. _\,r2

13.

14,

15.

16.
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= 4a(a— x) = —4a(x - 2) has vertex (a,0) and p = a = the focus is (0,0); y? = 4b(x +b) has vertex
(~b,0) and p = b = the focus is (0,0); 4a{a—x) = 4b(x4+b) > a’ — b’ =(a+b)x =>x=a—b
= y? =4afa— (a —b)] = 4ab = y = £ 2¢/ab = the poinis of int-ersection are (a — b, +2v/3b); y? = da(a —x)

= 2y jx —4da = gy 2a and y? = db{x +b) = 2y d}

intersection the product of the slopes is ( 23)(

=4b = d =25 Therefore at the points of

Zb) iﬁl—" L R parabolas are orthogonal at

)D yg - ’13.b -
their points of intersection.

_ dy _ dy _2p 2p ¥
y? 4px=»2yd 4p=rd 7 My = 3,—lat :
=4
P(x,,y,) = the tangent line s y —y, = (%B) (x —x;) yoEi
1
Plxy5 ¥y)

and meets the axis of symmetry when y = 0

2
2p 3l 4px,
= -1=lyv |x—-x)= 5=+ =xX=——5—+X
¥ (Y1)( 1) p T X1 P 1
=X => x = —Xx,; that is, the tangent line meets the

axis of symmetry x; units to the left of the vertex.

Let P(x,y) be a point on the hyperbola. If the tangent line goes through the origin, then its slope is % But

this is the slope of an asymptote through the origin = the tangent line is an asymptote. This is a

contradiction.
Xy = a’isa hyperbola whose asymptotes are the x and y
dy dy _ ¥y Y
axes; xy = a? = y 4+ x dx =0= vl & Let P(x;,vy)
be a point on the hyperbola = m,,, = —% = the equation

of the tangent line is y —y, = (— %)(x —x%;). The

tangent line intersects the coordinate axes to form the

triangle (see figure). If x =0, theny—y, = (—i—:)(ﬂ -x)

. Y
=S y—¥,=y; =y =2y;ify =0, then —y, :(—x—:)(x—xl)
= X; =X —X; = X = 2x,. Therefore the area is A :%(2}(1)(23{1) = 2x,y, = 2a’.
2
22, ¥ _ _p? b®x

2,2, 2,2 _ y_ X, ine i i |
{a) b*x“ t+a‘y*=a ﬁa_—g,at {(x1,¥,) the tangent line lsy—yl_( azyl)(x x,)

= azyyl + b2m1 = bzxf + azyf =alh? => b2n1 + azyyl ~a?h? =0

b?
(b) b2x? —aly? = a%p? ::- = b2 x! at (x,,y;) the tangent line is y —y; = —-—— (x—x;)
dx a’y al Y1
= b2n1 - azyy;l = b2x¥ —azyf = a’b? = bzxx1 - azyyl ~a®p?=0



926 Chapter Y Conic Sections, Parametrized Curves, and Polar Coordinates

(¢) Ax?® 4+ Bxy 4+ Cy®+ Dx+Ey +F = 0 has the derivative dy = —2Ax—~By-D

- Bty T E at (x,,y,) the tangent line is

_ —2Ax,—By; - D
YN T\ Bx, 3 2Cy, + E

= —2Axx, — Bxy, — Dx + 2A%% 4 Bx,y, + Dx, = 2Axx, + B(yx, + xy,} + 2Cyy, + Dx — Dx; + Ey — Ey,

){x —x;) = Byx; +2Cyy, + Ey — By x, — 2Cyf — By,

= —2ax"1! +2Bx,y, + 2Cy§ . Now add 2Dx, + 2Ey, to both sides of this last equation, divide the result by

2, and represent the constant value on the right by —F to pget:

, +
s, +B{ZE0 )y, 42 e p ()=
17. 18.
’ x’uy’q.orsx’-y’—ho 8 Y

xjy =0, x2,y%-tm0

19. 20.

21, (9x% + 4y2~36)(4x® +9y% - 16)< 0 = 9x* +4y? — 36 <D
and 4x? + 9y% ~ 16 > 0 or 9x% +4y? ~ 36 > 0 and
4?2 +9y° —16 <0

oxZ,s 4y2—36




22, (9x% + 4y? - 36 )(4x% + 9¥* — 16) > 0, which is the

23.

24.

25,

Chapter 9 Additional Exercises-Theory, Examples, Applications

complement of the set in Exercise 21

x‘—(y2—9)2=0=>x2—(y2—9):00r
x2+(y2—9)=0 =>y2—x2=90r x*+y’=9

X +xy+y?<3 = tan 20 = 1—11 which is undefined y
=2 =00 = a=47 = A’

= cos? 45"+ cos 45" sin 45"+ sin? 45 = 3, B' = 0,

C' = 5in245° — sin 45° cos 45° + cos? 45" =

e o

= %x’z +%y’2 < 3 which is the interior o

rotated ellipse

ey

a

Arc PF = Arc AF since each is the distance rolled;

£PCF = A PE o Arc PF = b(£PCF); ¢ = AIGAL y

= Arc AF = af = af = b(LPCF) = LPCF :(g)e;

£OCB =J -9 and LOCB = ZPCF — ZPCE Kb oty
:APCF—(g—a)z(%)e—(%—a):»%—e i : g
—(8)6-(5-0) = 5-0=(E)0-F +o A9 @n®

S a= w—ﬁ—(%)ﬁ = a:w—-(i”—t—b—)ﬁ.

Nowx=0OB+BD=0OB+EP=(a+b)cosf+bcosa=(a+b)jcostfi+b cos(w—(a;b)ﬁ)

={(a+b)cosf+beosw cm((atb)9)+b sin T sin((%)b‘): {a+b)cosf-b cos((atb)ﬂ) and

y=PD=CB—-CE={a+b)sin#—bsin a=(a+b}sin B—bsin('fr—(a-gb)Q)

927
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=(a+b)sinf—-bsinx cos((a+b)9)+b cos sin((a+b)9)= (a+b)sinf—b sin((

b b

therefore x = (a + b} cos § — b cos ((atb)ﬂ) and y=(a-+b)sinf-b sin((a'-}';b)ﬂ)

.Y
2. 5=
dx
dt

2
= cos t :("2;1) +y?=cos?t+sin’t=1=

= x=2cost+1. Thusxg1

Cartesian equation, which is an ellipse,

2 2 . 2
or pod=t? o (1 t)a.ndyz 2, o4t

142 (42 1+t? (1 4e2)

2
:>x2+y2:(1—t2)+4t2 t4+2t2+1 _{2+1) 1 ‘[
(14¢2) (1+ef (48

=cost=>y= Jcostdt:sint+C;y:ﬂwhent:ﬁ:>0+sinG+C:>C:0:>y=sint;then

=~2y=-2sint=>x= J—25intdt=2cost+C;x=3whent=0=>3=2cos[}+c=>C=1

-1)?
()(—4—)~+y2=listhe

y=0=— 2t

covered; t = ~1 gives {$,-1), t = 0 gives (1,0), and t = 1

gives (0,1). Notethatast — oo, x — —landy — 0.

28. (&) x = a(t —sin t):‘»g—’t(—a(l—cos t) and let $ =1 = dm =dA :ydx:y(%%)dt

27
= a(l —ros t)a(l —cos t} dt = a%(1 — cos t)? dt; then A = } a?(1—cos t)? dt
0

-1
7=0=>t=0=x=1= (-1,0) is not &1\
1 +t2

I I
- 2
=a? (1—2cost+coszt)d =a’ 1-2cost+1+1c052t)d [gt—QsinL-t-M
22 2 4 g
[+ o
=3ra; ¥ = x=a{t—sin t) and ¥ —%— =-%—a(1—-cost)::Mx=J?dm:J:\?édA
27 2 2w

3
2

:J %a(l-cos t)a?(1 — cos t)? dt:%a3 J. (1-cost)®>dt =2 | (1—3cost+3cos®t —cos®t)dt
D 0

&)

2

kB

2

2 3 .
=% J [1—3 cos t+3 3cos 2t (1—Sin2t)(cos t)]dt:%[ét-3sint+3 31;'1 2 _ g
o

(wi&)

— Sras
3wra’

o — MX —
5 - Therefore ¥ = M=

chIUl

a. Also, M, = J.')'i'dm: JYédA

L]

. s

3
n t-l-s—":l3 t']

2

0

::J. a(t —sin t)a® (1 —cos t)? dt = a° j (t—2t cos t +1t cos®t —sin t + 2 sin & cos t —sin t cos?t ) dt
o 0
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27
2 ) 3 .
= a3 %—2 cos t — 2t sin t+ét2+é cOs 2t+asm 2t + cos t +sin t+c°g t] = 3725>. Thus
]
M _3r 2,3 5y
2 = 7a = (ﬂa, Ea) 15 the center of mass.

3mra

(b) x—— 3*’2:-‘(11_’;:0»’2 andy =22 o W o /2 e 521 o dm = clA_vdx*y(dE-)d

= (202 at =2 ay ¥ = x =20 and ¥ =F =P M, = J'gf dm= | t/2(2t dt)

V3 V3
J 2632 dt = gsﬂ]f:%ﬁﬂ. Also, M, = J‘szdmz J")‘(‘dA: I 2137224 av)
i )
N
J' gt"”’zdt [8 7;2]\/_ ?z\/-
a
29. (a) x=e* costand y =€’ sin t = x® +y% = e cos?t + e sin?t = %, Also%:%j}%%:tant

4 - . . . .
>t= tan_l(%) =xtyyl=e tan (y;x) is the Cartesian equation. Since ?=x? +y? and
g = tan™} (%), the polar equation is r? = eorr=e*forr>0
(b) ds? =12 d6% + dr®; r = ?® = dr = 2e2¢ df
2 2
= ds? = 1? d62 +(2e%¢ dg) =(e?®)" ap? + 4¢*¢ do?

k3
=5t df? = ds = /520 df = L = J V5e*? dg
o

2w
— \/52629] _ é(efl‘ﬂ' _ l)
]

30. r =2sin (g) = dr = 2 sin (g) cos(%) df = ds? =1? d#? +dr? = [2 sins(g)r dg? +[2 sin2(%) cos(%) d:ﬁi‘]2
=4 sin (%) df? + 4 sin (g) COS (%) do? = [4 sin (%)]{sm (§)+ cosz(g)] d6? = 4 sin4(%) do?

= ds =2 sinz(%) df. Then L = T 2 sin (g = 1—cos(%9)] do =[9—% sm(zsf’)]o = 37
o

O'—su

3l.r=14cos#and 5= I21rp ds, where p = y = r sin 8; ds = v/1° d9§+dr2

= \/(1 +cos 0)% d6% + sin® 6 d9% /142 cos 6 +cos?6 +sin’0 df = /2 + 2 cos 6 df = /4 cosz(%) dé
wf2 nf2

=2 cos(g) df since 0 <4 < 32[ Then § = J 27 (r sin 6) -2 cos(%) dé¢ = J 47(1 + cos @) -sin @ cos(%) dé
o I
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32,

33.

34.

35.

36.

x /2 nj2

sl o) g o) or= | e @snoro| 28]

[V

]

5
V2
_ (=82 (T) _(_§2_1r) 327 —dmy/2
- 5 5 J7 b
The region in guestion is the figure eight in the middle. r=2asic?@2) ¥ 7=20co0216/2)
The arc of r = 2a sin® (g) in the first quadrant gives
w/2
%of that region. Therefore the area is A =4 J %1'2 dd Y
i}
w2 wf2
=4 f 1[2a sinz(g)]z d6 = 8a? J sint(4) do
0 a
wf2 wf2 w2
— .2 2N _ . 2(8 a2 28N . 2(8Y . 2(8 _a.2 1—-cos® sin’d
= 8a J sin (2){1 cos (2)] df = Ba I [sm (2) sin (2) cos (2)] df = 8a J (—~—-—~—2 —T) dg
0 0 0
wi2 xf2 y
wf2
= 2a2 J (2_2 cos g_l:.%.szfo.)di?:az I {3 — 4 cos 0 +cos 20) dé =a2[39—4 sin 9+%sin 29]
0 0 0
—a2(37 _
=a ( 5 4)
e=2and reos 8§ =2 = x =2 1is the directrix = k = 2; the conic is a2 hyperbola withr = ke
1+ecosé
__@@) 4
P T T4 2cos8 142¢cos 0
e=1and rcos § = —4 = x = —4 is the directrix = k = 4; Lthe conic is a parabola with r = 1—_-‘—3‘5%.5—9—
_ W 4
TS s 6 T=cos @
_1 . _ . . . —n. . . . _ ke
e=3 and r sin # =2 = y = 2 is the directrix = k = 2; the conic is an ellipse with r = TTeond
1
== r= 2(5) = 2
1 +(%)sin ¢ 2+sin ¢
_1 o e . . o . . o ke
e=g and r sin # = —6 =+ y = —6 is the directrix = k = 6; the conic is an ellipse with r = T e s d

efl
1_(1(55111 .9=3“Si“9
3

=TI =
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37. The lengih of the rope s L =2x + 2c+ y > 8§C.

38.

39.

40.

{a) The angle A (ZBED) occurs when the distance
CF = £ is maximized. Now £ = y/x*~c® 4y
= l=vx?—e?+L-2x-2

ﬁﬁz%(xg—cz)_]/ﬂ(?.x)—2=————x -2

Thusdg—_O::-——-——-Q—O::rx—.Q\/x 2

R 5

=yl =4x? 4l 234t 2 =

“ﬁli\o,

€
= x=

W

x
Since%:sin%we have sin é:—\é—g:-—’;-=60°:>f\:120°

{(b) If the ring is fixed at E {i.e., y is held constant) and E is moved to the right, for example, the rope wiil slip
around the pegs so that BE lengthens and DE becomes shorter = BE + ED is always 2x = L — y — 2¢,
which is constant = the point E lies on an ellipse with the pegs as foei.

(¢} Minimal potential energy occurs when the weight is at its lowest point = E is at the intersection of the
ellipse and its minor axis.

d,
c+

Therefore P and (} lie on an ellipse with F; and F, as foci. Now

= = = t dist, is 1 2
2a =d; +d, = 30 = a =15 and the focal distance is 10 Tl )

d d
B30 g 4,303+ M=30 4,44, =30, ,

= b% = 15% - 102 = 125 => an equation of the ellipse is Fy-10.0} FA10.0)

2225 + 1225 =1, Next x, =x;+vgt =x; + "0(%) =x; + 10

I the plane is flying level, then P and Q must be symmetric to the y-axis = x; = —xy = Xy = —%X, + 10
Xy =d = 25225 + 122. =1l= y2 1000 = ¥, = 10\3/16 since y, must be positive. Therefore the position of

0\/_

the plane is ( ) where the origin (8,0) is located midway between the two stations.

If the vertex is (00,0), then the focus is (p,0). Let P(x,y) be the present position of the comet. Then

Jix—pP+y? =4x10". Since y? = 4px we have \{(x»p)2+4px: 4x 107 = (x—p)? +4px = 16 x 10*4.

2
Also, x—p = 4 x 107 cos 60° = 2x 107 = x = p+ 2 x 107, Therefore (2 x 107} + 4p{(p +2x 107) = 16 x 104
= 4x1017 +4p? + 8px 107 = 16 x 101 = 4p® +8px 107 —12x 10 =0 = p2 + 2px 107 —3x 10 = 0
= (p+3x107Kp-10")=0=>p=—3x107orp= 107, Since p is positive we obtain p = 107 miles.

2
2 2 4
- = ¢? =X, - —02 el X xt 3.2 x_1
x=2tand y =t :»y-,I,letD—\/(x 0) +(4 3) \/X g+ =T+

= :11- /%%~ 8x% + 144 be the distance from any point on the parabola to (0,3). We want to minimize D. Then

(%)x3—2x 1

(x - 8x? +144) 1/2(4x3—16x)z =U=>§x3-—2x=0:*»x3—4x:0:>x:00r
Vxd —8x2 4 144

&Ié
0:)|>-l
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x= 42 Nowx=0=y=0andx= %2 = y=1 The distance from (0,0) to (0,3) is D = 3. The distance

from { £2,1) to (0,3) is D = 4/( £ 2% + (1 —3)% = 24/2 which is less than 3. Therefore the points closest to
(0,3) are ( :3:2,1).
41. cot a = A.%C = ( = o = 45" is the angle of rotation => A’ = cos? 45" + cos 45° sin 45 +sin?45" = %, B’ =0,

and C’ = sin?45° — sin 45° cos 45"+ cos? 45° = & = Dx’2 +§y =1=>b= \/ganda—\/_#c =a? - b?

B

3]
)

/'_"'\
\..___,../

=n_2._4 -2 icity i £ = R
=2 3-_-3:~c—\/§. Therefore the eccentricity ise = = = \/E 0.82.
.o T ' soT w1 ' ' S T 1 x'? }"2
42, The angle of rotation lsa=3—=>A =SIHZCOSE:§,B =0, and C =—sma-cos;;—=—§=>T—-—2—:l
=>a.—_\/§andb f:c =a?+b% =4 = ¢ = 2. Therefore the eccentricity is e = § =2 \/5

13. \/J_(+ Y=1=x42,/Xy+y=1=22/Ay=1—-(x+y) = dxy=1—-2(x+y}+ (x+y)?
SAxy =2+ Oy +yr—2x— 2y +1 = x? — %y +y?—2x—2y + 1 =0 = B2 —4AC = (=22 - 4(1)(1) = 0

= the curve is part of a parabola

: =T !~ 9gin T cos X = - f— 94inE T _ L in T _ [ T
-4.0_4*—‘»1\—251114(:054—1,]3—0,0_ 251n4c054— .Y = 231n4— 1, E = \/‘50054

=L F=2=2x2-y?x—y+2=0=(x2-x)-(y2+y)= -2 :#(x’2~x'+l)-(y'2+y'+é)

4
(3] (<-3)

. . 2
-2 = i = 1. The center is (x’,y’):(%,—%):}x:%cos%—(—%)sm%:%and
y= % sin %—% cos % = 0 or the center is (x,y) = (-—2@‘0). Next a = \/5 = the vertices are

(X-"y"):(%,\/g %) nd( \/:—%)#x:%—cos%—-(\/‘_~%)sin%=-¥—la.nd
y:%sin%+(\/_—%)cosé_lor{x y)= (—\éé— )1sonevertex andx_%cos%—(—ﬂ—%)sing-

—ﬁ+1 andy__ sin I+(—\/§ 1)51114:—1 or (x,y) = (ﬁ-f-l,—l)is the other vertex. Also

2 2 4 2 2
Z=2+2=4=c=2 = the foci are (x’,y’):(%,%)and (l —-):#x:%cosz—ﬁsin£=—ﬁ and

4 2 4 2

y:%sin%—l—%cos%:\/ior[x,y):(—%,\/i)isonefocus,andx:%cm%%—%sin%:s\:{iand

y:%—sm%—%cos%:— 2 or (x,y):(‘g—\{-_ -—ﬁ)is the other focus. The asymptotes are

¢, 1 ¢+ 1. : 1 ; 1 s 1 1 2
+ &= 4| x'—5)in Lthe rotated systemn. Sincex = —=x'———y' and y=——=x' 4+ —=—=yv' = x + vy = —==x

y+b=2(x-1) y 5X — Y andy =Xty =17
V2 2 2 V2, V2

R - —_ = _ ¥ " X Ty =
= 5 X+-5y =X and x—y = \/Ey = -G X+5y= y'; the asymptotes are



45.

46.

47.

48,
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TRt

(L.,

x4+ -5 w—):ﬁwthera:sympu:)taasal:e-—\/5):4-1_001x \/_and \/_y—l]or

2 2
/2

y = 0. Finally, the x"-axis is the line through (g, 0) with a slope of 1 (recall that & = -:—lr-) =Y =X

\/i

The y'-axis is the line through (\/E ) with aslope of -1 = y = —x+ 5 -

1.
yHg=

2a

{a) The equation of a parabola with focus (0,0) and vertex (a,0) is r = T¥eos 6 and rotating this parabola

2a .
T
1+ cos(9 - 4—)
{b) Foci at (0,0) and (2,0} = the center is {1,0) = a = 3 and ¢ = 1 since one vertex is at (4,0). Thene=%

a(l—ez)
1—-ecos@

through a = 45" gives r =

:%. For ellipses with one focus at the origin and major axis along the x-axis we have r =
1
_ 3(1-3) _ 8
1 _(%) cos§ S—cost

{c) Center at (2,%) and focus at (0,0) = ¢ = 2; center at (2,%) and vertex at (1,%) =>a=1 Thene= %

3
ke - (2)(2) _ 3
l4+esinf ™ 142sinf 14+2sné8’

=%_2 Also k = ae——-(])(?)—— % Therefore 1 =

Let (d,,8,) and (d,,#,) be the polar coordinates of P, and P,, respectively. Then 8, = 8, + 7, and we have

_ 3 1 ‘1__24-(:0581 2+cos (6, + )
d1_2+c059 and d, 2+cos{9 + ) Therefore d1+d2_ 3 + 3

4+ cos #; +cos #, cos m—sin &, sin «

3

=4
5

Arc PT = Are TO since each is the same distance rolled. Now Arc PT = a(£TAP) and Arc TO = a(£TBO)
= LTAP = ZTBO. Since AP = a = BO we have that AADP is congruent toc ABCO = CO=DP = QP is
parallel to AB = £TBO = ZTAP =#. Then OPDC is a square == r=CD=AB—AD-CB = AB - 2CB

= r = 2a—2a cos # = 2a{l ~ cos #), which is the polar equation of a cardiod.

Note first that the point P traces out a circular arc as the door
closes until the second door panel PQ is tangent to the circle.

This happens when P is located at { —= A , since ZOPQ is
- (v?v@)

90" at that time. Thus the curve is the circle x> + y% = 1 for
B<x< . Whenx —1—, the second door panel is tangent

V2 ~V2

to the curve at P. Now let t represent £PQOQ so that as t runs

from X 3 to 0, the door closes. The coordinates of P are given by (cos t,sin t), and the coordinates of () by

(2 cos t,0) (since triangle POQ is isosceles). Therefore at a fixed instant of time t, the slope of the line
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: _Ay _ §int-0 . :
formed by the second pane! PQ is m = Ax " cmioTeml= tan t = the tangent line PQ is

y—0=(—tan tx — 2 eos t) = y = (—tan t)x + 2 sin t. Now, to find an equation of the curve for
1

W < x < 1, we want to find, for fixed x, the largest value of y as t ranges over the interval § <t <. We

g

solve %{—: 0= (—seczt)x+2 cosi=0= (—seczt)x =-2cost = x=2cos t. (Note that
oy
dt?
corresponding y value is y = (— tan t](? cos>t)+ 2 sin t = —2 sin t cos?t +2 sin t = {2 sin t](wcoszt +1)

=(-2 sec?t tan t)x—2 sint<0on0<t<T s0amaximum occurs for y.) Now x =2 cos®t => the
-2

= 2 sin®t. Therefore parametric equations for the path of the curve are given by x = 2 cos®t and y = 2 sin3t

2/3 2/3
for0<t < % In Cartesian coordinates, we have the curve xz"’3+ yz;s = (2 cos® t) +(2 sinSt) /

—=92/3 (ms2 t+ sinzt) =22/3 = the curve traced out by the door is given by

x2—|—y2=1 for OSX<“"1_

x2f3+y2;3:22'!3 for -—1——5)(51

49.
Y
4—.-.
1 r=cos3 +ncosé,
n=«5 4 D=8=<nm
n=-4 ]
}-
n=-3 =
n=.g _ L =5
== . 7 =4
i % T
3, n=3
N % 4" ==} =z
-8 s 2 - ; 2 X
k)
-2+
&t

NOTES:



CHAPTER 10 VECTORS AND ANALYTIC GEOMETRY IN SPACE

10.1 VECTORS IN THE PLANE

L. (a) (b)

d Ao

{c) Aay (d) ~T
M -C o

s

- 28 ~ X

‘ry

2. (a) {b)

@ ” (@)
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3. A+2B= (27§ +2(+6)) = (2i—7j) + (2i + 12]) = 4i +5j
4 A+B-C=(2i-7)+G+6)—(3i—7n))=(3~/3)i+{x-1)

5. 3A—1C=3(2i— 1) — 1(/Bi— i) = (6i — 215) —(ﬁi-j):(ﬁ——@)i——?ﬂj

6. 2A — 3B +32j = 2(2i— 7)) — 3(i +6) + 325 = (4i~ 14j) + (~3i— 18)) + 3% = i+ 0j =1
7. (a) wW=-u+v (b) v:w-{-(—u) —w-—-1

8. a=u+§f’=u+(w;u)=2“+;”“=“;w

9. PP,=(2-5)i+(9-7)j=-3i+2

¥
24
®
-3 a
10. PyPy = (-3 —1)i+ (5— 2)j = —4i+ 3j
¥
5
4 ) *
11. AB = (=10 — {(=5))i + (8 — 3)j = —5i + 5§
¥
!
: |
)] X
-5 0
12. AB = (6 — (=7))i + (11 — (~-8)) = 13i+ 19
¥
19+ !
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13. PP, =(2 - )i+ (=1-3) = i—4j y
Y .
-4
14 Py s (354 22 o o1 y
= PoP, = (-1~ 1i+({1-3)=—2—2 _
-2 0 g
-2}
15, AB = (2~ )i+ (0~ (~1))j = +j and y
CD=(-2-(-1Di+(2-3)j=—1-] W
— — 1
= AB+CD =0
X
1 ~ 1
AE+CD=0
)]
=1
16. AB=(~2—a)i+(5—bjj=4i-2= ~2—a=4and5—b=—2 y
=>a=-6andb=7 = AO = —OA = —(—6i +7j) = 6i — T}
0 (S
7k

17. AB=(a—2)i+(b—-9)j=3i—j=>a—2=3andb—9=—1=a=5and b=8 = B is the point (5,8)

i8. P_(j=(3—a)i+(3—b)j=—6i—4j=>3—-a.=—6 and 3—b=—-4=>a=9and b=7 = P is the point (9,7)
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19, u= (c056)1+(sm%)_]:§i+%1 - li+‘-';ij ~ u=
u:(cos%ﬁ)1+(sm2—§t)]=_%l+§-] i

20. u= (cos(—l))iwL(sin(-—%) j= ﬁi—ﬁj;

1w = 5+ ) (in (5

1|
Voo™
(%]
o
e
o
=g
p—
I
+
o~
|,
1=
(1]
g
T
f
[ ]
I

3
_ V2 V2 i,
-2 23 Ti- %)
N
-2t
_ T 23y, . 1'_'2_»{ .
2. w=(cos( 5~ )i+ (sin(3 - 7)) ;
= _z inf - %
(o)) oD
NS
_— ] —=
7 '~2) RS
. AR fd — 6 8. _3._ 4.
2. |~i435= T+ =\/10=>~"—=—Li+i'
| il M 0 V1o
25, %:2 ly=g =4 = 1+ 4j is tangent to the curve at {2,4) H
1
=>u=7== ,.._Ja.nd—u— T ,_.Jareumt
- !
tangent vectors; n = 1— ]and —n=- j n
are unit normal vectors
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dy dy _  92x
== =0=
dx dx ~ "4y (2.1)
1 - 1

¥
to the curve at (2,1} > u=—=i1—~—=] and —u = —Li+_1_.j "
N -

Lig Lj

V2 V22

26. 2x + 4y =—~1 = i—jis tangent y

are unit tangent vectors; n =

1.
— d— -
\/ﬁjan " \/5 \/5

are unit normal vectors

dy _ _1 — 10k
217. Ix =1 +x2 _§ +23 is tangeni to the curve . n "
at (1,1} = 2i+j is tangent = v = \/_ x/d and 1 y =tan'x
2 i it ¢ t vect 4

—u = —-==i-—-—==j are unit tangent vectors;

VAN 8 -n

! 9 1 9 -1 -0.5 0.5 1 1.5 2 z.5 *
n=-—=i+—=<=jand -n = 1——~%=j are unit normal

N ARV VR Co.5
vectors

dy _ & xn! 2 X _
28‘ d_xh ngl (n"l)' E %r:ex|{0-1)212>1+1 18

tangent to the curve at (0,1} = n= Ly —l-j and
NONG
—u= -l Lj are unit tangent vectors;

V2 V2
n =Li—Lj and —n = —-—1—i+—l—j are unit normal
V2 2 V2 V2

vectors

dy
dx

dy  3x+4y
dx ~ T dx+ 3y

=3 = 4i— 3j is tangent to the curve at (1,0)

=0= 1

29. 6x+8y+8xg—y+4y I
x (1,0)

=u= :t%(éli — 3j) are unit tangent vectors and v = i-%(?oi + 4j) are unit normal vectors

dy _x—3dy—1

30. 2x — by —6x d—+ lﬁy -2=0= =3s 54+ 3j is tangent to the curve at (1,1)

dx dx 7 T 8y - 3x (1.1} 5
= u= =+ \/lﬁ(fﬁ-i- 3j) are unit tangent vectors and v = \/_( —3i+ 5j) are unit normal vectors

dy

31. E=V 3 +x4~[0 0y = \/5 =1+ \/5_'j is tangent to the curve at (0,0} => u = :I:%(i + \/5_]) are unit tangent

vectors and v= %+ %(——\/ii +j) are unit normal vectors

32, j—i =In(ln x) |(e 0= In1=0 = u= +1iare unit tangent vectors and v = = j are unit normal vectors
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KEN

4.

35.

i6.

37.

38.

39.

40,

41.

43.

44,

v=5i+12j=>Ivt=\/25—+14§*—13=>v-_|v1(l—¥-)— (-53- %)
2 3

v—21—3]=>iv|—\/ﬁ—\/_=>v—1vi(%) \/_(

Vi)
v=3i-4j > ivi= I+ 16=5=>u= :I:(IT“'l): i%(:}i-fij)

A=-i+2i=z|Al=+14+4= = v=-2 -2 L i+—=2j)=-2i——_;is a vector of length 2
j V5 Al AI 5 f > \/51 g
whose directlon is oppesite to A; there is only one such vector

A = -3B = A and B have opposite directions
1

A=06B = A and B have the same direction v = % (1+23)

If |xis the magnitude of the x-component, then cos 30" = I——;—I = IxI=|F|cos 30° = (10) (g) = 5\/§ ib

= x=b+/31;

if |y | is the magnitude of the y-component, then sin 30" = i'—%:% = |y{=|Fisin 30°= (]0)(%) =51lb = y=>5].

1x1

lFl=>le=|Fﬁcos45°: (12)( : ): 6+4/2 Ib
=x = —6+/2i (he negative sign is indicated by the diagram)

M (
IF|=>»|y|—-|}“}sm 45" = (12)

= y = —6+/2j (the negative sign is indicated by the diagram)

S

If |x|1is the magnitude of the x-component, then cos 45" =

95

)zﬁﬂlb

if |¥|is the magnitude of the y-component, then sin 45° =

Zi+j=a(i+i)+8(0-D=(e+fi+{a-Nj=>a+=2and a—f=1=2=3=ax=2and

2
ﬂ:a—l:%—

Ci—2= a2+ 3+ B8l+]) =20+ 8)i+Ba+f)j=> 2a+F=1land 3a+F=-2= a=-3 and

B=1-2a=7T= A =a(2i+3j))=-6i—9fand A, =B(i+]j) =7i+Tj

(a) The tree is located at the tip of the vector 6-}" (5 cos 6071+ (5 sin 607)j = l+5\2/§_] =P = (% _\é/_g)

{b) The telephone pole is located at the point Q, which is the tip of the vector OP + PQ

(2 it \/_J)+(10 cos 315%i + (10 sin 315)1-( +£)' (M_M)

2 2

Q= (5 +2»/§1 5\/5—210\/5)

{a) The tree is located at the tip of the vector OP = (7 cos 4571+ {7 sin 45")] = 7\/ii +Z£j

2 2
Lr (D28
2 2
{b) The telephone pole is located at the point  which is the tip of the vector oP + P_é

(7\/_ - MJ)J, (8 cos 2107)i + (8 sin 210°)} = (7\25* 8\2/5)""'(7\2/E _g)j

2




45. The siope of —v = —ai—bj is E%
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o =(Df-as 2 )

= ‘g, which is the same as the slope of v.

10.2 CARTESIAN (RECTANGULAR) COORDINATES AND VECTORS IN SPACE

S

© @ N ;o

1.
2.
13.
14.

15.

16.

7.

18.

19.
20.
21
22,
23.
24,

25,

The line through the point (2,3, 0) parallel to the z-axis

The line through the point (—1,0,0) parallel to the y-axis

The x-axis

The line through the point (1,0,0) paraliel to the z-axis

The circle x% + y° = 4 in the xy-plane

The circle x* + y2 =4 in the plane z = -2

The circle x2 - 2z% = 4 in the xz-plane

The circle y2 + z2 = 1 in the yz-plane

The circle ¥% + 2% = 1 in the yz-plane

The circle x2 +2° = 9 in the plane y = —4

The circle x? 4 y? = 16 in the xy-plane

The circle x2 4+ 2% = 3 in the xs-plane

{a) The first quadrant of the xy-plane (b) The fourth quadrant of the xy-plane

{a) The slab bounded by the planes x = 0 and x =1
(b) The square column bounded by the planes x =0, x=1,y =0, y = 1
(¢} The unit cube in the first octant having one vertex at the origin

(a} The ball of radius 1 centered at the origin
(b} All points at distance greater than ! unit from the origin

(a) The circumference and interior of the circle x* + y2 = 1 in the xy-plane
(b} The circumference and interior of the circle x> +y2 = 1 in the plane z = 3
{c¢) A solid cylindrical column of radius 1 whose axis is the z-axis

{a) The upper hemisphere of radius 1 centered at the origin
{b} The solid upper hemisphere of radius 1 centered at the origin

{a) The line y = x in the xy-plane
(b) The plane y = x consisting of all points of the form {x,x,2)

(a) x=1
(a) x=3
(a) z=1

(a) x?+y2=4,2=0

(a) x2+(y-2)2=4,2=0

(a) (x+32+(y—-4)P2=12=1
() (x+3?+(=-1)"=1y=1
(a) y=38,z2=-1

(b) y=-1 fc) 2=-2

(b) y=-1 {(¢yz=2

(b) x=13 (c) y=-1

(b) Y2 +2°=4,x=0 (c) x*+22=4,y=0
(b) (y -2 +22=4,x=0 () x*+22=4,y=2

() y -4 +GE-1)2=1,x=~3

(byx=1,z=~-1 (¢c) x=1,y=3
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26.

27.

28.

29,

31.

33.

34.

35.

36.

37.

38.

39.

40,

4]1.

42.

43.

44,

45.

V428 = x4+ -2+ 2 4?42 = (-2 422 > Y=yl 4y Ay = 1
X4y +22=25,2=3

X4y 4 -1 =dand P+ ¥y + 2+ 1P =42 4y 4 - D2 =P+ yi 4 24+ i 2 =0, 2+ yP =3

0<z<1 30, 0<x<2,0<y<€2,0<z2<2
R | 32.3:\/1—352—3,/z
@) x-1E+(y-17+(-1)%<1 () (x=12+(y—12+(2-1)*>1

1<x?+yt422<4

length = |2i+j — 2k| = /2% + 12 + (—2)% = 3, the direction 15%1-@-% §k=>21+_]—2k—3(§ 3J—=k)
length = {3i — 6 + 2k|= /32 + (=6)2 + 2 = 7, the direction is $i -85 + 2k = 3i—6j+2k:7(§i—%j+%k)
length =i+ 4j — 8k| = /T + 16 + 64 = 9, the direction is }i+ i~ Sk = i+4j-sk=9(Li+3j - §k)
length = l9i—2j+ 6kI: m— 11, the direction is 191 121_]+ Ilk = %i—2j+6k

= (i~ Fi+fx)

length = |5k | = /25 = 5, the direction is k = 3k = 5(k}

length = | —4j| = /(—4)% = /16 = 4, the direction is —j = —4j = 4(—j)

length:151+5k|—\}2g_+2g 1, the direction 1sgl+5k:>% %k

Hl
Ll
—
LT
-
+
.
-
—

length = \ﬁ:—%k}: %4—%:1,thedirectionis%i—-%k@ﬁi“_ﬁkzl(%i_%k)
2

1 . 1 - 1 — 1 - {1 : COE Y 1l . 1

length |751-%]-% ‘- 3(\_/6) = /5 thed:rectlonls—ﬁl—ﬁ_}-—ﬁk

PO WSO S SUND Y VN N G0 T PR S S

V6 Ve Ve 2\ VBB

length L+l j-i-Lk 3f -4 2=1,thecliret:tion is—l-——i+Lj+—1-k

VERRARVERNRVE V3 V3V VB

:ﬁi+71§j+-lﬁk (\}gl-l-\/—,l'l'\/——)

(a) % (b) —/3k (©) i+2x (d) 6i—2j+ 3k



46.

47.

48.

49,

b0,

51.

52.

53.

54.

Section 10.2 Cartesian (Rectangular) Coordinates and Vectors in Space 943

4‘/_1:

(a) -7

{c) 41-—* -k (d) %i+%ju

|Al= v122 457 = /169 = 13; l%! A = £2(12i - 5k) = the desired vector is 5 (12i ~ 5K)

tAl=|i+j+k|= B;A.—_-—-l—'+1 + 4k = the desired vector is i+ 41y

rivk= V= A A v

|Al=]2i— 35+ 6k|= /22 +(-3)2+ 6% = \/4 =T;A:21—§J+ﬁk=>thedeslredvectorls
VA =T = im gy

s(2:_ 3,63 = _10; 15, 30
3. A 1 1. 1 . . 1. 1. 1

|Al= l+l+l=£-—=w—w —-==)— —=k = the desired vector is 3| —=i——=j——=k

T AT AT A AT T3
= —/3i+ /3j+/3k

X E T 2 52 2
{a) the distance = the length =|P1P2|=|21+2_]—k|=1;'2 +2°4+(-1)*=3

Lo 9. 1 2. 2. 1
(b) 2i+2j—k= 3(%14—-3—]-3]:)::- the direction is %1+§J-—§k

{c) the midpoint is (2 2, 2)
(a) the distance = the length :IPI_I"Z‘=|3i +4j—5k|= /9 + 16 + 25 = 5+/2

(b) 3i+4j— 5k—5\/_( \/,.1-1—5\/_' \}_k):‘:Lhedlrectlonlsaf/ii+s4wj--ﬁk

(¢) the midpoint is (%,3, %)

{(a) the distance = the length zIP:ﬁ’2|=i3i—6j+2k|= VI+36+4=7
(b) 3i-6j+2k=7(§i-$j+%k): the direction is%i-gj+§k

() the midpoint is (3,1,6)

(a) the distance = the length = | P1_I32 [ =|l-i-j-k|=3

(b} —i—j——k‘:\/_( A -L'—Lk):# the direction is —~Loj -1 j— -1k

VRNV VRNV

(¢) the midpeint is (%’%‘%)

(a) the distance = the length =|P:f’2}:12i—2j—2ki= V3-22 = 2\/5
1 | 1 . 1

- i—-—=)——= e direction is——l——i-——- ——
(b) 2i— 2j—~ 2%k = 2\/_(\/5 v ﬁk):»th direction is i~ Jaj ok

(c) the midpoint is {1,-1,-1)

a

NG
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56. {(a) the distance = the length = [Pl_f’i, | =|-56i-3j+2k|=+/38
b . 3 - 2

s _ a3 5 . 3 . 2 s
by =5i—3j+ 2k = +/38( — - k the direct — 1 ——]+—=k
(b) —5i—3j+ v ( \/ﬁl \/3—8"+\/§§ ):» e direction is \/3&81 '_"381-{-\/—38

{c) the midpoint is (%, %, —1)

57. Jﬁ?ﬁ=(5—a)i+(1—b)j+(3—c)k=i+4j—-—2k:‘~5-a=1, l-b=4,and 3§ —c=-2=a=4,b=-}, and
¢ =5 = A is the point (4,-3,5}

58, )ﬁﬂ:{a+2)i+(b+3)j+(c—6)k=—?i+3j+8k:,-a+2:-7, b+3=3,andc-6=8=a=-9,b=0,
and ¢ = 14 = B is the point {-9,0,14)

59. center (~2,0,2), radius 2v/2 60. center (~%—%«-%) radius ‘/22_1
61. center (\/5, \/5,—\/5), radius \/5 62. center ( ,—% %) radms N

83. (x— 1P +(y-2°+(z-3)% =14 64, 24+ (y+ 1)1+ (252 =4

65. (x +2)%2+y?+22=3 66. x° +(y+7)% +2% =49

67. x4 y2 42 4 dx—de =0 = (P + ax+ )+ 2+ (2 — 2z +4) =4 +4 = (x+ 2% + (y = 02 + (2 — 2)? = (VB)
= the center is at (—2,0,2) and the radius is \/§

68. X} +y 426y +82=0=> x> +(y2 -6y +9)+ (22 +824+16)=9+16 = (x-0)2 4+ (y - 3)2 + (2 +4)* = 5°
= the center is at {0, 3, —4) and the radivs is §

69. 2x2+2y2 4+ 22 +x+y+z =9 = x* +%x+y +%y+z +3z—%
= (X gxtfg)+ (P + gy +fp)+ (P + g i) =3+ ii:{‘aﬁ'(x+%)2+(y+%)2+(z+%)2=(5+@
5v/3

= the center is at (—%,—%,—%) and the radius is 5

2 2,2 9y — 2, .,2,.2 2_2, - 2 2,2,.1 e 2, ,1Y_
70, 3x“ 43y + 52+ 2y —22 =3 > X+ ¥ +3y+z 32_3 =X +(y +3y+9)+(z 3z+9)_3+

p
= (x —0)? _+_(y +%)2 +(z —-}3—)2 = (@) = the center is at (0.—%,%) and the radius is —@

E=l[ ]

71. {a) the distance between (x,y,z) and (x,0,0} is VY2 422
(b} the distance between (x,¥,z) and (0,y,0} is v x% 22
{c) the distance between (x,y,z) and (0,0,z) is VX +y?
72. (a) the distance between (x,y,z) and (x,y,0) is z

{(b) the distance between (x,y,z) and (0,y,2) is x
{c) the distance between (x,y,z) and {x,0,2) is y

73. () the midpoint of AB is M(3,2,0)and CM = (3-1)i+(3-1)i+(0-3k=Fi+35-5k

(b) the desired vector is (%) CM = %(%1 + %J - 3]‘) =i+i—2k
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{c) the vector whose sum is the vector from the origin to C and the result of part (b} will terminate
at the center of mass = the terminal point of {i4+j+ 3k) + (i+j~ 2k) = 2i + 2j + k is the point
(2,2,1), which is the location of the center of mass

74. The midpoint of AB is M(%,ﬁ,é) and (%)CM = %[@+ 1)1+(0 2)j + ( + 1)k]_ 3( 23+gk)

5. 4.

5441 45,7y 4 e

=3i- 3_]+ k. The terminal point of(3 —3i+zg )+OC ( i 3_|+ )+( i+2i~k)

= 2i+2' +—k is the point (2 2 i) which is the location of the intersection of the medians
317373 333 :

75. Without loss of generality we identify the vertices of the quadrilateral such that A((,0,0}, B(x,,0,0),
Ofxes¥ s 0) and D(xg,a,25) = the midpoint of AB is Msp(=2,0,0 ), the midpoint of BC is

Mge (fb_ti.,)é‘:,[)) the midpeint of CD is Mgap (x ;xd Ye -5 Yd z;) and the midpoint of AD is
Xp_ Xt X4
Map (%‘-,ng—,i‘i) = the midpoint of M pM4p is (§ 2T Ye : Yd f) which is the same as the midpoint
(xb-i-x +x2d y.+vq zd)
of MypMpe = 5 ’ 54 v/
76. Let V|, V,, Vg, ..., V, be the vertices of a regular n-sided polygon and v; denote the vector from the center to
Vifori=1,2,3,...,n 8= i v; and the polygon is rotated through an angle of i(?:r) where
i=1,2,3,..., n, then § would 11'_:11113.in the same. Since S does not change with these rotations we conclude

that § = 0.

77. Without loss of generality we can coordinatize the vertices of the triangle such that A(0,0), B(b,0) and

C(x.¥.) = a is located at (ng y‘) bis at (};‘,%‘) and c is at (%,0). Therefore, Aa = (%+%)i+(}é—c)j,

ﬁ):(%——b)ii—(%)j, and a=(g—xc)i+(—yc)j = Xe.t+l§l:)+6:: =0

16.3 DOT PRODUCTS

NOTE: In Exercises 1-10 below we calculate proj, B as the vector (g—i‘?—sg)A , 80 the scalar multiplier of A is
the number in column 5 divided by the number in column 2.
A-B |A| IB| cos f |B|cos 6 proj, B
1. —25 5 B -1 -5 —2i + 4j — 1/5k
3 3..,4
2. 3 1 13 B 3 3(3i+3x)
3. 2 15 5 : o —1—(10i+ 11j — 2k)
13 13 _
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10.

11.

12.

13.

14.

15.

18.

17.

18.

A-B | Al [BI cos 0 |B}cos @ proj, B
0 V53 1 0 0 0
0 1 NE 0 0 0
2 2 Loigs
2 V34 V3 NV T 7= (55 — 3k)
2 V2 V3 N V2 i+k
_ Vioyi fi-fI Vi
\/§ \/E \/§ 3 3\/§ \/5 (—1+3])
V17T =10 V1710 VIT=10, . .
—10++/17 /26 11 W 75 s (—5i+J)

= (AR A)+ (b AR )30+ [ 0363 (i) o). v
2

A-B=3and A-A=

= (A 0)+ (5~ 48 0) = Ja (3 40) 4049 [0 w0463 (be ) (B i)

where A-B=1 and A-A=2

B:(A EA)-'-( iﬁA) 14(1—"2] k)+[(81+4]—12k) ("_"1'+"'“"J——k)]
10
3

:(?4 _?,_Sj—l‘lk)+( 1—-3§j—23k), where A-B =28 and A-A =6

3 3

B=(%A) (B_HA) 1("*)*‘[(”‘]‘*’*) ()A]=(i)+(j+k),WhereA-B:landA-Azl;yes

The sum of two vectors of equal length is always orthogonal to their difference, as we can see from the equation
(Vi 4vg) (v = v = v v Fvg-v — vy vy — vy - =|v |2—|1r2.|2 =0

—  —

CA-CB=(-v+(-u))-(-v4+u)=v-v—v-ut+u-v—u-u=|viZ ~(u|? = 0 because ju| = | v| since both equal
the radius of the circle. Therefore, CA and CB are orthogonal.

Let u and v be the sides of a rhombus = the diagonals are d; =u+vandd, = —u+v
> d;-dy=(u+v)-{-u+v)=-u-utu-v-v.utv-v=|viZ—|u|? = 0 because |ui=|v|, since a rhombus

has equal sides.

Let u and v be the sides of a rectangle = the diagonals are d, = n+ v and d, = —u+ v. Since the diagonals
are perpendicular we have d; -dy =0 & (n+v)-(—u+v)=—u-u+u-v-v-utv-v=0&|vi—n®=10
> UviFluvi—tuh =0 < (vi+iui} = 0 which is not possible, or ((v|—|ul) = 0 which is equivalent to

ivl=|u|=> the rectangle is a square.



19.

20.

21.

22.

23.

24.

25.
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Clearly the diagonals of a rectangle are equal in length. What is not as obvious is the statement that equal
diagonals happen only in a rectangle. We show this is true by letting the opposite sides of a parallelogram be
the vectors {v,i+ v,i} and (u;i +u,j). The equal diagonals of the parallelogram are

dy = (vyi + voi) + (uyi+u,j) and dy = (vii + vyi) - (uyi+ uyf). Hence |d, [=|dy]=](vyi+ voi) + (uyi+u,d) |
=] (vyi + v} = (wyi+ugd} | = | (v +ug)i+ (v +upi| = [ (v —up)i + (v~ up)i]

= \/["1 +u))2 + (vp+uy)t = \/(v] —uy)? + vy —uy)? = vE 4 2viug +ul +vE 4 2vpu, 4 Ul
=v8 - 2viu, +u 4 vE - 2vou, +ud = 2(viuy +vau,) = —2(vyny 4 vpug) > viug 4 v, =0
= (vqi 4+ v,i) - (uyi+uyj) = 0 = the vectors (v,i+v,i) and (uyi+ u,i) are perpendicular and the parallelogram

must be a rectangle.

If ju| =iv|and u+ v is the indicated diagonal, then (n+v)-u=u-u+v-u=ju’+v-u=u-v+iv/?

o o ) 2 (u+v)-u
=u-v+4v-v={(u+v}-v=>the angle cos ([__u+vliu|

af(u+v)-v . . . .
cos l(l(ll_+h\%l_\fl) between the diagonal and v are equal because the inverse cosine functior is one-to-one.

Thetefore, the diagonal bisects the angle between u and v.

) between the diagonal and u and the angle

Let M be the midpoint of OB. By the Pythagorean Theorem OB = /124 1% = \/5 and OM = § Hence the
angle # between OB and OD has a tangent of g\g (T = \/% = /2. Therefore, tan 8 = /2
2

= f=tan"?! /2 & 54.7"

i-v a J-v b k-v c
a) cos & = == .cos f== = =, COS =—a.nd
@) v~ 1 <98 8= [T = w0 8 7 = iy =
2 2 2
2 2 2. _{a b c _a +h +C _ivllvl_
cos® a 4 cos“ f 4+ cos 'y—(l-‘-ﬂ) +(]-;,—]) +(I_V_t) = NIV SIS =1
{(b) |v|=1=>coscr=%=a.., cos,@z,"—ﬁ:b and cosy:ﬁ:c are the direction cosines of v

|

A-B \_
T

v
0 — cos= { AB N = o] (2)(1) + (1)(2) + (0)(-1) —eos 14 = cos— =4\ ~ 0.75 rad
( ”Bl) (\/22+15+02\ﬁ2+22+(—1)2 ° (\/5\/6) ° (\/3_0) r

_1(

(2)(3) + (~2)(0) + (1)(4) = cos™ ! (._.,.19__) = cos™! (2) 2z 0.84 rad
VE+H(2? 12 VI 0P A V9 V25 3

B )zm_l (vVBY/3) + (=1)(1) + (8)(=2) — ( 35—
(-2 >

|
. 7 )
| VIV +02 40 VBF 40 + Vo2 V8

kg

1

8 =cos™

o= c.:.s—l(
(

>
tw

= cos™! (—_—1—) =z 1.77 rad

/26
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26. QZCOS_]( A-B )"‘COS 1 (1) 1)+(\/_)(1)+(_\/§)(1] :cos_—l( =1 )
IAllB VW2 (V2] +(=v2) JC0P (17 + (17 Vs V3

= cos'l(—:}—) =z 1.83 rad

V15
27. AB =3i+j—3k AC=2i~2j, BA = —3i—j+3k CA = ~2i+2j, CB =i+ 3j — 3k, BC = —i ~ 3j + 3k; thus
ZA = cos (AB -AC )—cos ( )~124rad~?107° ZB = cos™ ( _S)
| aB{|AC] [BAHB
2 0.66 rad = 37.86% £C = cos™! CA CB ):cos_l(——q—)zl.% rad =~ 71.07
|CAllcB] V152
_ o= A-B Y _ . 113
98. § = cos (|A”BI)_cos (45)~128rad~7321
29, Let A=i+kand B=i+j+k = 8 =cos™! A:&): U2 Y~ 0.62 rad = 35.26°
an ! (IA!iBl V2 /3
30. A =10i + 2k is parallel to the pipe in the north direction and B = 10j + k is parallel to the pipe in the east

A-B

):ccs_'l _2..._,___.
jAHB] 4/104 /101

31. (a) Since|cos 8] < 1, we have ju-vi=1ui|vilcos 8| <iuilvi{l) ={u|iv].
(b) We have equality precisely when |cos 8| = 1 or when one or both of w and v is 0. In the case of nenzero
vectors, we have equality when # = 0 or =, i.e., when the vectors are parallel.

direction. The angle between the two pipesis § = cos'l( ) = 1.55 rad = 88.88".

%595#. This

means (x,y} has to be a point whose posilion vector makes

32, (xi+y])-v=|xi+yj|livicos § <0 when

an angle with v that js a right angle or bigger.

33. v-u; = (au; +bu,)-u; =au; -u; +bu, -uy :a|u1|2+b(u2-u1) =a(1)? +b(0)=a

34. No, B need not equal B,. For example, i+ #i+2jbuti-(i+j)=1-i+i-j=1+0=1and
(i) =i-i+2i-j=1+2-0=1

35. (a) ID|?=D-D=25A-A+36B-B+9C-C=25+36+9 =70 = |D{= /70
(b) IDI2=251A12+36BIZ4+91CI% = (25)(4) + (36)(9) + (9)(16) = 568 = | D| = /568

36. D-A={cA+FB+9C)-A=cA-A+FB-A++C A = (a)(1)+(&0) + (¥}0) = a; similarly
D-B=Fand D-C=+



37.

38.

39.

40.

41.

42,

43.

44. v = —2i — ] is perpendicular to the line —2x —y =¢;
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P(0,0,0), Q(1,1,1) and F= 5k = PQ =i+j+kand W=F -PQ = (5k)-(i+i+ k) =5 N-m = 5 J

W =|F| (distance) cos # = (602,148 N)}(605 km){cos 0) = 364,299,540 N -km = (364,299,540)(1000) N -m

= 3.6429954 x 1011 ]

W= IFI’I;ZQ \ cos 8 = (2003(20}{cos 30°) = 2000+/3 = 3464.10 N -m = 3464.10 J

W = |FI|PQ] cos 8 = (1000)(5280)(cos 60°) = 2,640,000 f1 -1b

P(xy, %) = P(xl, %— %xl) and Q(x,,¥,) = Q(xz,%—%xz) are any two points P and Q on the line with b # 0

= I;EJ = (x2~x1)i+%(x2—x1)j = P_Q-v :{(x2—x1)i+%{x2 —x!)j]-(ai+ bj) = a(x; —x;) +b(%)(x2 -%)

=0 = v is perpendicular to P_C:), for b #£ 0. If b =0, then ¥ = ai is perpendicular to the vertical line ax = c.

Alternatively, the slope of v is % and the slope of the line ax + by =c is —%, so the slopes are negative

reciprocals = the vector v and the line are perpendicular.

The slope of v is g and the slope of bx —ay =cis 153, provided that a £ 0. If a = 0, then v = bj is parallel to

the vertical line bx = ¢. 1In either case, the vector v is parallel to the line ax —by = ¢.

v = 1+ 2j is perpendicular to the line x + 2y =¢;
P(2,1)on the line = 24+2=c = x+2y =4

P{—1,2) on the line = (-2)(-1) -2 =c¢ = ~2x —

=10

i+ 2§
XK+2y =4
X
1 S
Y
—-2x-y=0
*

-2

. =11
—2i—}
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45. v = —2i 4 j is perpendicular to the line -2x +y =¢: Y
P(—2,~7) on the line => (—2}{(-2) -7 =c = —2x+y= -3 —2i+]
/ )
-2 0 /2
—2X+y==3
7
46, v = 2i — 3j is perpendicular to the line 2x — 3y =; ¥
P(11,16) on the line = (2}(11) —(3)(10) =c¢ s/
= 2x—3y = —8 2x-3y=-8
24 0 2 *
) 2i -3
47. v = i—] is parallel to the line x +y =¢;
P(-2,1) ontheline= -2+1l=c=x+y=-1 y
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¥
48. v = 2i+ 3j is parallel to the line IJx -2y =¢;
P{(0D,~2) on theline = 0-2(-2)=c= 3x -2y =4
21 +3j
3"
. x
/ 2
3x-2y=4 P(0,-2}
49. v = —i—2j is parallel to the line 2x —y = c; y
P(1,2) on the line = (2)(1) -2 =c=> 2x-y =0
2r P(1,2)
2x-y=10
! L X
-1 1
-i-2§ -2k
50. v = 3i—2j is parallel to the line 2x + 3y = ¢: ¥
P(1,3) on the line = (2){1) + (3)(3) =¢ \
= x4+ 3y =11
3r P(] ’3)
2x+2y =1}
L X
1 3 AW
“Ir 3t - 2§

In Exercises 51-56 we use the fact that n = ai + bj is normal to the line ax + by = ¢.

51. nl=3i+jandn2=2i—j=>9:cos‘1(|_n_1...'.fl_)=cos'l( 61 ):cos“l(—-——

L7
o, | |ng| 10 /5 \/i)_‘i
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. s - - —1f {y-n -if 341 -
2= S and = B = 0= e (=0 () = o (1) =

53. n; = \/ﬁi —jand n, =i- \ﬁj = § = cos™! (l::lli;;:éi) =tos~ (-[j{-—\;-_?)— cos*l(\/g)—_—%

54. my =i++/3jand ny={1-3)i+(1+3)i=0 .—_cos'l( B )

Y

4 1—/3++/3+3 —eos~ 1 -4 Y= cos—1f L N=Z
- (\/1_-?_3\/1—2\/5+3+1+2\/§+3)_ (2\/5) (\/5)74

55. n; = 3i—4j and n2=i—j=>9=cos"1(|-rh~:-—2-—)— cos 1( 3 +4 )— 05-3(_._7'_“)250_14 rad

n, [[ng] V25 /2 54/2
R e o —1f Bp'm 0s=1f 2410 -1/ 14
56, m, = 12i+5jandn, =2i—2j = f =cos™ ! =12 | = 1 =cos 22 _\~ 1.18 rad
1 J anc iy ! (inllinzl /169 /8] 2%6+/2

57. The angle between the corresponding normals is equal to the angle between the corresponding tangents. The

points of intersection are ( 5 ,4) an (\/-,g) At ( \/_ 3) the tangent line for f(x) = x? is
¥ —% = f'(‘g)(x‘(‘?\@)) =>y= —\/ﬁ(x-k \éﬁ) S y= \/_x—-» and the tangent line for
f{x) = ( ) xtisy —% = f’(vﬁ)(x—(—l{i)) >y= ﬁ(x+§) % \/—x+—. The corresponding

normals are n; = V3i+jand n, = —+/314]. The angle at ( ? %) isd = cos_l(l :11 H:lfz I)

= cos_l( —3+1 ): cos™! (—— %) = 2%, the angle is % and 2%, At (—?,%) the tangent line for f(x) = x? is

Vi 3
y= ﬁ(x+§)+%—= V3x -}-% and the tangent line for f(x) = ——x isy= —\/ﬁ(x+ \/_)

3
4
3 )i

= ——\/ﬁx —%. The corresponding normals are n; = —\/_I +jand n, = \/_1 +J. The angle at (

R A e A O 3+1N_ —1f 1N_2x 27
# = cos (!n1||n2|) cos™ (\/_\/_) co8 ( 2)—3,theangle155and

58. The points of intersection are ({] _\/_5) and (0, — ﬁ) The curve x = % — y? has derivative % = — b = the

2 2 2y
. 3. \/5 1 1 . <. .
tangent line at (G,i) isy— Y- =——==(x—0) = n, =—=1+] is normal to the curve at that point. The
g 2 y 9 \/5( ) 1 \/5 ] po
curve x = y> -% has derivative g—i = % = the tangent line at (0,?) isy —ﬁ = %(x 0)
= n,= —ﬁi +j is normal to the curve. The angle between the curves is # = cos™! (| 1111 I?:fz I)
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1
—2 41
=Cos 1 (—) = COS8 1 (—) = & and —3 . Because of symmet.ry the angies between

= cos™! S S— =
V3tlystl (3) 23

the curves at the two points of intersection are the same.

3
59. The curves intersect when y = X = (yg) =y® = y =0 or y = 1. The points of intersection are (0,0) and

(1,1). Note that y > 0 since y = vS. At (0,0) the tangent line for y = x® is y = 0 and the tangent line for

y = /% is x = 0. Therefore, the angle of intersection at (0,0) is % At {1,1) the tangent line for y = x°

¥y = 3x — 2 and the tangent line for y = \/;c isy= %x +%. The corresponding normal vectors are

is

= . 1: —1f By "Dy -1{ 1 'r; e T 37
=-di+ du, = —zi+j=> 8= | = —= =7, th [ d =
n, t+3and n, Hi+] €OsS (lnl TR l) €os (\/.) 4 the angle is 7 and

60. The points of intersection for the curves y = —x® and y = %/x are {0,0) and {—1,—1). At (0,0) the tangent

line for y = —x? is y = 0 and the tangent line for y = 3/x is x = 0. Therefore, the angle of intersection at (0,0)
is % At (—1,—1) the tangent line for y = —x%is y = 2x + 1 and the tangent line for y = 3\/3_( isy = %x - %
The corresponding normal vectors are n; =2i—j and n, = %i—j = 8= cos_l(;-:llTT;i—])
2 5
©
-1 3 -1 J -1/ 1 T L E 3
= cos — | =cos =cos —= Y = %, the angle is & and <-.
NNLES 5 V10 (\/5) 4 4 4
v 3
10.4 CROSS PRODUCTS
i ] k
- 9 _1 |=3({2i+1542 = irection is 21 +1j+ 2k
1. AxB=| 2 2 1 —3(31+3]+3k)=:>length—3andthed1rect.10n 1s3l+3_;+3k,
1 0 -1
BxA=—(AxB)=-3(%i+}i+%k)= length = 3 and the dicection is —Fi-3j -k
i j k

2. AxB=| 2 3 0 |=5(k) = length =5 and the direction is k
-1 1 ¢

3. AxB=| 2 -2 4 ;=0 = length =0 and has no direction

Bx A = —(AxB) =0 = length = 0 and has no direction
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] k
1 -1
0 0

= 0 = length = 0 and has no direction

BxA=—{AxB)=0= length = 0 and has no direction

k
0 0
-3 0

BxA=—(AxB)=6(k) = length = 6 and the direction is k

6. AxB=(ixj)x(ixk)=kxi=

J
0
0

k
1
0

= —6(k) = length = 6 and the direction is —k

= j => length = 1 and the direction is j

BxA = —(AxB)}=—j = length = 1 and the direction is —j

i Kk
7. AxB=| —-8 -2 —4 |=6i~12k = length = 6+/5 and the direction is —b=i— —2—
NN
2 2 1
- = (6 . irection is — —ej 4 —2
Bx A = —(A x B) = —(6i — 12k) => length = 61/5 and the direction is — —i=j + ~2=
N
i b k
3 1 . . . _ 1 . 1 .
B. AxB=| 5§ -5 1 |=-2i~2j+2k = length =2+/3 and the direction is ——=i— 4=
1 1 2
Bx A= —(AxB) = ~(~2i — 2j + 2k) = length = 2/3 and the direction is —bei + —bej — —L
{ }=~( J ) g V3 7= \/51 7§
i j k J k
9. AxB=| 1 ] ¢ |=k 10. AxB= 0 -1 I=i+k
1] 1 0 1 0
z 2
k4

1
+ —
] \/3

k
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i J k i j k
11 AxB=[ 1 0 -1 !=i-j+k 12. AxB=| 2 -1 0 |=35k
0 1 1 H 2 0
z z
.]+k ‘5k
y x is2] 7
1 i k i ] k
13. AxB=| 1 1 0 [=-2k 14. AxB=| 0 1 2 =2~k
1 -1 0 1 0 0

-2y i+l
Pk
— —}'-'_ _ . . _1 —F — _1 _
5. () POxPR={ 1 1| -3 |=8i+4j+4k= Area=3|PQxPR|=1 /6416516 =216
103 -
PQx PR U e -
(b) u= == +—==(2i+]j+k)
|PQxPR| Ve
i ik
16. (a) POxPR=| 1 0 2 =4i+4j-2k=>Area=%|1=_(ﬁx1?ﬁ|=%,/1s+16+4=3
2 -2 0
PQx PR

(b) u= + = +3(2+2)-k)

|PQxPR|
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ik
17. (a) PQxPR=| 1 1 1 =~i+j=>Area=%h7QxP_ﬁ|=% 1+1=lé—5
1 1 0
- =
(b) = i@%—i{;&t £ 5 (it = oG-
Pk
18. (a) PQxPR=| 2 -1 -1 =2i+3j+k:>mea:%\ﬁ”x1?]=% 4+9+1:@
1 0 -2
Lo
(b) u_ 4+ PQXPR

= 2= (2434
IPGxFR| V4

19. (a) A-B=—6, A-C=—81, B-C = 18 = none

i j x i j k i ik
(b) AxB=| 5 -1 1 [#0,AxC=|[ 5 -1 1 [=0,BxC=| 0 1 -5 |£¢
6 1 -5 ~15 3 -3 -15 3 -3

= A and C are parallel

20. (a) A-B=0,A-C=0,A-D=-3x,B-C=6,B-D=0,C-D=0=>A1BAILCBILCBLD

and CL D
i ] k i k i k
(b) AxB=] 1 2 =1 |[#0, AxC=]| 1 2 -1 |#£0,AxD=]| 1 2 -1 i=0
T T
-1 1 1 1 1] 1 -5 - 5
i h] k i ) k i ] k
BxC=| -1 1 1 |#0,BxD=| -1 1 1 j#0,CxD=1{ 1 0 1 |#£0
T T T T
1 0 1 —5 -7 § —‘Q' - 5

= A and D are parallel

21. | PG x F| = | PQ/ I ¥ 1 sin (60) =§-30-§ fi.-1b = 104/3 ft -1b

>

22. |PQxF|=|PQ|IFIsin (135 =2-30- X2 ft-1b = 10v/Z 1. 1b



23.
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4 4 a3
If A=a;i+a,i+azk, B=Dbyi+b,j+bsk, and C=c¢;i+cyj+¢5k, then A-(BxC) = b, by by |,

€1 ¢ ¢

B-(CxA)={ ¢, ¢, «c3 |and C-{AxB)=| a; a, a5 |which all have the same value, since the
a; 83 3 by by by

interchanging of two pair of rows in a determinant does not change its value = the volume is

2 0 0
[(AxB)-CI: abs| 0 2 0 (=8

0 0 2
1 -1 1

24. [(AxB)-C|= abs| 2 1 —2 |=4 (for details about verification, see Exercise 23)
-1 2 -1
2 1 0

25 |[(AxB)-C|= abs| 2 ~1 1 |=|=7|=7 (for details about verification, see Exercise 23)
1 0 2
1 P -2

26. [(AxB)-C|= abs{ -1 0 -1 |=8 (for details about verification, see Exercise 23)

27.

(a) true,{A|= y/a?+al+al=+/A

(b} not always true, A-A =]A|?

i j k
{c) true, Ax0=| a, a, a; [=0i+0j+0k=0
0 it ]
i j k

(d) true, Ax(—A}=| a3 a; a3 |=(-8p23 +agagli+(—aya3+aag)i+(—aa,+a,a,0k=0

-8 —a; —a3

{(e) not always true, ixj =k # ~k = j x1i for example

(f) true, Eqn. (6)
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28.

29,

30.

31.

32.

33.

(8)
(h)

(a)

(b)

(e)

(f)

(8)
(k)

(a)
(a)
(b)
(c)
(d)

(a)
(c)

true, {AxB)-B=A-(BxB)=A-0=10
true, Eqn. (13)

true, A-B =ab; +a,b,+azbh; =b,a, +bya, +bja; =B- A

i j k i i k
true, AXB=| a, a, a3 |=—| by by by {=-(BxA)
by b, by a; a, a,
i b k i 1 k
true, (~A)xB=| —a, -a, —a; j=—{ a; a, az [=-(AxB)
by b, b, b; by bs

true, {cA)-B = (ca;)b; + (cay)by + (cag)bs = ay(cb;) +ay(chy) + az(chg) = A -(eB) = cayby + agby + a3by)

:C(A-B)
i i k i ] k i ] k
true, c(AxB)=c| a, a, a; [= | ca ca, cay; [=(cA)xB=| a;, a, a3 |=Ax{cB)
b, b, by b; by, g cb, chy chy
2
true,A-A=a¥+a§+a§=(\a’a¥+a§+a§) =[A{?
true, (AxA)-A=0-A=0
true, AxBL A and AxBLB= (AxB)-A=B-(AxB)=0
pijA:(g_:g)a (b) +(AxB) {(¢) +(AxB)xC @) |(AxB)-C|
(AxB)x{AxC)

(A+B)x(A-B)={A+B)xA— (A+B}xB=AxA+BxA - AxB-BxB
=0+ BxA - AxB - 0=2(BxA), orsimply AxB

B
Al B
Al

|AxCl|

ves, A x B and C are both vectors
ves, A and A X C are both vectors

{(b) no, A is a vector but B-C is a scalar
{d} no, A is a vector but B-C is a scalar

(A x B) x C is perpendicular to A x B, and A x B is perpendicular to both A and B = (AxB)xCis
parallel to a vector in the plane of A and B which means it lies in the plane determined by A and B.

The situation is degenerate if A and B are parallel so Ax B = 0 and the vectors do not determine a plane.
Similar reasoning shows that A x (B x C) lies in the plane of B and C provided B and C are nonparallel.

No, B need not equal C. For example, i+j# ~i+], butix{i+j)=ixi+ixj=0+k =k and
ix (—i-+j) = —ixi+ixj=0+k=k.
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. Yes. fAxB=AxCand A-B=A-C, then Ax(B—C)=0and A-(B—C) =0. Suppose now that B # C.
Then A x (B - C) = 0 implies that B— C = kA for some real number k £ 0. This in turn implies that
A-(B-C)=A-(kA) =k|A|% = 0, which implies that A = 0. Since A # 0, it cannot be true that B # C, so
B=C

i j k
_ﬁ:—i+jandﬁ):—i—j:—;ﬁlx,ﬁ): -1 1 0 |=2k = area= A_)Bxi_fj =2
-1 -1 0
i i k
. AB=7i+3jand AD=214+5j = ABxAD=| 7 3 0 |=20k= area=|ABxAD|=29
2 5 0
|
i j k
..&_é=3i-2ja.nd)\_]>3=5i+j:>.ﬁx,ﬁ)= 3 -2 0 1=13k= area= A_ﬁxﬁ) =13
5 1 G
i 3 k
. AB=Ti—4jand AD=2+5j = ABxAD=| 7 -4 0 |=43k= area=|ABxAD =43
2 5 {
I i k
—_— } . —_ " N -_— — 1 — —y 11
AB=-2i+3jand AC=3i+)]= ABxAC=| -2 3 0 :—llk:rarea.=§ B x C:—Q—
3 1 0
i k
. er=4i+4jandA_(.J=3i+2j=Hﬁ3xR3= 4 4 0 =—4k=>area.=%— 73)()&73 = 2
3 2 0
i ki k
. AB=6i-5jand AC = 1li-5j = ABxAC=| 6 —5 0 |=2%k=area=1[iBxAC|=%
it -5 0
i j k
. AB=16i~5jand AC =4i+4j = ABxAC=| 16 -5 0 |=8k= area=1|ABxAC|=42
4 4 0
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i ] k
: . . 3 A . .
43. f A=aji+a,jand B=b;i+b,j, then AxB=| 2, a, 8 = bb k and the triangle’s area is
1 2
b, b, 0
a
%1)&){ B|= :I:% 1% . The applicable sign is (+) if the acute angle from A to B runs counterclockwise
1 2

in the xy-plane, and (=) if it runs clockwise, because the area must be a nonnegative number.

44. If A =a,i+a,j, B= b;i+b,], and C = ¢;i +cyj, then the area of the triangle is%lA_ﬁxA_(.: . Now,
i b k b b
—_— —_ -—a - —p ——
BxAC=|b -2 by—a, 0 |= % 27y o 1 KBx AT
. cy —ay cy— 2y

a; a; 1
= :h% by by 1 The applicable sign ensures the area formula gives a nonnegative number
€ €y 1

10.5 LINES AND PLANES IN SPACE

1. The directioni+j+kand P(3,-4,~1)=>x=3+t, y=—-4+t,z=-1+t

2. The direction I;EJ =—-2i—2j+2kand P(1,2,-1) =2 x=1-2t, y=2-2t,2=-1+2t
3. The direction ﬁé =bi+58j—bkand P(—2,0,3) = x=-245t, y=5t,z=3-5t

4. The direction PQ = —j~kand P(1,2,0) > x =1,y =2—t, 2 = —t

5. The direction 2j+k and P(0,0,0) = x=0,y =2tz =1t

6. The direction 2i—j+ 3k and P(3,-2,1) => x=3+2t,y = -2t 2=1+3

7. The direction k and P(1,1,}}) = x=1L, y=1,z=1+t

8. The direction 3t +7j — 5k and P(2,4,5) => x =24+ 3t, y =44 71,2 =5~ bt

9, The direction i +2j+2k and P(0,-7,0) = x=t, y =T+ 2, 2 =2t

i J k
10. The direction s AxB=] 1 2 3 =-2i+4j-2kand P(2,3,0) =2 x=2-2t,y =34 41,z = -2t
3 4 5

11. The direction i and P(0,0,0) => x=t,y=0,2=10
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12. The direction k'and P{3,0,0) = x =0,y =0,z =t

13. The direction P_C:) = i—i—j+§k and P(0,0,0) > x=t,y=¢,z=

2 b

L]

where 0 <t < 1

14. The direction 156 =tand P(0,0,0) = x=t,y=0,z=0,
where <t <1

15. The direction PQ =jand P(1,1,0) > x =1, y = 1 +t,2 =0,
where -1 <t <0

16. The direction P_é =kand P(1,1,0)=x=1,y=1,z=t,
where ) <t <1

17. The direction PQ = —2j and P(0,1,1) = x =0, y =1—-2t, z = 1,
where 0 <t <1

Y

961
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18. The direction PQ = 3i — 2j and P(0,2,0) > x = 3t, y = 2 - 2t,

19.

20.

21.

22,

23.

24.

2b.

z=10, where 0 <t <1

{3@4\
{0,2.0} Y

The direction P_é = -2i+2}—2kand P(2,0,2) => x=2-2t, z

y= 2t.., z=2— 2t., where <t < 1 {2.0.2} ]

.

oz0 Y

The direction P_Q =—-i+3j+kand P(1,8,-1)=>x=1-1, z
=3t,z2=—1+%, where 0 <{ <1
g
« =1 y
(1.0-1)
x-0)+{(-21y -2 +{-Dz+1)=0=>3Jx -2y —z=-3
Ix—D+(Mr+ )+ ~-3) =0=>x+y+2=5
ik
PQ=i—j+3k PS=—i—3j+2k=>PQxPS=| 1 —1 3 |=7i—5j—4kis normal to the plane
-1 -3 2
=2 Tx -2+ (-8)(y-0+(-4)(z-2)=0=Tx-by—4z=46
i ] k
f’-éz—i+j+21‘f%:—3i+2j+3k:>f;6xf7é= -1 1 2 |=—i1—3)+ kis normal to the plane
-3 2 3

= (- -D+3)y-5)+ (I z-T)=0=x+3y~2=9

n=i+3j+4k P(2,4,5) =((x-2)+ 3y -4+ (9)(z-5)=0=>x+3y+42 =34



26.

27,

28.

20.

30.
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n=i-2+k -2, ) =(x-D+{-2DF+)+Dz-=0=>x-2y+2=6

x=2+1= s+2 2t~ s5=1 4t —25 =2
= = =% t=0ands=—1;thenz=4t+3 = —-4s—1
y=3WA+2=25+4 dt—2=2 H—-25=2
= 4(0) + 3 = {—4)(—1) — 1 is satisfied = the lines do intersect when t =0 and s = —1 = the point of
intersectionis x =1, y = 2, and 2 = 3 or P{1,2,3). A vector normal 1o the plane determined by these lines is
i ] k
o xm,=| 2 3 4 |=-20i+12j+k, where n; and n, are directions of the lines = the planc
1 2 —4

containing the lines is represented by(—-20){x— 1} + (12){y -2} + {1)(2-3) =0 = —20x + 12y +2 = 7.

xX=t =25+2 t—2s=2
= =>s=-landt=0;thenz=t+1=5s+6=0+1=5(-1}+6
y=—t+2= s+3 —t— s=1
is satisfled = the lines do intersect when s = —1 and t = (0 = the point of intersection s x =0, y=2andz =1
i ] k
or P(0,2,1). A vector normal to the plane determined by these linesis n; xn, =] 1 -1 1
2 1 5

= —6i — 3j + 3k, where n, and n, are directions of the lines = the plane containing the lines is represented by

(—6)(x—0) +{=3)(y —2) + (3){z~1) =0 = bx + 3y ~ 3z = 3.

The cross product of i+ ) — k and —4i + 2j — 2k has the same direction as the normal to the plane

i i k
=n=| 1 1 -1 |=6j+6k Select a point on either line, such as P(—1,2,1). Since the lines are given
—4 2 =2

to intersect, the desired plane is O{x + 1)+ 68(y -2} +6{(z—1) =0 =6y +6z=18 =2 y+2=3.

The cross product of 1 — 3] —k and i +j+ k has the same direction as the normal to the plane

i 3 k
n=| 1 =3 =1 |=-2i-2j+4k Select a point on either line, such as P(0,3,-2}. Since the lines are
i 1 1

given to intersect, the desired plane is (—2)(x —0) +(—2}{y - 3)+ () (z+2) =0 = ~-2x -2y + 4z = —14
= x+y—2z="T.
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31.

32.

33.

34.

35.

36.

37.

i j k
oy xn, =| 2 1 =1 |=3i—37+3kis a vector in the direction of the line of intersection of the planes
1 2 1

S 3x-+(-Dy-D+3z+1)=0=3x~3y+3Iz=0= x—~y+z=0Is the desired plane containing
[}(2! 7‘_1)

i j k
A vector normal to the desired plane is Pl_f”2 xn={ 2 0 -2 |=-21-12 2% choosing P,(1,2,3) as a
4 -1 2

point on the plane = (=2)(x — 1} + (—12Xy - 2) 4+ (-2{2 - 3) =0 = ~2x~ 12y - 22 = -32 = x + 6y +z = 16
is the desired plane

i3k
5{0,0,12}, P{0,0,0) and v=4i— 2} + 2k = ITéxv =} 0 0 12 [=24i4 48] = 24(i + 2j)
4 =2 2
=>d= ‘PSXY’ 24y/1+4 24\/_ = +/5-24 = 24/30 is the distance from § to the line
I T J16+4+4 /24
i J k
5(0,0,03%, P(5,5,-3) andv:3i+4j-5k=:>f’§xv= -5 -5 3 |=13i+16j-5k
3 4 -h
=d =|PS le - V1684236425 /450 \/§ = 3 is the distance from S to the line

N S T /T

e . =2 IPSXV‘
5(2,1,3), P(3,1,3) and v=2i+ 6] = PSxv =0 = d =— \/_ = { is the distance from S to the line
(i.e., the point S lies on the line)
i j ok
S(2,1,~1), P(0,1,0) and v=2i+2j+ 2k = PSxv=| 2 ¢ -1 |=2—6j+4k
2 2 2

IBSxv] A¥36116 36 /3

=d= = = —+— =,/ is the distance from S to the line

vl Vit4+d /12 3
i j ok
$(3,-1,4), P(4,3,—5) and v=—i+2j+ 3k = PSxv=| -1 —4 ¢ |=—_30i—6j-6k
-1 2 3

o PSxv|_ VE00T36738 _ +/iT2 _ /486 _ 816 _ 94
VT Teass T e 1 VT T

is the distance from S to the line




38.

34

40.

41,

42.

43.

44.

45.

46.
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i)k
S(-1,4,3), P(10,-3,0) and v=4i+ 4k = PSxv=| =11 7 3 |=28i +56j— 28k = 28(i + 2j — k)
4 0 4

‘PS X v' = 28y1ta+1 = 7\/3 ts the distance from S to the line
vl 44/1+1

S(2,—3,4), x+ 2y + 2z = 13 and P(13,0,0) is on the plane => PS = —11i—3j+ 4k and p = i + 2j + 2k

= d=|P$-2|= :/111;73:8 f

5(0,0,0}, 3x + 2y + 6z = 6 and P{2,0,0} is on the plane = PS= —2iand n= 3i+25+6k
= d=|P5By= ‘/g;f”ﬁ[:\/%:%

8(0,1,1}, 4y + 3z = —12 and P(0,-3,0) is on the plane = FTé =4j+kandn=4j+ 3k

imi~

=d= !PS

_|16+3 {_19
Vi6+9{ 5
8(2,2,3),2x+y+2z=4andP(2,0,[})isentheplane:)f'_é:2j+3kandn=2i+j+2k
2+6 8
= d=|P5. 2 )= =8
i ari+4
5(0,-1,0), 2x +y + 2z = 4 and P(2,0,0) is on the plane = PS = -2i—jand n =21 +j+ 2k
—4—1+0|_5

i =| /7T 3

> d=|P5. 2 =3
$(1,0,~1), ~4x +y +2 = 4 and P(~1,0,0) is on the plene = PS = Zi—k and n = —~4i +j +k
= 4 =|F5. 0|=] =81 3y

\/16+1+1’=\/ﬁ_ 2

The point P(1,0,0) is on the first plane and 5(10,0,0) is a point on the second plane = PS = 9, and

o
|

n = i+ 2j + 6k is normal to the first plane = the distance from S to the first plane is d =ifT§ -

, which is also the distance between the planes.
} V1+ 4 + 36' V4l P

The line is paralle] to the plane since v-n = (1 +j—- —k) (i+2)+6k)=14+2-3=0. Also the point

5(1,0,0) when t = —1 lies on the line, and the point P(I0,0,G) lies on the plane = PS = —9i. The distance
from S to the plane is d = |PS Ini‘— ’ﬁ%ﬁ‘ —=—, which is also the distance from the line to the

plane.
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47.

48.

49,

50.

bi.

52.

53.

54,

55.

56.

57.

58.
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oy =i+j andﬂg=2i+j-2k=>3=cos_l(l-~nl—.ni)=cos_l( 2+1 ):cos_1(-1—) %

fujim] V2 /0 V2

n; =5i+j—k and D2=i-2j+3kdﬁzcos_l(if-z——l)=cos—1(5_2_3 ):cosﬁl(ﬂ)‘—“z

|21 |22 V27 /14 2

0, =2i+2j+2kandn, =2i-2i-k= 0= cos™! (F'H;nz) = cos_l(é—_u) = cos_](ﬁ) 2 1.76 rad

V12 /9

i ¢}
n=i+jt+kandn,=k=6= cos_l(lsTIH-ﬁ%-[) = cos™! (*1—1) ~ 0.96 rad

n,=2+2j—kandn, =i+ 2j+k= 6 :cos*l( D12 ):cos*l(gﬁ:—l =cos_1(i)m{].82 rad

[ ][my] 9 /6 3+/6
. e _if Iy -n ~1f 8418 ~1(26
—4j+3kandn, =3i+2j+6k = =cos !} L2 J=cos™} =20 Y = cosTI{ 52 ) a4 0.73 1ad
My =4+ dkandn, =5+ ¢ (Inllt“zi o 25 /49 (5) r

2x—y+3=6=201-t) () +3(1+t)=6=> -2 +5=6=t=-Lax=3y=-Fandz=]

= (%, - %,%) is the poing

6x+3y—42=-12 > 6()+3B+2) —4(-2-2)=-12=> 14t +29=-12t=-H 5 y =9 y=3_4L

14 T
— _o 41 20 27 :
and z = 2+7 =>( , 7,],.)wdshepomt
X+y+2=2=(1+2)+(1+5t}+(3t)=2=10t+2=2=t=0=x=1l,y=1landz=0
= (1,1,0) is the point
=32 =T=2(-14+3)-35t)=T=>-H-2=T=>t=—1=>x=-1-3, y=-2and 2= -5
= (—4,—2,-5) is the point
i k
n,=i+j+kandn=i+j=n xn,=| 1 1 1 |= —i+}, the direction of the desired line; (1,1,-1)
1 i 0

is on both planes => the desired lineis x =1—t,y=1+4+t,z2=—1

i b k
o, =3i—-6j—2kand n, =2i+j—2k = n; xny,=f 3 —6 -2 |= 141+ 2j+ 15k, the direction of the
2 1 =2

desired line; (1,0,0) is on both planes => the desired line s x =14 14t, y = 2t, z = 15¢



59,

60.

61.

62.

63.

64.
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n=i-2j+4kandny=i+j-2k=>nyxm= 1 -2 4 = 6j + 3k, the direction of the

desired line; (4,3,1) is on both planes = the desired lineis x =4, y =34 6t,z=1+3t

i ki k
n, =5i—-2jand n, =4j~5k=>nyxny=| 5 -2 0 [=10i+25j+ 20k, the direction of the
0 4 -5

desired line; {1,—3,1) is on both planes => the desired line is x =14 10t, y = -3 4+ 25t, 2 = 1 + 20t

2t ~4s = -2 t—ds = -2
L1& L2 x=34+2t=14+4dsandy=~144t=1+4+25= =
44 —2s= 2 2t— s= 1
= ~Js=-3=>s=landt=1=0onll,z=1and on L2,z =1 = L] and L2 intersect at (5,3,1)-
L2 & L3: The direction of L2 is & (4i +2j + 4k) = 1 (2i +j + 2k) which is the same as the direction

%{Qi +35 + 2k) of L3; hence L2 and L3 are parallel.

2t—-2r=0 t—r=20
L1 & L3: x=3+2=34+2randy=-1+4t=2+r1r= = =3#=3
- 1r=3 d4—-—r1r=3

=t=1andr=1= on L1, z=2 while on L3, z = 0 = L1 and L2 do not intersect. The direction of L1

is 4 (21 + 4j — k) while the direction of L3 is %(2i+j -+ 2k} and neither is a multiple of the other; hence

V21

L1 and L3 are skew,

2t+ s=1 3 4
L1 & L2 x=1+4+21=2-sandy=—-1-t=3s=> P :-55=3=>3=—gandt=-5~=~onLl,
—t—3s =

z =12 while on L2, 2 =1 —2=2 = L1 and L2 do not intersect. The direction of L1 is ﬁ(zi—j + 3k)
while the direction of L2 is \/11_1_ {(—i+ 3j + k) and neither is a multiple of the other; hence, L1 and L2 are

skew,

—s—2r=3
L2 & L3: x=2—s=5+2randy=35=1—r:r{ . ! =5H=50=>s=1landr=-2= on L2,
s+ =

z =2 and on L3, z =2 = L2 and L3 intersect at {1,3,2).
L1 & L3: L1 and L3 have the same direction :71;2:(2i-j + 3k); hence L1 and L3 are parallel.

x=2—+-2t,y=—4-—t,z=7+3t;x=—2—t,y=—2+%t,z=1-%

Kx—4)~2qy-1)+1{z-8)=0=>x-4~2y+242-5=0=>x-2y+2="T,

V2= +2/2(y +2) - V22 -0 =0 = ~/2x+ 2By — /2 = -T/2



968 Chapter 10 Vectors and Analytic Geometry in Space

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

x=0:~t=-—%,y:—%,zz—%z?(ﬂ,—%,—%);y:ﬂ:bt.—_—l,x=-1,z=—3=>{—1,0,—3);z=0

2t=0,x=1,y=~-1=(1,-1,0)
The line contains (0,0,3) and (\/ﬁ, 1‘3) because the projection of the line onto the xy-plane contains the origin
and intersects the positive x-axis at a 30° angle. The direction of the line is V/§i+j + 0k = the line in question

isx:ﬁt,yzt.,z=3.

With substitution of the line into the plane we have 2(1 =2t} + (245t} — (-3t) =8 = 2 -4t +2 + 5t + 3t =8
=>4t +4 =8 = t =1 => the point (-1,7,-3) is contained in both the line and plane, so they are not parallel.

The planes are parallel when either vector A i+ B+ Cik or Ayi+ B,j+ Cok is a muitiple of the other or
when |(A1i +B,j+ Clk) x (Aji+Byi+ Ck | = (. The planes are perpendicular when their normals are
perpendicular, or(A i+ B,j+ C;k) - (A,i+ B,yj+ Cok) = 0.

z—3
2

There are many possible answers. One is found as follows: eliminatettogett =x—-1=2-y =

> x—-1=2-yand 2—y:z"2-3¢x+yx3and 2y +2 = 7 are two such planes.

Since the plane passes through the origin, its general equation is of the form Ax + By 4+ Cz = 0. Since it meets
the plane M at a right angle, their normal vectors are perpendicular = 2A + 3B+ C = 0. One choice satisfying
this equationis A=1,B=-landC=1=>x-y+z2=0. Any plane Ax4+ By +Ce =0 with2A 4+3B+C =0
will pass through the origin and be perpendicular to M.

The points {a,0,0), (0,b,0) and (0,0,c) are the x, y, and z intercepts of the plane. Since a, b, and ¢ are all
nonzero, the plane must intersect all three coordinate axes and cannot pass through the origin. Thus,
£+ %—i— Z = 1 describes all planes except those through the origin or parallel to a coordinate axis.

Yes, If vy and v, are nonzero vectors parallel to the lines, then v; x v, # 0 is perpendicular to the lines.
(a) EP = n:E_P.1 = —Xgi +yj+zk = c[(x1 —Xg)t+ ¥, +zlk] = —Xg = c{X; —¥p), ¥y =cy,; and z = ¢z,

where ¢ is a positive real number

(b) Atxl:[)::rc:l:>y:y1a.ndz:zl;a.txl:xD-—->x02[I‘y=l],z=0;xéi_:pm c:xgil.nw T=xg
—_ 1 :_]-_— g a—t f—
_x{l)l_r.nm =i =1=c¢-»1sothat y — y; and z — 2,

The plane which contains the triangular plane is x 4+ y +z = 2. The line containing the endpoints of the line

segment is x = 1 —t, y = 2t, z = 2t. The plane and the line intersect at (%, %—,%) The visible section of the line

2 2 2
R l 2 2_ _ o . . P 7 2
segment is \/(3) +(3) +(3) = 1 unit in length. The length of the line segment is v/ 17+224+27 =32 5 of

the line segment is hidden from view.

10.6 CYLINDERS AND QUADRIC SURFACES

1.

4,

d, ellipsotd 2. 1, hyperboloid 3. a, cylinder

g, cone 5. 1, hyperbolic paraboloid 6. e, paraboloid
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7. b, eylinder 8. j, hyperboloid 9. k, hyperbolic paraboloid
10. f, paraboloid 11. h, cone 12, ¢, ellipsoid
13. x* +y? =4 14, x2 422 =4

16. x =y? 17. x>+ 42° = 16

20, yz =1 21. 9x2 +y2+22 =9
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22, 4% +4y* +2° =16 23. 4x% +9y% + 42° = 36 24. 9x% + 4y? + 3622 = 36

F4

S,

X

27. z= 8—)1:2—3(2
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31 x?4y? =4% 32. ¥+t =x? 33. 4x% +92% = 9y°

T T
RS
e
ey
RERSA
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Yo x2_ 2 222l _
40. y g =1 41. x“—y 4_1
Z

-1

-

!

T
i’mo!'?u,f;%”/’“"

f
!&

.

fi'
i | .i L
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52. z=x*4+y%+1 53. x2 4yt =1

58, 4x® 4+ 4y? 442 = 4
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64. 2 +4y? =9 65. z = —(x% +y?) 66. y2—x?—-z%=1

74. 36x2 + 9y? + 42° = 36 75. 9x% + 16y? = 4z°

z




Section 10.6 Cylinders and Quadric Surfaces

76. 42?2 —x% -y? =4

2 2 2 2 2 2
9-c X ¥
77. {(a) Fx?+i +Z = Jandz=c thenx®+%-= = + =1= A =abw
179 479 9-c2) {4(9-c?)
9 9
_w(\/g—cz)(Q\/Q—cz)_27:'(9—c2)
- 3 3 - 9
(9-2) T
(b} From part (a), each slice has the area ?rrgg——-z‘ where =3 <z < 3. ThusV =2 J 291(9 —z%) dz
o]

78.

3 3
3
=4x I (g—z?)dz—ﬂ[gz—%-] =F@I-9) =8
0
o

2 42 2 2 2 2_.2 2_ 2
{e) x—+¥—+2—2=1=>[ % + s :1=>A:rr(a\/cc z)(b‘/"c z)

C c
.3
V=2 J’ Lazb(cz —zz)dz = 2wab|:czz-f‘3— = Qﬁab(gcs)zggﬁ. Notethatif r=a=b =¢,
0

3
then V = 4? , which is the volume of a sphere.

2y o2
The ellipsoid has the form % “+ mtas
2 h? 2 _ _h’R? .
of the barrel. Thus, e +H5=1l=c"= R We calculate the volume by the disk method:
c —r

[ 2 y: g2 2 2 z* 2 22(R% - 1?) 2 _{R2—-r*) 2
V=mn J y* dz. Now,@-f-c—z:l:y :R( —'-:-ﬁ)=R l1-————*|=R -—(T)z
“h

3

h h
2 2 22
=>V=g J {R2 —(&-h%ll—)zz] dz = r[Rzz ~%(§—'r—)z3] = 2#[R2h --%(R2 - rz)h] = 2%(232}' +
-h

h2

975

+Z.=1. To determine ¢ we note that the point {0,r,h) lies on the surface
c

rgh)
o

= %ﬂ‘th +%1rr2h, the volume of the barrel, If r = R, then V = 2rRZh which is the volume of a cylinder of

radius R and height 2h. If r =0 and h =R, then V = %wRa which is the volume of a sphere.
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2 2
79. We calculate the volume by the slicing method, taking slices parallel to the xy-plane. For fixed z, ?'(5"'{? =%
a
2
gives the e]lipse( ) (yb2 . The area of this ellipse is 11'( \/_)(b\/_) Trabz (see Exercise 77a). Hence
%)
T

B0. {

81.

82,

83.

h h
p 2 2
the volume is given by V = J “"ébz dz = [“%23 ] = fra(l‘:)h . Now the area of the elliptic base when z = h is
]
0

A — Tabh

2
=1, as determined previously. Thus, V = T’a(t;’h = %(M)

%(base)(altltude) as claimed.

2
(a} For each fixed value of z, the hyperboloid x__z_ i)—z—% 1 results in a cross-sectional ellipse

2 2

X y . . . .
+ .= 1. The area of the cross-sectional ellipse {see Exercise 77a) is

[ (¢ +z2)] [bz(cz+22)] ( !

c? ¢t

Alz) = rr(% \/c2 + 32)(%’ \/‘,C2 + 22) = wc;aéb(cz + zz). The volume of the solid by the method of siices is

h h
_ — | maby2_ 2 _@[2 ;3]"_@2 1,3Y_ mabhfo. 2 , 2
V_J A(z)dz_J (P +27) do = PP 4 30| =19 (ch+307)= 203 +17)
0 o
{b) Ay = A(0) = mab and A} = A(h) = (c +h?), from part (a) => V= 7r3a_b2h(3c2+h2)
C C

2 2 2
:L@E%»L(HH%):W%""(HC :;h ):%[21rab+’%b(cz+h2)]:%(2AO+Ah)
(©) Am=A(}2’)_’fazb+(c + i};):%(4c2+h2):%(A0+4Am+Ah)
L

6[mb+“b(4 +h2)+“ab( +h2)} "’abh(c2+4c +h? 42 +h)= ngh(ac + 2h?)

- %bzh(:gcz +h?) =V from part (a)
c

- yl _X dz dz 2x —
y= y1=>c rvie 2,a.pa.ra.bola.1nthepla.ney—y1::rvertexwhendx_ﬂorcdx ;;,-—U=>x—0
2 2
¢ - 2 c 2 2
= Vertex((},yl,$); writing the parabola as x? = —% ¢ +% we see that 4p = -& > p =~ - %E

2 2
= Focus(ﬂ‘yl,% - %)

The curve has the general form Ax? + By? 4+ Dxy + Gx + Hy + K = 0 which is the same form as Eq, (1) in
Section 9.3 for a conic section (including the degenerate cases) in the xy-plane.

No, it is not mere coincidence. A plane parallel to one of the coordinate planes will set one of the variables

X, ¥, o z equal to a constant in the general equation Ax? + By? + Co? + Dxy + Eyz+Fxz +Gx+Hy+Jz+ K
= 0 for a quadric surface. The resulting equation then has the general form for a conic in that parallel plane.
For example, setting y =y, results in the equation A4+ C22 + D'x + E'z 4+ Fxz + Gx + Jz + K/ = 0 where
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D' =Dy,, E'=Ey,,and K’ =K + By% + Hy,, which is the general form of a conic section in the plane y =y,

by Section 9.3.
84. The trace will be a conic section. To see why, solve the plane’s equation Ax + By 4 Cz = 0 for one of the
variables in terms of the other two and substitute into the equation Ax?+By?+Cz? 4+ ...+ K =0. The result

will be a second degree equation in the remaining two variables. By Section 9.3, this equation will represent a
conic section. (See also the discussion in Exercises 82 and 83.)

85. z = y2 86. 2 =1—y?*

5
“Z

£
%%
2,
L7

%
5
5
Y
&
L2y
i

L

et
] ’a,:a'
PO

&,‘?‘

&

)
1
44
%
2

f
i
’

5,
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(b}

(d)

e B B LA

"
—

89-894. Example CAS commands:

Mapte:
with(plots):
eql:i= x°2/9 — y'2/16 —272/2 = 1;
implicitplot3d(eql, x = —15..15, y = —9..9, z = —7..7, title = "Hyperboloid of Two Sheets™;

Mathematica:
ContourPlot3D[ x2/9 — y2/16 — 272/2 — 1,
{x,-9,9}, {y,—12,12}, {z, 5,5},
PlotLabei ->> "Elliptic Hyperboloid of Two Sheets” ]
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10.7 CYLINDRICAL AND SPHERICAL COORDINATES

Rectangular Cylindrical Spherical
1. (9,0,0) (0,0,0) {0,0,00
T
2. (1,6,0) {1,0,0) (1@0)
b TR
3. {0,1,0) (1,5,0) (1,?5)
4. (0,0,1) {0,0,1) (1,0,0)
*
5. (1,0,0) (1,0,0) (1,5,0)
6. (v2,0,1) (V2,0,1) (\/i,cos—ﬁ,o)
7. (0,1,1) (1,£,1) (ﬁ T 1)
2 1472
3 \/ﬁ) (3 3n \/ﬁ) T X
8. (“"5’—2‘ 32T (v35:-3)
3T T 3m
9. (G$_2\/§10) (2\/2-!T30) (gﬂags‘—f')
10. (0,0,~/2) (0,0,-v/2) (varir
11. r = 0 = rectangular, 2+ y2 = 0; spherical, ¢ = 0 or ¢ = 7 the z-axis
12. x2+y? =5 = cylindrical, r = \/g; spherical, p sin ¢ = \/g; a cylinder
13. z = 0 = cylindrical, z = 0; spherical, ¢ = %; the xy-plane
14. z = —2 = cylindrical, z = —2; spherical, p cos ¢ = -2; the plane z = —2
15, z = V‘x2 + yi, z <1 = cylindrical, z =r, 0 <r < 1; spherical, ¢ = tan™! —xz+y =tan~ 1] = ;175,

p= 1/x2+y2+z2: \/)|:2+y!+x2+3,/2 = w‘2(x2+y2): V2% = \/Elzig \/ir.r 0<p< v@ a (finite) cone

16. 2= +y2%, 1 <z <2 = cylindrical, z =1, 1 < r < 2; spherical, ¢ = tan™? -——x—-;_—y— =tan"l1 ::%,

1Szg2=>lgpcos¢52=>lgpcos(%)§2:r lg%g?ﬁ\/ﬁgpSQﬂ,afrustumofacone

17. p sin ¢ cos # = 0 = rectangular, x = 0; cylindrical 8 = %; the yz-plane

18. tan’¢ =1 = rectangular, x% + y% = 2% cylindrical, r? = 22 a circular cone symmetric about the z-axis
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19. x? +y? + 22 = 4 = cylindrical, r*> + 2% = 4; spherical, p = 2; a sphere of radius 2 centered at the origin

2 . 2
20. x%4y? +(z —%) = % = cylindrical, r? ( ) %; spherical, (p sin $)* +(p €os ¢ —l) = %
:>p25in2¢+p2c052¢——pcos¢+ _v;l:>p(sm é+cos’g)—psing=0= p? —pcos =10

= p(p—cos ¢) = 0 = p = cos ¢ since p # 0, a sphere of radius % centered at ('I], 0,%) (rectangular)

21. p =5 cos ¢ = rectangular, \/x2+y2+zi_—,5cos cos ™ ———Fme =\/x2+y2+22:———-—-§-z--—_
\/xz-f-y +22 \/J-;2+y2-l-z2

4 -
> xt+yl+l =8z = x2+yi+3 —oz+245 4 =>x2+y +(z“%) =2719;cylindrical,

2 +(z _ g) 25 = 1 + 2% = 5z, a sphere of radius g centered at (0 [},2) {rectangular)

22. p = —6 cos ¢ = rectangular, 4/ X2 + y2 -i-z2 =—6 cos(cos_l( 2 )) —ﬁz

V% 4yt + 22 VxE 4yt + g
Hxityltel= bz xP+yi 424 b2=0 X4y 42l 462 49=9=> 2 +y + (2 +3)2=9;

cylindrical, r? + (z + 3)% = 9 = r? +2° = —6z, a sphere of radins 3 centered at (0,0, —3) {rectangular)

23. r = esc @ = rectangular, r = § = y =1 since r # 0; spherical, p sin ¢ = csc # = p sin ¢ stn § = 1, the plane
y=1
24. r = =3 sec § = r cos 6 = —3 = rectangular, x = —3; spherical, p sin ¢ cos # = —3, the plane x = -3
NG
2

25.p=\/§sec¢=>p=co

"’ T e )

2
= vx2+y2+zz————{—=>z\/x2+y2+zi=ﬁ\/x2+y2+22=>z:\/§since x2+y2+22;£0;
()

eylindrical, z = \/5, the plane z = \/5

26. p =0 csc ¢ = psin ¢ =9 = cylindrical, r = 9; rectangular +/ X2 +yi =9 = x? +y? =81, a circular cylinder of

radius 9 with axis about the z-axis
27, X +y*+(z-1)?=1,2<1 > eylindrical, 2+ 2 -1 =1 =2 422 -2 +1=12 12422 =2, 2< ;

spherical, x? +y% 422 =22 =0 => p* —2pcos s =0=> p(p—2cos ¢) =0 = p =2 cos qﬁ,%g ég%since
p # 0, the lower half (hemisphere) of the sphere of radius 1 centered at (0,0,1) (rectangular)

28. r’+2z° =4,z < —\/5 => spherical, p =2 and %71 < ¢ < 7; rectangular, +yi4at= 4, the lower cap cut by
the plane z = —\/5 from the sphere of radius 2 centered at the origin



29,

30.

31.

32.

33 ¢

34,

35.

36.

37.
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p=3, %5 o< 23—77 => rectangular, \p'x2 +y2—}—z2 =3Jand3 cos(3)> z>3 cos(237r) = x*+y>+z2 =9 and
—% g‘ cylindrical, r* + 2% = 6 and —% <z % the portion of the sphere of radius 3 centered at the origin
between the planes z = —g and z = %

V3

+y*+22=3,0 <7 <%~ = cylindrical, P +22 =3 and 0 <z %; spherical, p* = 3 and

()
-1 jg gqﬁgcos*l(%)é;}:\/gandl

at the origin between the xy-plane and the plane z =

< I the portion of the sphere of radius \/ﬁ centered

cos
i o

X

6 <
V3
Z

z=4—4r% 0 <r <1 = spherical, peos ¢ =4—4p% sin?¢and 0 <¢ < 32'-—; rectangular z = 4 — 4(x? +y2) and
0 <z < 4, the upper portion cut from the paraboloid z = 4 — 4(x% + v} by the xy-plane

z=4-1,0<r<4 = spherical, pcos ¢ =4 ~psinpand 0 < <Z => plcos p+sin¢p) =4and 0 < p < X;
2

rectangular, z =4 — /x“ +y° and 0 £ z < 4, a cone with vertex at (0,0,4) {rectangular) and base the circle

x2+y% =16 in the xy-plane

L g<p< \/_ 2 = rectangular, cos —_cos ¢ =
Jx§+y§+zf \/xzﬂzﬁhz2
:>,f‘x2+y!+22=_\/53=>x2+y2+32:232:>x2+y2—zﬂ=0withzSU:}-z:—-\/x2+yzand

0>Z>'\/ECO{)—=>Z——\/X2+}'E and -1 <z < 0; ¢ylindrical x> +y?2—22 =0 =12 —22 =0
Sr=-—zorr=2z but r >0 and 2 <0 = r = —z, a cone with vertex at the origin and base the circle

x?+y? = ! in the plane z = —1

¢ = %, 0<p< \/? = cylindrical, 0 <1 < \/?; rectangular, x* 4+ y? < 7 and z = 0, the disk of radius ﬁ

centered at the origin in the xy-plane

24+1% cos 26 = 0 = z + 12(cos? 6 - sinzé?) =0 => 2+ (r cos 6)> — (r sin 8)2 = 0 = rectangutar, z + x? —y*=0or
z = y? — x? spherical, z + r% cos 26 =0 = p cos ¢ + {p sin ¢)?(cos 20) =0 = p(cos ¢ + p sin’ é cos 20) =0
= c0s ¢+ p sin® ¢ cos 26 = 0 since p # 0, a hyperbolic paraboloid

222 =1= rectangular, z? —(x2 + y2) = 1; spherical, p2 coszfﬁ - ,02 sin? p=1= Pz = ;'51_2&

= p2 cos 2¢ = 1, hyperboloid of 2 sheets

? +2% = 41 cos § + 61 sin 8 + 2z = X2+yi et x4+ 6y + 2 = (x2-—4x+4)+(y2—6y ~+—9)+(z2—2z+1)
=14 = (x-2)2 4+ (y~3)%+ (2 - 12 = 14 = the center is located at (2,3, 1) in rectangular coordinates
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38. p = (2 sin ¢){cos 0 —2sin 8) = p =2 (sin ¢ cos 8) — 4(sin ¢ sin ) :p:?(%)—ll(%):} 0% = x—dy
x4yl =y = (-2 + 1)+ (Y +dy+) 42 =144 (x- 12+ (y+ 22 +(z-0)% =5

=> the center is located at {1,—2,0) in rectangular coordinates

39. Right circular cylinder parallel to the z-axis generated by the

circle r = -2 sin 8 in the ré-plane fow?sin B

40. Right circular cylinder parallel to the z-axis generated by the

circle r = 2 cos @ in the r8-plane f=2c0s 8

41. Cylinder of lines paraliel to the z-axis generated by the

cardioid r = | —cos ¢ in the 18-plane

42. Cylinder of lines parallel to the z-axis generated by the

cardioid r = 1 4-sin # in the rf-plane

r=1+singd
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43. Cardiocid of revolution symmetric about the y-axis, z

cusp at the origin pointing down

p=1—cos¢
Y
X
44. Cardioid of revolution symmetric about the y-axis, 2z
cusp at the origin pointing up « p=1+cos ¢
Y

C

45. {a) z=c=>pcos¢=c=bp=csc¢

= p=csecg
(b) The xy-plane is perpendicular to the z-axis => ¢ = %

46. x> +y?* =a? = (p sin ¢ cos 0)% + (p sin ¢ sin 8)> = a® = (p? sin® ¢ }cos? 0 +5in?8) = a? = p? sin? § = a?
= psing=aorpsing=—a=psindg=aorp=acscosincel <g<mand p>0

47. {a) A plane perpendicular to the x-axis has the form x = a in rectangular coordinates = rcos§ = a

a
cos ¢

(b} A plane perpendicular to the y-axis has the form y = b in rectangular coordinates = rsin 6§ = b

=r= = r = a sec £, in cylindrical coordinates

=r= ;EI::L@ =t = b csc 8, in cylindrical coordinates

= ; = : = — c
48. ax+by =c = a(r cos #) + b(r sin #) = ¢ = r{a cos # + b sin 9)*c:>r"acosﬂ+bsin9

49. The equation r = f(z)} implies that the point (r,9,z)
4
{fz). 8.2) 4

T‘\E‘\z%f; w2
Fz)

= {f(z),4,z) will lie on the surface for all 8. In particular
{f(z),8 + x,z) lies on the surface whenever ({(z), 6,2} does

=> the surface is symmetric with respect to the z-axis.
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50. The equation p = f(¢) implies that the point {p,$,8) = ({(¢),4,6) lies on the surface for all #. In particular,
if ({(¢), ¢,0) lies on the surface, then (f(¢), 4,0 + ) lies on the surface, so the surface is symmetric with respect
to the z-axis.

51. Example CAS commands:

Maple:
with(plots):
eq:= 1’2 +2°2 = Zxrx(cos(theta) + sin{theta)) + 2;
subs(r = sqrt(x2 + y'2), theta = arctan(y/x), eq);
simplify(”,trig);
eql: = X2 4y 24272 2ex — 24y = 0
implicitplot3d{eq2, x=0..3, y=0..3, 2=-2..2);
are:=solve(eq,r);
simplify(are[1],trig);
r:= unapply(”,(theta,z)};
cylinderplot(r, Pi/4..9+Pi/4, —2..2, grid = [100,100]);

Mathematica:
(We need the ParametricPlot3D package for SphericalPlot3D)
<< Graphics ‘ParametricPlot3D*

(ContourPlot3D allows implicit pleotting in 3D)
<< Graphics ‘ContourPlot3D*

Clear[r,theta,x,y,z]

eqr = r2+4z2 == 2 r {Cos{theta]+Sinftheta)]) + 2
Solve[ eqn, r |

ttheta_,z_] = r /. %[{2]] // Simplify

Note: the CylindricalPlot3D function only handles plotting z(r,theta), not
r(theta,z), so we must use the more general ParametricPlot3D.

ParametricPlot3D]

{r{theta,z] Cos[theta], r[theta,z] Sin[theta], z},
{theta,Pi/4,9Pi/4}, {z,-2,2} ]

Map[Expand, eqn]

% /. {r Cos[theta] -> x, r Sin[theta] -> ¥,
2 -> X2+4¥2}

equ2 = Map[ (# —2x -2y +2)&, % ]
ContourPlot3D] equ2([[1]},

{x!_1!3}| {%-133}. {39_212}3

Contours -> {eqn2[[2]]} ]
Clear[rho,theta,phi,x,y,z]

52. Example CAS commands:

Maple:
with(plots):
eq:= rho? = 2+rho%(cos(theta)xsin(phi) — cos{phi)) + 2;
solve(",rho);
simplify("[i],trig);
f:= unapply(’’,(theta,phi));
sphereplot(f,0..2«Pi,—Pi..Pi});
subs{theta=arctan{y/x), phi = arccos(z/sqrt{x2 + y2 + 2°2)}, the = sqrt(x"2 + y"2
+122), eq);
eql:= simplify(",trig);
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#1t’s now easy to simplify the equation by hand to obtain:

eq2:= x24¥2 422 = 2&x — 242 + 2;
Implicitplotdd{eq2,x=—1..3, y=-2..2, 2=-3..1}

Mathematica:
eqn = rho2 == 2 rho (Cos[theta}Sin{phi] — Cos[phi]) + 2
Solve[ eqn, tho ]
rho[theta_,phi_] = rho /. %[2]] // Simplify

Note: in the SphericalPlot3D functien, the range for the polar angle (phi)
must come before that for the azimuthal angle (theta).

Spherical Plot3D{

rhoftheta,phi], {phi,0,Pi}, {theta,0,2Fi} ]
Map[Expand,eqn]

% L {

rho Cos[theta] Sin[phi] -> x,

rho Sin[theta] Sin[phi] -> v,

rho Ces{phi] -> &z,

tho? -> x2+y2+22 }

eqn2 = Map[ (# -2x +2z +2)&, % ]
ContourPlot3D[ egn2([1]],

{K,——l,s}, {y;_2y2}$ {Z,'—3,1},

Contours -> {eqn2[[2]]} ]

CHAPTER 10 PRACTICE EXERCISES

—_ -5 =" = . 2r =1 ﬁ ¥
1 e-o:u-‘l':g—giu—.l}g—:}:u— 21+2Js .
2x 2
57 _ V2. V2. . se _1. V3. 37K
b=F mu=-Fi-‘gFiil=FSe=gi-7
:0 x
sm
4 b4
3
2. (a) Rotating i clockwise 45° yields gi—‘/Tij (b} Rotating j counterclockwise 120° yields ——\é_-s-i—%j

3. length =|v/2i+ 3j|= VEF T =2, V2i+ 3 = 2(ﬁi+—\}_§j) = the direction is ﬁi-}-%j
4. length =] ~i—j|= /T¥1 = /2, ~i-j= ﬁ(—ﬁi—-ﬁj) = the direction is —71§i—Lj

V2

5. length =|2i— 3j + 6k|= /4 + 9 +36 =7, 2i — 3j + 6k = 7(%i—$j+$k) = the direction is 2i—3j+ Sk
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10.

11.

12.

. length =|i+2j~k|=+/1 +4+ =\/6,i+2j—k:\/5(\%i+ﬁj~ﬁk)ﬁthedirection is
A2 L
VAN
g A _o. 4i-3+4k =2.4i-j+4k= 8 i——2—j+—§—~
A s VB VR VR
AT AT AT ZAT
IR €52 I )15 6 I
5 A - 5.2 08 o 5 000 T gy
|AI 32 42 o R
&) +3) 25725

(b) AP = AB+1BD = AB+1(AD~ AB)= AB+}AD 2AB_2AB+2AD_§(AB+AD)
() PC=AC- AP =(AB+ 4D --21-(_f3+ ?)):%(?3+A_l’))=ﬁ’=>Pist.hemidpointofAC

—_ = =% =%

OD = OC + OB, OF = OD + OA = OC + OB + OA = OC + OA + OB

a=proj,u, b =proj, v,e=v—-b=v-proj v

13. [Al=/T+1=/2,IBl=\/4+1+4=3,A-B=3,B-A=3,AxB=] 1 1 0 |=-2i+2j-k,

B = - =H—-9 = = = -1f A-B = -1 1 =K
x A {(AxB)=2i-2j+k, |AxB|=+/4+4+ 3,8 =cos (EA[|B|) cos (75)—4.

| Bl cos €=i, projAB=(H)A=%(i+j)

V2
14. [Al= V124 12+ 28 = /6, 1Bl = /(= 1)2 + (=1)? = /2, A-B = (1)}(=1) + (1)(0) + (2)(—1) = -3,
i j kK
B-A=-3,AxB=]| 1 1 2 |[=-i-j+k,BxA=-(AxB)=i+j~k,

-1 0 -l
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[AxB|= \/(—1)2 +(-12+12= /3, 8= ws_l(f:{ig |> = cos'l(\/é_:i/g) = cos_l(-jl_g—é)
=°05‘1(~“?) ol lBlwsﬁ——— \/g \/asprou =(AA—A) = 3(1+J+2it) %(i+j+k)

15. B=(A-B)a+ [B-(4:B)a )= %(2i+j—k)+[(i+j—5k)—§(2i+j~k)1=%(2i+j-k}—%(5i+j+11k),
where A-B=8and A-A=6

16. B={A-B R)A-J— [B ( :E)A]:—%{i—?j)+[(i+j+k)—(*Tl)(i—zj)] (1-21)+( 1+gj+k)
where A-B=—1and A-A=5

N

1 k
17. AxB=1 1 ¢ ¢ |=k
1 1 0 ix{i+j=
— ¥
i
i
i-j
x
z
i J k
18. AxB=| 1 -1 ¢ {=2k {i-x {i+])=2k
1 1 0

19. y=tanx = [y']ﬂ_ﬂ = [sec2 x]ﬁ/‘l —2=2T=i4 2} = the unit tangents are :I:(—%i-k—j) and the unit

S

1 5

2 . 1 .
normals are +{ — =1+ =
( V5 \/5’)

20. x2+y2 =25 =y ](3 9= [—%](3 9 = 43 = T = 4i — 3j = the unit tangents ate +z (41— 3}) and the unit

normals are =+ %(Si + 4j)
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21.

23.

24,

Let A = a,i+a,j +agk and B = bji+b,j+ bsk. Then|A + B}?+|A - B|?
=[(ay +by) + (3 +b)? + (a5 +15)% | +] (8 = by)7 + (8 = by)? + (ag — by)?
= (af + 2ab, +b§ +a§ + 2a;b, + bg + ag + 2a5bg + bg)

+ (a2 = 2a;b; + b3 + a3 — 2a;b; + b + a3 — 2aghy + b3 )

=2(a} +al+a3)+2(b2 + b2+ b3 )=21A17+21B1%

. (a) area:%|\r|h =%1v||u|sin(£BAC):%luxvl sinceOdZBAC{%

I¥llu|sin (ZBAC) juxv|

(b) h =Juysin(£LBAC) =

vl A
i ik
(c) area:%i(i—j+k)x(2i+k)|=% 1 =1 1 =%|-i+j+2k|=—§-\/(—1)2+12+22
2 0 1
:i\/gzﬁandh:|[i—j+k)x(2i+k)|:|—i+j+2k|: NG =ﬁ= 5
2 2 |21 + k| 12i + k| V2312 6 5

Let v = v i+ v j + vzk and w = wyi + wyj +wyk. Then |v—2w|? =|{vy2 + v,i + v3k) ——2(w1i+w2j+w3k)|2

. . 2 2
={(vy = 2wy )i+ (v = 2w + (v — 2wk = (/v — 2w )+ (vg = 2w,) + (v ~ 2wy)? )
:(v¥+v§+v§)—4[v1w1+v2w2+v3w3)+4(w%+w§+w§)=|v|2—4v-w+4 fwi?
—1vI*— 4 uliw|cos 0 +4{w|? =4—4(2](3)(c05 -’5)+36 =40—24(l):40—12 =28 = jv— 2w|= /28

3 2
:2-\/'?

i 0§k
u and v are parallel when uxv=0=| 2 4 -5 |[=0=(42a—-40)+(20-2a)j+(0)k=20
-4 -8 a

Sd4a-—40=0and20-2a=0=a=10

i j k
. (a) area=|AxB|=abs| 1 I -1 |=j2i-3-k|=+/4+9+1=+14
2 1 1
1 1 -1

(b) volume =A-(BxC)=| 2 1 1 |[=13+2)+1(~1—-86)-1{-4+1) =1



26.

27,

28.

29,

30.

1.

32.

33.
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i ] k
(a) area={AxBl=abs| 1 1 0 j=[ki=1
0 1 ¢
1 1 0
(b) volume=A-(BxC)=| 0 1 0 |=1{1-0)41(0—0)+0=1
1 1 1

The desired vector is B X v or v X0 since nx v is perpendicular to both n and v and, therelore, also parallel to
the plane.

If a=0and b # 0, then the line by = ¢ and i are parallel. H a # 0 and b = 0, then the line ax = ¢ and j are
parallel. If 2 and b are both # 0, then ax + by = ¢ contains the points (%, 0) and (0, %) = the vector
ab( i _Ej) = c¢(bl — a)) and the line are parallel. Therefore, the vector bi— aj is parallel to the line

ax + by = ¢ in every case.

The line L passes through the point P{0,0, 1) parallel to v = —i+)+k With f-’_é =2i+2j+kand

i j k
PSxv=| 2 2 1 [={2-1H4(-1-2)+(2+2)k=1-3j+ 4k, we find the distance
-1 1 1

G |Pixv]l_ VIF9F16_ V26 _ V78
ToWE T 1t 3 3

The line L passes through the point P(2,2,0) parallel to v=1+j+k. With PS — —2i+2j+kand

i ] k
PSxv=| -2 2 1 |=@2-1Di+(1+2))+ (-2 -2}k =i+ 3j — 4k, we find the distance
1 1 1

\Pva( V1+9+16 \/" \/_
tvi Vi+i+l 3

Parametric equations for the linearex =1—-3t, y=2,2 =34+ T7t.

The line is parallel to I;E), = 0i+j—k and contains the point P(1,2,0) = parametric equations are
x=1l,y=2+4+t,z2=~-tfor 0 <1 <1,

The point P(4,0,0) lies on the plane x —y = ¢, and PS = (B—4H+0+{-6+0)k=2i—6kwithn=1-j
1n-PS\_ 24+0+10

2
=>d: fard = 2.
T \/1+1+ﬂ‘ V2 V2
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34.

36.

37.

38.

39.

40.

41,

42.

43.

The point P{0,0,2) lies on the plane 2x + 3y +2z =2, and PS = (3—0)+(0~0)+ (104 2)k = 3i + 8k with

o . ‘ 'PS| 64+048 1 /
=% =n = = —_—— = .
. 3tk =d (] \/44‘9%‘1) \/ﬁ t

CPB,-2,Dandn=2i+j—k = ()x-3+ Dy —(-2) +(~1)z—-1) =0 = Ix+y—z =3

P(-1,6,0 and o =3i- 27+ 3k = ()(x—(-1)) + (-2}{y ~6) +{3)(z —0) =0 = x — 2y + 3z = —13

—

P(1,-1,2), Q(2,1,3) and R(~1,2,-1) = PQ =i+2j+ k, PR = ~2i + 3j - 3k and PQx PR

io] k
= 1 2 1 |=—%i+j+ 7k is normal to the plane = (-9)(x—1}+ I}y + D+ (N(z-2) =10
-2 3 =3

= 9 +y+Te=4

—

P(1,0,0), Q(0,1,0) and R(0,0,1} = PQ = —i+j, PR = —i+ k and PQ x PR

i § k
=/ -1 1 0 |=i+]j+kisnormal to the plane = (){(x~ 1)+ (I}y -0} +(D(z-0) =0
-1 0 1

=>x+y+z=1

1 3y _ 1 1 — _3 — f. : — _ —
(0,—5,—5), since t = —5: ¥ =-3 and z = -5 when x = 0; (-1,0,-3), sincet = -1, x = -1 and z = ~3
when y = 0; (1,-1,0), since t =0, x=1and y = —} whenz =0
x = 2t, y = —t, z = —t represents a line containing the origin and perpendicular to the plane 2x — y — z = 4; this

line intersects the plane 3x — 5y + 2z = 6 when t is the solution of 3(2t) — 5(—t) + 2(—t) = 6

9y . . . .
3 §) is the point of intersection

o, —iand m, =i+j+ \/ﬁk = the desired angle is cos™! (i-%) = cos”l(

-3

.. . ) . _1f My -m _
n, =i+jand n; =j+k = the desired angle is cos I(W)= cos 1(%):%

I e

i j k
The direction of the line is n; xny =| 1 2 1 |=38i-j—3k Since the point (—5,3,0) is on
1 -1 2

both planes, the desired line is x = =5+ 56t, y =3 -1,z = —3t.



44.

46.

47.

48,

49,

50.

5.
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i k
The direction of the intersection is ny xn, =| 1 2 =2 |=-61-9j—12k = —3(2t + 3j + 4k) and is the
5 -2 -1

same as the direction of the given line.

3. {a) The corresponding normals are r, = 31 + 6k and n, = 21+ 2j — k and since n, -n
1 2 1742

=(3)(2) +{0)(2} + (6}(—1) = 6 + 0 — 6 = 0}, we have that the planes are orthogonal

i j k
(b} The line of intersection is parallel to n, xn, =| 0 6 |=~—12i+ 15) + 6k. Now to find a peint in
2 2 -1
dx+6z=1 Jx+6z=1 19
the intersection, solve =% = x+12y =19 =>x=0and y = 5
X +2y—z2=3 12x + 12y — 6z = 18 1
:(Olgl)isa : : C _ 19 _1
ST point on the line we seek. Therefore, the line is x = —12t, y = 35 + 15t and z = & + 6t.
12°6 12 6
i ] k
A vector in the direction of the plane’s normalisn=uxv={| 2 3 1 1=Ti—3j— 5k and P(1,2,3) on
1 -1 2

the plane = T(x -1} -3(y -2} - 5{z—3) =0 = Tx -3y — Sz = —14.

Yes; vem={(2i—4j+k)-(2i1+)J+0k) =2-2—4-141-0 =10 = the vector is orthogonal to the plane’s normal
=> v is parallel to the plane

n- I:’_I;0 > [ represents the half-space of points lying on one side of the plane in the direction which the normal n
points

i ] k
A normal to the planeisn:@x:ﬁj: 2 0 =i :-i—2j—2k:>thedistanceisd:‘APT'nl
2 -1 9
ICEST HEEL B FY 1
V1+4+4 3
P{0,0,0) lies on the plane 2x + 3y + 52 = 0, and PS = 214+2i+3k with o =21+ 3]+ 5k =
g |n-PS_| 4464151 9
int VA+9+250 /38
i j k
n = 2i-j -k is normal to the plane = nxv=| 2 -1 -1 |[=0i—3j+ 3k = ~3j+ 3k is orthopgonal
1 1 1

to v and parallel to the plane
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52. The vector B x C is normal to the planc of B and C = A x (B xC) is orthogonal to A and parallel to the plane:

i k i k
BxC=| 1 2 1 |=-5i+3j~kand Ax(BxC)=| 2 -1 1 |=-2i-3j+k
S - -5 3 =1

=[Ax(BxC)|=+1/41+9+1=1+/14 and u=71§{——2i—~3j+k) is the desired unit vector.

i i k
53. A vector parallel to the line of intersection is v =n; xny, =| 1 2 1 |=51-7-3k
1 -1 2
S 1vI=+/204+14+9=+/35= Q(I—:,-E-l) = 235 (5i — j — 3k) is the desired vector.

54. The line containing (0,0,0) normal to the plane is represented by x = 2t, y = —t, and z = —t. This line
intersects the plane 3x — by + 2z = 6 when 3(2t) —5(—-t) +2(—-t) =6 = ¢ :% = the point is (%, - %, - %)

65. The line is represented by x =3+ 2t, y =2 —~t, and 2 = I + 2t. It meets the plane 2x — y + 2z = —2 when

LYE [ -—~_,_§ i i 1_]L_2_6.._Z
23420 —(2-t)+2(I+2A)=-2 2>t = 9=>thep01ntls(9,9, g).
i i k
56. The direction of the intersection is v=mn; xp, =} 2 1 -1 =3i—5j+k:>€=cos_1(|—%)
vili
1 1 2

=cos~1{ =2\~ 59.5°
/35

57. The intersection occurs when (3 + 2t) + 3(2¢t) —t = —4 = t = —1 = the point is (1, -2, —1). The required line
must be perpendicular to both the given line and to the normal, and hence is parallel to| 2 2 1

= —5i+ 3j+ 4k = the line is represented by x =1 -5, vy = -2+ 3t, and 2z = —1 + 4t,

58. If P(a,b,c) is a point on the line of intersection, then P lies in both planes = a—2b 4+ ¢+ 3 = 0 and
2a—b—c+1=0=(a-2b+c+3)+k(2a—b—-c+1)=0.

i3k
59. The vector ABxCD =| 3 -2 4 |=28(2i+7j+2k) is normal to the plane and A(~2,0,—3) lies on the

% o %

5 5

plane = 2(x + 2V + 7(y ~0) +2(z - (-3)) =0 = 2x+ Ty + 22+ 10 = 0 is an equation of the plane.
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61.

62.

63.

64.
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Yes; the line’s direction vector is 2i + 3j — 5k which is parallel to the line and also parallel to the normal
—41 — 6j + 10k to the plane => the line is orthogonal {o the plane.

i ] k
The vector I;EQ xPR=| 2 -1 3 |=-i- 11j — 3k is normal to the plane.
-3 0 1

(a] No, the plane is not orthogonal to P_(f) x P_f{

(b) No, these equations represent a line, not a plane, o

{c}) No, the plane (x +2) 4+ 13(y — 1) — 3z = 0 has normal i + 11j — 3k which is not parallel to PQ x PR.

(d) No, this vector equation is equivalent to the equations 3y + 3z = 3, 3x — 22 = —6, and 3x+ 2y = —4
= x= -—%—%t, ¥y =t,2z=1-—1, which represents a line, not a plane.

{e) Yes, this is a plane containing the point R(—2, 1,0} with normal IS—Q x PR.

(a) The line through A and Bis x = 1 +t, ¥y = —t, 2 = —1 + 5t; the line through C and I} must be parallel and
isLyr x=14t,y=2-t,z2=23+5t. Theline throughBand Cisx=1, y =2+ 2s, z = 3 + 4s; the line
through A and D musi be parallel and is Ly: x =2, y = ~1+42s, 2 =4+ 4s. The lines L, and L, intersect
at D{2,1,8) wheret=1ands=1.

_(23+4k)-(i-j+5k} 3

{b) cos # = \/Q_Oﬁ ._\/ﬁ

o) | BA-BCIRG — 18565 - 854 9k) where BA =i—j+ 5k and BC = 2j + 4k
5

(d) area =|(25+4k) x (i~ j + 5k} | =| L4i + 4§ - 2k | = 6/
(e} From part (d), n = 14i + 4j — 2k is normal to the plane = 14(x— 1) +4(y -0} —-2(z +1) =10
= Tx+2y—z=8.

(f) From part (d), n = 14i 4 4j — 2k = the area of the projection on the yz-plane is in-i|= 14; the area of the
projection on the xy-plane is |n-j ] = 4; and the area of the projection on the xy-plane is {n-k|=2.

i ik
AB= —2i4+j+k CD=i+4j-kand AC=2+j=n=| -2 1 1 |=—5i—j—0k=> the distance is
1 4 -1
4= (2i+j)-(—5i—j—9k}): 11
V25 + 1481 V107
i ] k
AB=—2i+4j—k CD=i—j+2k and AC=-3i+3j = n=| =2 4 1 |=7i+3j—2k = the distance
1 -1 2

s d= (=3i+3)-(Ti+3i~2k)} 12
V49 +9+4 V62
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65. x* +y 42t =4 66. x2+(y—1)2 42 =1

x:@v x>!@’\}‘

68. 36x% -+ 9yZ 4 42° = 36

z

67. 4x? + 4y* +22 =4
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The y-axis in the xy-plane; the yz-plane in three dimensional space
The line x +y = 1 in the xy-plane; the plane x +y = 1 in three dimensional space

The circle centered at (0,0) with radius 2 in the xy-plane; the cylinder parallel to the z-axis in three
dimensional space with the circle as a generating curve

The ellipse x? + 4y% = 16 in the xy-plane; a cylinder parallel to the z-axis in three dimensional space with the
cllipse as a generating curve

The parabola x = y2 in the xy-plane; the cylinder parallel to the z-axis in three dimensional space with the
parabola as a generating curve

The hyperbola y? — x% = 1 in the xy-plane; the cylinder parallel to the z-axis in three dimensional space with
the hyperbola as a generating curve

A cardioid in the rf-plane; a cylinder parallel to the z-axis in three dimensional space with the cardioid as a
generaling curve

The circle centered at (0,%) with radius % in the xy-plane; the cylinder parallel to the z-axis in three

dimensional space with the circle as a generating curve

A horizontal lemniscate of length 2\/5 in the rf-plane; the cylinder parallel to the z-axis in three dimensional
space with the lemniscate as a generating curve

A rose in the rf-plane; the cylinder parallel to the z-axis in three dimensional space with the rose as a
generating curve

The sphere of radius 2 centered at the origin

The plane that intersects the xy-plane at a right angle along the line y = x

The upper nappe of a cone having its vertex at the origin ard making an angle of% rad with the z-axis
The circle x2 +y2 =1 in the xy-plane

The upper hemisphere of the sphere of radius 1 centered at the origin

The spheres centered at the origin having radii of 1 and 2 and all points between the spheres

(110!—\/5) (110!_\/5)

Rectangular Cylindrical Spherical

(1,0,0) (1,0,9) (L5:9)

@0 (59) (133

©.1,) (15:1) (v2%5)
(
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Rectangular Cylindrieal Spherical
7. (~1,0,-1) (1,7,-1) (V2.35r)

98. {0,—1,1) (1,32?,1) (ﬁ x 3«)

09. z = 2 = cylindrical, z = 2; spherical, p cos ¢ = 2; a plane parallel to the xy-plane

100. z = +/3x% + 3y7 = cylindrical, z = V3’ = 2 = \/f;r, r > {); spherical, g cos ¢ = \/gp sin ¢

= p(cos ¢ — \/5 sing¢l=0=tan ¢ = or ¢ = B since p = 0 is only the origin), the upper nappe
\/5

of a cone making an angle of % with the positive z-axis and having vertex at the origin

101, X2 +y% +(z+1)? =1 = cylindrical, 4 (z+1)%2=1=r2+224+22+1=1= r? + 2% = —2z; spherical,
x4yt 4284 22=0= p2+2pcos ¢ =0= p(p+2cos ¢) =0 => p =—2cos ¢ (since p # 0), a sphere of
radius 1 centered at (0,0, —1) (rectangular)

102. x* 4+ y2 4+ (z—3)? = 9 = cylindrical, r* + {z — 32 =9 = r*+2% 62 +9=9= r?+ 2% = 62; spherical,
xP+y? 422 ~62=0= p?—6pcos =0 = p =6 cos ¢ (since p #0), a sphere of radius 3 centered at (0,0,3)

{rectangular)

103. z = r? = rectangular, 2 = x* + y?; spherical, p cos ¢ = psin®p = psind—pcos =0

::.»p(psm ¢~—cos¢) 0=>p—ms‘ﬁ
sin®

D<g<T (smce p # 0 unless ¢ = m), a circular paraboloid

symmetric to the z-axis opening upward with ver!.ex at the origin

104. z =|r}| = rectangular, z =|r|= v/r—?': X'y =>z= \fxz+yz; spherical, p cos ¢ z1p sin @"I
= peosdp=psin¢g=tand=1=¢= l—r, the upper nappe of a cone making an angle of% with the positive

z-axis with vertex at the origin

105. r=75inB:rrect.angular,r:?sin&:»r:?(%)::vr2=7y:>x2+y2—7y:0:>x2+y 7y+49

2 ER
z-axis generated by the circle

.49 7V _49,
= =X +( —*) spherical, r = 7 sin 8 = p sin ¢ = 7 sin 8, a circular cylinder parallel to the

106, T =4 cos # = rectangular,r=4cosf 2r=4(F) = > xP-dx+y? = 0= - Ax+4+y* =4
= (x - 2}2 + y2 = 22; spherical, t = cos 8 = p sin ¢ =4 cos 8, a circular cylinder parallel to the z-axis

generated by the circle

107. p =4 = rectangular, +/ X2 + y2 + zg =4 = x? +y2 +22 = 16; cylindrical, 24z = 16, a sphere of radius 4
centered at the origin

108. p = \/37 sec ¢ =» rectangular, p = \/E sec ¢ = pcos ¢ = \/5 = z= \/5 cylindrical z = \/5, the plane z = \/5
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¢ = %——w = cylindrical, tan™? (%) = %E = %: —1 = z=—r, > 0; rectangular, z = —+/ %+ yz, the lower

happe of a cone making an angle of = 37r with the positive z-axis and having vertex at the origin

110. peos d+p°sin®dp=1= eylindrical, 412 =1 = z=1—r% rectangular, s = 1 — (x> +y2) => z + x* + y°

=1, a circular paraboloid opening downward from the point (0,0,1) (rectangular), axis along the z-axis

CBAPTER 10 ADDITIONAL EXERCISES-THEOQORY, EXAMPLES, APPLICATIONS

1.

wt

Information from ship A indicates the submarine is now on the line L;; x =4+42{, y =3t, 2= —%t;
information from ship B indicates the submarine is now on the line L,: x = 18s, y =5~ #6s,2 = —s. The

current position of the sub is (6 3,- 3) and occurs when the lines intersect at t = 1 and s = % The straight
line path of the submarine coniains both points P(?,ml, —%) and Q(ﬁ,3, —-:13—); the line representing this path

The submarine traveled the distance between P and Q in 4 minutes =

Col—

isl: x=2+4t, y=-1+4+4,z2=~

a speed ofi Ql ‘ \/‘E thousand ft/min. In 20 minutes the submarine will move 20\/5 thousand ft from

Q along the line L = 204/2 = \/(2 +4t—6)2 4 (=144t —3)%+ 0% = 800 = 16(t — 1)? + 16(t — 1)2 = 32(t — 1)?

= (t—1)% = % = 25 = t = 6 = the submarinre will be located at (26, 23,—-%) in 20 minutes.

H, stops its flight when 6 + 110t = 446 = t = 4 hours. After 6 hours, H, is at P(246,57,9) while H, is at
(446,13,0). The distance between P and Q is \/(246 —446)2 + (57— 13)? + (9 - 0)%2 & 204.98 miles. At 150

mph, it would take about 1.37 hours for H, to reach H,.
Work = F-PQ = F|| PG| cos  =1160/{250 | cos T = (40,0{]0)(-—?)% 34,641 ]

Torque = | PQ x F| = 15 fi-1b =|PQ|IFlsin £ =3 i IF{= [F1=20 1b

|[A+B2=(A+B)-(A+B)=A-A+2A-B+B-B<|A|?+2/Al|Bl+|BI2=(AlI+IB]’ = |A + B
<lAl+{B}
C=proig A=(AB)BandD=A-C=a-(4E)B

Let o denote the angle between C and A, and 3 the angle between C and B. Let a =|Aland b =|B}. Then
C.A _(aB+bA)-A (aB-A+bA-A) (aB-A+bA-A) (aB-A+ba’®) B.A4ba

“CCE[CNAIT [CHAI  ~  ICHAT  _ ICIAT _ _ IC€la _ 1C[ °
and likewise, cos 8 = A'—]EC—T—I-E. Since the angle between A and B is always < -’25 and cos o = cos 3, we have

that o = # = C bisects the angle between A and B.
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8.

10.

11.

12,

13.

14,

(aB+bA)-(bA—aB) =aB-bA+bA-bA—aB-aB-bA-aB=bA-aB+b’A-A~a’B-B—~bA-aB

= b%a? —a?h? = 0, where a=|A|and b =|B|
If A=ai+bj+ck, then A-A=a?+b%+c?>0and A-A=0iffa=b=c=0.
If A = (cos a)i+ (sin a)j and B = {cos 8)i + (sin 8)j, where 8 > o, then AxB=[lA||B|sin (8 ~a)]k
i ] k
=|cose sinae O |={(cossin —sin acos F)k = sin(f — a) = cos o sin § —sin o cos f, since
cos d sin3 O

|Al=1 and|B|=1.

If A = ai+bjand B=ci+dj, then A-B=|Al|B|cos § = ac+bd = va? +b? \/c? +d? cos 8
= (ac + bd)? ={a? +b?){c? + d2) cos? 8 = (ac + bd)? < (a? +b2){c? +d?), since cos? # < 1.

Extend CD to CG so that (E_f) = DG. Then CG =tCF = ("J_ﬁ%—B'_é and tCF = 3€E+6§, since ACBG is a
parallelogram. If t(ﬁ‘ - 3(-3_113 - C_;k =0,thent—-3—-1=0 =t =4, since F, E, and A are collinear.
Therefore, c_('; = 4(?%‘ = 615 = 2C_f‘ = F is the midpoint of CG.

(a) If P(x,y,z) is a point in the plane determined by the three points Py{xy,¥;,2,), Py(x3,¥5.2,) and
P;(X3,¥3,24), then the vectors P_l:;l, P_P.2 and P_P.3 all lie in the plane. Thus P_-I;I -(P_132 X P‘ﬁ3] =0

X;—X Y=Y Z,—3
= | x3—x y;—y 2,—2 [=0 by the determinant formula for the triple scalar product in Section 10.4.
X3—X ¥y3—Y¥ 23—F
{(b) Subtract row 1 from rows 2, 3, and 4 and evaluate the resulting determinant (which has the same value
as the given determinant) by cofactor expansion about column 4. This expansion is exactly the

determinant in part (a) so we have all points P(x,y,z} in the plane determined by P,(x;,v,,2,),
Pz(xgy Yszz)s and PS(X;’»’ y3’z3}'

Let Ly: x =ays+by, y =ags+by, 2 = ags+ bz and Ly x=ct+dy, ¥y =cyt +dy, 2 =cgt +dy. IfLy || Ly,

a, ¢, b;—d; ke, ¢; by, —d,
then for some k, a; = k¢;, i = 1, 2, 3 and the determinant [ a, ¢y bp—dyf=] ke, ¢y by—dyf=0,

since the first column is a multiple of the second column. The lines L, and L, intersect if and only if the

ags—ct+(b;—d;) =10
systermn { a,s — ¢yt + {by —dy) =0 has a nontrivial solution < the determinant of the coefficients is zero.

a;5 —cgt + (by ~d3) =0
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15. If Q(x,¥) is 2 point on the line ax + by =, then P?Q = (x—x; i+ (¥ -y, )}, and n = ai + bj is normal to the

|a(x—xl) + b(y -—yl)i

[x = %) +{y = yp)i] -(ai +b5)]
Va2 b

VaZ+b?

line. The distance is lprojrl PTQ'=

=|a)(1 + by, -—c|

. since ¢ = ax + by.
a®+b

16. {a) Let (x,y,2) be any point on Ax+ By 4+ Cz—-D =0. Let Qﬁi;l ={x—x i+ (y—yi+{z—z,)k, and

Ai+Bj+Ck . . Ai+Bj+Ck )
. x=x H+{y-y )i+ {z—2k)-

:?A§+B§+C2 (( 1) ( 1) ( 1) ) (T=====A2+B2+C2

_}Ax, + By, +Cz; — (Ax + By + Cz)| | Ax, + By, +Cz, - D|

- Va? 4b? 4 ¢? ~ VAT4BRT+C?T

The distance is Iprojn Q_P)l 1 =

{b} Since both tangent planes are parallel, one-half of the distance between them is equal to the radius of the
1_13291  _ /3 (see also Exercise 17a). Clearly, the points (1,2,3) and (1, -2, 3)

sphere, 1.e.,r= 3 71T1~=+=1

are on the line containing the sphere’s center. Hence, the line coniaining the center is x = 1 4 2t,
=2+ 4, 2= 3 +6t. The distance from the plane x +y + 2z — 3 = 0 to the center is \/5
=>|(1+2t.)+(2+4t)+(3+6t)—3|=
V1i++1
an equation of the sphere is (x ~ 1) + (y —2)2 + (2 - 3)* = 3.

\/5 from part (a) = t = 0 = the center is at (1,2,3). Therefore

17. (a) If {%,,¥;,2,) is on the plane Ax + By + Cz = D,, then the distance d between the planes is

= NI = [Ai+ Bj+ Ck| since Ax, -+ By, + Cz; = D, by Exercise 16{a).
{12 6| 6
b) d = =
(b) Vi+9+1 /14
23+ (DD +2(-1)+ 4] (1 2AN+(-D(2)+2(-1)+D
(c)l() ( )\(/1_4 =) |:| B+ )i/)1_4 S I::>D:—80r4:rt.luedesir&dp]a.neis
x—y+2x =8

[3-D|
V6

x—2y+z:3+5\/§and x-2y+z=3—~5\/6.

(d) Choese the point (2,0,1) on the plane. Then =5 = D=23+56 = the desired planes are

18. Let n = ,&TS X fi?l and P(x,y,x) be any point in the plane determined by A, B and C. Then the point D lies in
thispianeifandonlyifﬁ-n:ﬁ@ﬁ)-(ﬁxﬁé):ﬂ.
19. (a) AxB=dixj=4k = (AxB)xC=0; (A-C) B—(B-C)A={B-0A=0;BxC=4i= Ax(BxC) =0;
(A-C)B—(A-B)C=0B-0C=10
i ] k i j k
by AxB=] 1 -1 1 |[=i+4j+3k=>(AxB)xC={ 1 4 3 |=—10i—9%+6k;
2 1 -2 102 -
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(A-C)B—(B-C)A = —4(2i +j — 2k) — 2(i—j + k) = —10i — 2j + 6k;

i § k i 0§k
BxC=| 2 1 -2 |=3i44j+5k=>Ax(BxC)=| 1 -1 1 |=-9i-2i+7k
12 -1 3 4 5

(A-C)B—(A-B)C = —4(2i +] — 2k) — (- 1)(~i + 2 — k) = ~9i— 2j + 7k

i § Kk i ]k
© AxB=| 2 1 0 |=i-2j-4k= (AxB)xC=| I -2 -4 |=-4i—6j+2k;
2 -1 1 10 2

(A-C)B—(B-C)A = 2(2i—j+ k) — 4(2i +j) = —4i — 65 + 2k;

R T i j k
BxC=| 2 -1 1 |=-2i-3j+k=>Ax(BxCQ) = 2 1 0 |[=i-2-4k
1 0 2 2 -3 1

(A-C)B-(A-B)C=2(2i—j+k)—3(i+2k) = i—2j— 4k

i ] L : j k
d) AxB=| 1 1 -2 |=-i+3j+k=>(AxB)xC=| -1 3 1 |=-10i—10k;
-1 0 -1 2 4 =2

(A-C)B-(B-C)A = 10(~i- k) —0(i+j — 2k) = —10i — 10k;

i j ok ik
BxC=| -1 0 -1 |=4i—-4j-4k=>Ax(BxC)=| 1 1 -2 [=-12i-4j-8K
2 4 -2 4 -4 —4

(A-C)B~(A-B)C= 10(—i—k) — 1(2i +4j - 2k) = —12i— 4j — 8k

20. () Ax(BxC)+Bx(CxA)+Cx(AxB)=(A-C)B—(A-B)C+(B-A)C~-(B-C)A+(C-B)A—(C-A)B=10

(5) [A-(BxDJi+[(A-Bxji+[(A-(Bxkk={AxB)-ili+[(AxB)-ili+[(AxB)-kjk=AxB
(c) (AxB)-(CxD)=A-[Bx(CxD)]=A-[(B-D)C—{B-C)Dj = (A-C}{B-D)—(A-D)(B-C)
A-C B.C
A-D B-D

21. The formula is always true; A x[Ax(AxB)]-C=A x[{A-B)A—(A-A}B]-C
=[(A-B)AxA—(A-A)AxB]-C=~}AI’AxB-C=-]Al’A-BxC
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] i 0§k
22. n =i+ 2j+ 6k is normal to the plane x + 2y + fz =6; vxn=| 1 1 1 |=4i—5j+k is parallel to the
1 2 6
1 j k
plane and perpendicular to the planeof vand o = w=nx{vxn)=| 1 2 6 j=3214+23j—-13kisa
4 -5 1

vector parallel to the plane x + 2y + 6z = 6 in the direction of the projection vector projp v. Therefore,

vt vl . N W __ovewy o 3242313 -~ 42 o _1._32, 23, 13
PTOJPV—P“’JN"(" Iw[)lw (,w,z)w“(322+232+132) 723" =™ =4t ok
23. proj, w = —proj, v and w— proj, w = v —proj, v lies along the line L => w = (w — proj, w) + proj, w

= (v —proj, v) + proj, w=v—-2projsV:\f—2(E!—'E%)x
%

24. (a) Let {x,y,2) be the Cartesian coordinates of P. By (i) we have x?+y?2=ap. From (iit},

x=rcos f# = /af cos vy and y =1 sin # = /o sin 4. Finally, from (ii)‘ia—ﬁ|: 2|zt
8

=z = a—é— since P lies above the xy-plane if &« — > 0 and below if ® — F < 0. Therefore,

(xy0) = ( VaB cos , /aB sin 7,252 ).
1

2
(b) Fix . From part (a), f=a-2z = x*+y? = af = afa—22) = z:—%(x2+y2)+% which is an

equation of a paraboloid for fixed o. Similarly the graph is a paraboloid for fixed 8.

25. (a) The vector from (0,d) to (kd,0) is i = kdi —dj = |, |* = 1 7= L ki) 575+ The
Bk +1) ™ a2(k%41)
tota} force on the mass (0,d} due to the masses Q, fork=-n, -n+1,...,n—1,n is

GMm GMm/i—-3\, GMm/2i—} GMm ni —j GMm/ -]
F= + — |+ == +...+ +
R Ihte 7 (v M= v Rt e v A v o)

+GMm(*23“j)+_”+ GMm ( —ni_j )
52 \ /5 (n? +1)d?\ /0% + 1

The i components cancel, giving

¢ Wi D))

{F|= G(f;'lzm(l+2 —)3}.5)

i=1 (2+1

F= GMm(_l 2 _ 2 )j = ihe magnitude of the force is

o0 [»v]
(b) Yes, it is finite: Jim |F|= GM;“(I + 3 "““g“jﬂ"i) is finite since 3 ‘_2—)373 converges.

d (2+1 =1 (241
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26. {a) If Xy =0, then XX (X x )} = (X-¥)x — (X-X)¥ = —(X - x)¥. This means that

=2
f@f:i-%}"'-i-—li- 1 —(-(X-X))y =X +{ 1- > I::I — ¥. Since X and ¥ are
< 4 _K-X ¢+ vt~ 2R
2
|%12 ’
orthogonal, then[f@f[z ={xiZ2+{1- 5 i: — 1)7[2 A calculation will show that
[ +\/c —-C lx{
512 ’
- Xi . " -
K%+ 1- > —r— ¢t =2 Since| 7| < ¢, thenl}'12<c250
/et -t xl

2
| £ 12 =2 |x12 2 :
1-— - ylIe<tl- = jc” This means that
( ?+ /T -c2IR? 171 2+ V= K]

2 |22 2 |12 ’
X ¥| =r£l2+(1— 5 X ) |y‘|2<lfi?+(1 X ) e? =2

et 4+ /e —tlx)? &+ v -2 R2

We now have|f®}7|2<c2, so|lf@¥|<ec.

(b} If X and ¥ are parallel, then fx(fxf)::ﬁ. This gives X ® ¥ = x-l:y_”
1+
¢
(i) If £ and ¥ have the same direction, then X & ¥y = x|+1v]_,land[f®§'|= 1xi|+[|5l(£1
£l ¥ X
I+ 1+
C e . o %] 120 o FUZI ;
Slnce]yl{c,lx‘(c, wehave!yl 1 g )<l ~% :»lyl— o < c—| %]
:>|i'l}-|f|<c+|xuy|:c(l+|-§—i-|i—[):>1X—F-_|:I-)i<c. This means that] X ® 7| < c.
W
T T
(it} If X and ¥ have opposite directions, then X -y = —|X||7]and X &y = X{tﬁ =k
1y
1—
7
c

Assume | £|>{¥], then|§@f|:L;|”}-ry7||. Since| ¥| < ¢, we have|i’](1 +|§—I)< c(l +@)
|
2
C

<1z E g s 11 gl T (1 20T
C

This means that | @ ¥]|< c. A similar argument holds if| X|>]¥|.

(<) cl—l-n(;lc X@Gy=xX+Yy.



CHAPTER 11 VECTOR-VALUED FUNCTIONS
AND MOTION IN SPACE

11.1 VECTOR-VALUED FUNCTIONS AND SPACE CURVES

L x=t+landy=t*—1=y=(x-1)2-1=x%-2x v:%zi-}-?tj#a:a-_z]:* v=i+2Z2jand a=2j

att=1

2
2. x=t2+1andy=2t—1=>x=(¥j2‘—l) tlox=fy+)+Lv=F=stitsiza=F=25

> v=it+2janda= 2iatt:%

2‘=>y:%x2;v:g{—~e1+ge2“|=>a_e1+ge Y= v=3i+4janda=3i+8att=1n3

wiro

3. x=c¢'and y = %e

4. x:cos?tandy:Ssin2t=>x2+g =1 v:dt*( 2sm2t)1-1-(6c032t)]=>a.._dt
=(—4 cos 2t)i+{12sin 2t)j => v=6jand a=—4iat t =10

5. v="00 dt =(cos t)i~ (sin t)j and a = d" = —(sin t}i — (cos t)j

6. v=g—:=(~2sin %)i+(2 cos 2) andazdt (_m%)i+(_5in%)j vim ’
3
z

= for t = 7, v(r) = —2i and a(7) = —j; for t = =

(3«) ﬁlﬂ\/_]and 3(377):\/7%—?1'

2

dv

T..v= Q ={l-cost)i+(sint)and a="5 = (sin t)i+ (cos t)j

= for t = m, v(7) = 2i and a(%) = —j; fort.—:32—7r,

v(§2’£) =i—jand a(?”') i
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8 v=U—itojanda=¥ =9 2 fort =1, v(~-1) =i—2%
dt dt.
at-1)1 a(tyf

and a{—1) = 2j; for t = 0, v(0) =i and a(0) = 2j; for t = 1, )

i o e 2
v(1) =i+ 2j and a(l) = 2j Ve v 0

x
y-xzx.-‘t

i0.

11.

12.

13.

. 2
r:(l.+1)i+(t‘a—1)j+2tk:>v:gf:i+2tj+2k=>a=§—t—2[:2j;Speed: [v(1)|= /1% +(2(1))* + 2% = 3;

oo oow(l)y _i+20)i+2k . 9. 42 _ 2.2
Direction: |v(1)[ 3 =3i+5} 3k:~v(1) 3( 1+3J+3k)
r=(+0i+izi+ Chove it 2% a=92 2 2 1 26k, Specd: |v(1)]
\/5] at \/—j dtz*ﬁ]- y opeed: |
L2 2
751+ (19)k
- |12 (1) 22 _ v(1) \/_ 1o, 1.1
_.Jl (\/_)—i—(lj 2; Direction: IV(I}I 5 _21+\/§j+2k:>v(1)
—of Lig 1541
_2(21+\/§J+2k)

2
r=1(2cos t)i+(3 sin t}j + 4tk = v:%{: (—2 sin t)i+ (3 cos t)j + 4k = a:ﬁﬁ: (=2 cos t)i—(3 sin t};

viTl= —25in.£2+ 3 cos 5 142_2\/_ Direction:
By gf+(rnz)

=(_,2\2/5 sin -’Qi)i +(% cos %)j+ﬁk = —-\lfgiju%k = v(3)= 2\/5<w\/Lgi+%k)

r = {sec t)i+ (tan t}j + 4tk:>v:%_{sectta.nt)l+(sec t)j+5k=a=

Speed:

2
__(sectta.n ¢t + sec L): (2 sec?t tan t)3,9peed I % | \/(secﬁ tan 6)2+(seczg)2+(%) =1

Direction: V(%) =<Sec 5 S)IZ(SEC )J +3k = %i-i—%j +%k = v(%) = 2(%

It

2
r=(2In G+ )i+t + Lk v=g

2 Ni | o: d% =2 1., o
thk = =f— .
(t+l)1+2tj+ = a a2 [{t+1}3]]+2]+k'

¥(1) ( )1+2(1)J+(1)k
B0 G

Speed: Iv(l) | = \/(I_%T)z +(2(1))? + 12 = /6; Direction:



14,

15.

16.

17.

18.

19.

20.

21.

22.
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f'+j"+ fk = v(l) = \/'(\j,gi+%j+\%_k)

3
r :(e“)i +(2cos )+ (2sin )k => v= g—; =(—e™t}i— (6 sin 3t)j + (6 cos )k = a= %

=(et}i— {18 cos 3t)j — {18 sin 3t)k; Speed: ]v(O) | = \/(—~e0)2 + [~6 sin 3(0)2 + [6 cos 3(0)]2 = \/ﬁ;

v(0) _{—€®)i—6 sin 3(0)j + 6 cos 3(O)k _

-l 8 v(0) = VAT - i+ -
KON Ve =R YO = V(- i k)

v=3i+/3j+ 2tk and a = 2k = v(0) = 3i + /3] and a{0) = 2k = |v(0)|= V32 4+(/3Y +0% = /13 and
|a(0)|= V22 =2 v(0)-all) =0 = cos =0 > 9 =]

Direction:

v= ﬁi+(§_ 32t)j and a = 3% = v(0) = %i +‘/7£j and a(0) = -32j = |v(0)|= \/(“{—2)2 +(§)2

2

=land|a(0)|=1/(—32)2:32; v(D)-a{0) = (ﬁ)( 32) »—lﬁfjcosﬁ—ll(ﬁTgﬁ:——é: :T
L ]k::»v((}):jand

v:( 2&)2+( Lly.+ﬂ€+1ru2kmMa [& +1)] &2+lfﬂ

a(0) = % +k = |v(0)] = 1 and [a(0)| = V2T + 1% = \/5; v(0)-a(0) =0 D cos § =0 > 6 =]

2a"‘+2
€+1

v=£(1+6)2i-201-1)7j +ikanda= N e e e R (OF 1‘3.}"' 1y and

1
3
w0 =4r+43-+ 0= [T 3T+ (1) = om0 = (T (5 = 2 v

=0=>c059_—.0=>3=%

<O|l\-
E-GIM

v = (1 — cos t}i+ (sin t)j and a = (sin 1)i+ (cos t}i = v-a = (sin t){1 — cos t) + (sin t}{cos t] = sin t. Thus,
v-a=0=sint=0=>t=0 7, 0r2n

v=(cost)i+j—(sint})k and a=(—sint}i—(cost)k = v-a=—sintcost4sintecost=0forallt>0

1 1 1

3 4

[t3i+?j+(t+l)k]dt=[%] i+ (7] 0]+{2+t] k= % +Tj+5 3k
. o
L]

[(s —6)i+ 3L+ (;‘—g)k] dt =[6t ~ 39]3 i +[2t3*’2]fj +[—4z'1]f k=-3i+{4y/2-2)j+2k
i
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w/4
23. J [(sin tii+ (1 +cos t)j-l-(seczt)k] dt =[—cos t]”";41+[t+sm 1] f; j+I(tan t]_{,Mk
—mw/4
=(——-——F+22\/§)j+2k
/3 =3
24. J {(sec t tan t)i+ (tan t)j+ (2 sin t cos t}kjdt = J [(sec t tan t)t + (tan t)j + (sin 2t)k] dt
)] 0
= [sec t]"f3i+[—ln(cos t)]rx3'+[_lcos Etrﬂsk“i+(ln 2)'+§k
- 0 o ! 2 o - )Ty
? 4
. .1 4. [1 . .
95, J (%w%_iwﬁk) dt = =l t.]11+[—-ln(5—t)]13+[-2- In L]lkz{ln 4)i+ (In 4% + (In 2)k
1
1
9 . V3 1 L A, V3
26. E[ (\/f_t21+1+t2k)dt=[2 sin lt]01+[\/§tan 1t.]okza'r1+---4—|:
2
27. ¢ I( ti~ tj — tk) dt = 21—?]—7k+c,r(0) —0j-Ok+C=i+2+3k=>C=i+2+3k
{_t . 12 . t2
= Tr= *'§+1 1+ —§+2 1+ —"'2—‘1‘3 k
28. 1= “(1801,}1 (180t-16t2)J]dt=90t21+(90n 1683)i+ €5 x(0) = 90(0) 1+[90(0)2 16 )35+ ¢
=100j = C=100j = r= 90t2i+(90t2 -~ ‘3—6t3+ 100)j
2. r= H(%(Hlp!z) te ]+(t+1) ]dt_(t+1)3,’2 —e'i+in(t+1)k+C;
r(0) = (0+1)%%i-e %5+ In(0+1)k+C=k=>C=—i+i+k
:>r:[(t+1)3"2—1]i+(1—e“)j+[1+ln(t+1)}k
3 AT 4 o2 )s 18 2t3 02. , 2(0)°
30. r= | (P +ai+y+2%k]d =L +22 i+ 5i+ 5k +Cx(0) = +2(0) i+ 2_1+—k+C

4
=i+ji=>C=i+] ﬁr:(%—+2ﬁ2+1)i (2+1)_]+2§
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31. g = J( 32k) dt = ~32tk + C;; 4 3 L(0) = 8i+8f = —32(0)k+C, =8i+8j = C, =8i+8j
df =8i+ 8j - 32tk; r= J (81 + 8j — 32tk) dt = 8ti + 8tj — 16t°k + C,; r(0) = 100k

= 8(0)i + 8(0)j — 16{0)%k + C, = 100k = C, = 100k = r = 8ti + 8tj + (100 — 16tk

32. 4= J—(i+j+k) dt = —(ti +tj+tk) + Cp; (0) = 0 = —(0i+0j+0k) + C; = 0> C; = 0
A s sk p e T N S S (D) = 105 4 103
=>a-t~_-(t1+t_]+tk),r_ ~(ti+ ) + tk) dt = yithitsk +C,; £(0) = 10i + 10j + 10k

(%— %— )+02_101+103+10k=>(:2_10;+103+10k

e ool Lo Fo)

33, x(t) = (sin )i+ (t? —cos t}j+ ek = v(t) = {cos t)i+ (2t +sin 1)j + e'k; ty =0 = v(0) =i+ k and
1f0) =P, =(0,-1,1) = x=0+t =1, y = -1, and z = 1 +{ are parametric equations of the tangent line

34. r(t) = (2 sie tH+(2 cos t)j + 5tk = w(t) = (2 cos t)i— (2 sin £)j + 5k; t5 = 47 = v(0) = 2i + 5k and
r(0) =Py =(0,2,207) > x =0+ 2t = 2t, y = 2, and z = 207 + 5t are parametric equations of the tangent line

35. r(t) = (a sin t)i+(a cos £)j + btk = v(t) = (a cos t)i — (a sin t)j +bk; t; = 27 = v(0) = ai 4 bk and
r{0) =P, =(0,3,2bz) => x =0 +at = at, y = a, and z = 27b 4 bt are parametric equations of the tangent line
36. r(t) = (cos t)i+(sin £)j + (sin 2t)k = v(t) = (—sin t)i + (cos t}j+ (2 cos 2t)k; tp = E = v(0) = —i— 2k and
) =Py=1{0,1,0) = x=0—t=—t, y=1, and z = 0 — 2t = 3t are parametric equatlons of the tangent line

37. (a) ¥(1) = —(sin t)i+ {cos t)j = aft) = —{cos t}i —(sin t)j;

(i) |v(t)f= \/(—sin t)}? + (cos t)* = 1 = constant speed;
(i) wv-a= (sin t)(cos t) — {cos t)(sin t) = 0 => yes, orthogonal;
(iii) counterclockwise movement;
(iv) yes, KB} =i+10j
(b) v(t} = —(2 sin 2t)i + (2 cos 2t)j = a(t} = —~(4 cos 2t)i— (4 sin 2t)j;

() }v(t)| = v/4 sin? 2t +4 cos? 2t = 2 = constant speed;
(ii) w-a=8sin 2t cos 2t — 8 cos 2t sin 2t = () = yes, orthogonal;
(iii} counterclockwise movement;
(iv) yes, ®(0) =i+0j
= —si — T .0 = — ~Th sl N
() wl{t)= sm(t 2)1+cos(t 2)_] = aft) = cos(t. 2)1 sm(t 2)1,

(i) |v(v)]|= \/sm (t -—2~)+c05 (t *%) = 1 => constant speed;
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(i) v-a= sin(t - %) cos(t - %)— cos(t -—2{) sin (t - g—) =0 => yes, orthogonal;
(iii) counterclockwise movement;
(iv} no, 1(0) = 0i—j instead of 1 + 0]

(d) v(1) = —(sin t)i — {cos 1}] = a(t) = —(cos t)i+ (sin t)};

{) ‘\r[t) ! = \/(—sin 1) 4 (—cos t)2 =1 = constant speed;
{ii} wv-a= (sin t){cos t} —(cos t)(sin 1) = 0 = yes, orthogonal;
(iii} clockwise movement;
(iv) yes, r(0} =i-0j
{e) v(t) = —{2t sin t)i+ (2t cos t)j = a(t} = —(2 sin ¢ + 2t cos t)i+ (2 cos t — 2t sin t}j;

(i) |vt)|= %/(?in L+t cos t)? + (cos t —t sin t)?

2

= 2\/sin2t+coszt+2t sin t cos t — 2t sin t cos t -+ t* cos®t + t% sin’ t

= 24/1+t% = variable speed;

(i) v-a= 4(t sin?t +t? sin t cos t.)-}-ll(t cos?t — 1% cos t sin t) = 4t # 0 in general
= not orthogonal in general;

(iii) counterclockwise movement,;

(iv) yes, ¢{0) =140j

38. Let p = 2i + 2j + k denote the position vector of the point, u = %i - —ﬁj and v = ﬁi + ﬁj + ﬁk.
Then r{t) = p+ (cos t)u + (sin t}v. Note that (2,2,1) is a point on the plane and n =i+ j— 2k is normal to
the plane. Moreover, u and v are orthogonal unit vectors with u-n=v-n =0 = u and v are parallel to the
plane. Therefore, r(t} identifies a point that lies in the plane for each t. Alse, for each &, (cos t)u + {sin t)¥
is a unit vector. Starting at the point (2,2,1) the vector {cos t)u + (sin t)v traces out a cirele of radius 1 and
center (2,2,1) in the plane x +y — 2z = 2.

39, g—: =a=3i—j+k = v(t) = 3ti —tj + tk + C,; the particle travels in the direction of the vector

(4— )i+ (1—2)j+ (4 —3)k = 3i ~ j+ k (since it travels in a straight line}, and at time t = 0 it has speed

9 .. dr [i] - 2 - 2
2 0) = —=—=(3i— ky=C F=vity=f{dt+—=HH |1t T t+—= 1k
= v(0) ,—-—-—9+1+1( i—j+k) L= g = ¥ ( 11)1 ( + 11)J+( + 11)
3 6 1 2 2

_ 2 i 1.2 s (1.2 ) — i 93 -
:>r(t.)_(§t +ﬁt)l (2t +—mt)3+(2t +\/2_2t)k+02, r0)=i+2j+3k=C,
—(3¢24 8 ioflezy 2 ¢ oVj4fle2zy 2
=>r(t)—(2t +\/Ht.+1)1 (213 +\/Ht 2)J+(2t +ﬁt+3)k

(1,2, 2 . -
_(~2-t +ﬁt)(31 j4+K) + (i+ 2§+ 3%)

40. ?j_: =a=2i+j+k = v(t) = 2ti + tj 4+ tk+ C,; the particle travels in the direction of the vector

(B-Di+(0-(-1)j+{3-2)k =2i+]+k {since it travels in a straight line}, and at time t = 0 it has speed 2



41.

42.

43,

44,
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2 2

= ¥(0) :ﬁ(ﬁiﬂqk) =C = =) :(2t +%)i+(t +%)j+(t+%)k
= x(1) :(t2+ﬁt)i+(%t2+—%t)j+(%t2+%t)k+cz; H0)=i-j+%=C,
= x(t) =(t2+\’if6t+ 1)i+(%t2+%t—1)j +(ét2+\§Et+2)k:(%t2+%t)(2i+j+k) +—j+2K)

The velocity vector is tangent to the graph of y2 = 2x at the point (2,2), has length 5, and a positive i

component. Now, v = 2x = 2y gy =2= gi 2—22- :% = the tangent vector lies in the direction of the
(2,2) ’
vector i-i-%j = the velocity veclor is v = —-é-——-l—(l +%j) = L(i +%j) = 2/5i+ V5i
1+% (v_’g)
2

v =(1—cos t)i+ (sin t)j and a = (sin t)i+ {cos t)j; 1v£ = (1 —cos t)2 +sint =2 -2 cos t = |v{ is at a max
when cos t = ~} = t = 7, 3, 57, etc., and at these values of t, [vF =4 = max |v|= ﬁ: 2;|v|215 at a min
when cos t = 1 = t =0, 2n, 47, etc., and at these values of t, v = 0 = min |v|= 0; {aP = sin®t + cos?t = 1
for everyt:bma.x|a.f=min|a|_—.\/f=1

v=(-3sin t)j + (2 cos t)k and a = (=3 cos t)§ — (2 sin t)k; |vF = 9 sin®t + 4 cos’t => d(p\r[z)
=185inLcost—Scostsint.=103int.cost;—d—(lvlz)=0=>lOsintcost:ﬂ=>sinL=(Jorcost:0
:>t=0,7r0rt—2,37ﬂ-. Whent =0, m, IvP =4 = {v|= \/_=2;whent=%‘3;,ivl_\/§:3.
Thereforema.xlvlis3whent:%, 377, and min |v(=2 when t = 0, 7. Next,la?=9c032t+4 sin?t
=>ad—t(ta|2)=—chostsint+831ntcost=——l{)sintcost;(—%(laﬂ:ﬂ::t~105intcost=0:>sint=00r
cost:ﬂﬂt:ﬂ,rortzg,gﬂ. When i =0, 7r,|al2=9=:v]a|=3;whcnt:%,%—ﬂ-,la.lzzélzﬂlaI:Q.

2
Therefore, max ta|=3 when t =0, 7, and min |aj= 2 when t = %, 32—T.

(a) r{t} = (ry cos 8)i+ (ry sin 0)j, and the distance traveled along the circle in time t is 1 (rate times time)

which equals the circular arc length ryf = ¢ = %’-;— = (t) :(ru cos l?_g.)] +(r0 sin i‘l%)]

{b) w¥(t) :__( v sin & ):+(vco rﬂ)_] = a(t) __ ( ;i cos ;’;)w(—ﬁnsm %)j

__Z s "
= Ig (1'0 cos )1 +(r0 sin ro) ] r(t]
(c) F:ma:‘»(—Gn;M)rlzm(—ﬁa)r: —G";M :*m—%’zﬁ vz"—-grM
g 0 I Ty T 0

(d) T is the time for the satellite to complete one full orbit = vT = circumference of circle = vT = 2nr,

v’ oM 2 4Ty g 4%
T = T =M = T* is proportional to 1'0 since oM isa

2
{e) Substitute v = % into 2 = _Gf_g,l_ = i

constant
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(v v) = — (c!l_: vy =2v. 3:—2-0:0::-\r-visaconstant::|v|=,/v-visconstant
46. (a) éi—t(u-vxw) (vxw)+u d (vxw) (vxw)+u (%—%xw+vx%—‘:)
_du, dv dw
= (vxw)+u- gy XWHu-vxig

(b) Ea.ch of the determinants is equivalent to each expression in Eq. (6) in part (a) because of Eq. (13) in
Section 10.4 expressing the tripie scalar product as a determinant.

d dr dr dr d°r _d“r dr . d3r By . _
47, [ (dtxdtz)] (dt dt2)+r (dtz dt2)+r (dtxﬁ) r-(dtx ),SInceA-(AxB)_

and A -(BxB) = 0 for any vectors A and B

48. u = C = ai + bj + ck with a, b, ¢ real consta.nt.s::rfl‘tI 1+g}t’j+3§k 0i+0j+0k=0

49. (a) uw=f(t)i + g(t)i + h(t)k => cu = cf(t)i + cg{t)}j + ch(t)k = t(cu) =c df; +e dt'] +c % k
df - dh d
(dt dh‘1+ dt ) d':
(b) fu=FA(L)i + fg(t)i + fh(t)k = L(fu) = {df ft)+/ dt]* +[ BV +/ dt]J +[‘“ O+ }
= Fifeyi+ g0 + (e + f[g raed k] a8

50. Let u = f;(t)i+ f(t)i + f4(t)k and v = g, ()t + go(t)j + g5(t}k. Then
wt v =10 + 5O+ 0 a0 + ) + sk
St v) = (6,06 + g (00 + [5(0) + gy (0] + [F5() + g3(t)]k
[f' (85 + By(1)F + B0k + [g] (1)i + ()i + gi()k] = 48 4 4¥,
u—v = [fy () — g (015 + [f(t) — go(t)]i + [F3(t) - gs(t)lk
= § (=) = [5(t) — g (0] + [55(8) — 5 (Wi + (B3 (8) — e5(0)k
= [ ()i + F5(0)] + To(6)k] — [g1(1)i + g3(t)j + ga(e)] = $2 - 4¥

51. Suppose r is continuous at ¢ = t;. Then tlintl r(t) = r(ty) & lim [£(t)i + g(t)j + h{t)k]

= {(toi+g(ty)i +hity)k & llm f{t) = f(ty), llm g(t) = glty), and hm h{t) = h{t,) > f, g, and h are

continuous at t = to-

i j k i : .
52. Ji.f{’o [r,(t) x 1y(t)] = t&t{lﬂ 6(t) H) &) = tlj,r{la fi(t) JEI?O f(t) tli.‘E‘o f3(t)
81(t) £x(t) ea(t) Jim gy(t) lim gy(t) lim gy(t)
4] a 0
= gli{{:) rl(-t) X LILIPO (t)=AxB
53. r'(1p) exists = F'(tg)i + g'(to)i + h'(tg)k exists = £'(ty), g'(ty), h'(ty) all exist = f, g, and h are continuous at

t =ty = 1(t) is continuous at t =t
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b b b b b
54. (a) J kr(1) dt = J f(t)i + kg(t)j + kh(t)k] dt = J [ki{t)] dt: + j {kg(t}] dtj +J [kh{t)] dik

b b b b
:k(J £(t) dti +f g(t) dtj +J h(t) dtk):k J (t) dt

a

b
(b} J r,(t) £ r,(t)] dt = J ([1(6)1 4 gy () + hy (k[ (1)1 + g, ()] + hy(t)k]) dt

([£,0t) £ fa(t) i+ [, () g (4 )3 + [hy(t) F hy(t)] k) dt

b b
[£,8) £ £,(t)] dti + J [81(t) £ g5(8)] db5 + J [y () £ hy(t)] dt k

b b b b b b
:“ £(t) dti + J £,(1) dai}+[J. gy(8) dij I £,(t) dtj }+“ hy(t) dtk:l:J hy(t) dtk]
b b
= J r(t) dt+ J ryt) dt

b b
(c) Let C=cyi+cy)+csk, Then J C-r(t) dt = I [ef(t) + cpg(t) + ezh(t)] dt
a a

b b b b
=c, f f(t) dt +c, J g(t) dt + g J h(t) dt = c-J r(t) dt;

R f— T

b
Cxr{t) dt = J [c30(t) = c3f(0)Ji +[ca(t) = ¢y () ]i +[eye(®) — ez(t) ]k dt

b b b b b b
[cz J h(t) dt — c, J £(t) dt}-r[ca J' £(t) dt — ¢ J B(t) dL]j+|:c1 J g(t) dt —c, J £(t) dt]k

a

b
:Cx-[ r(t) dt

a

55. (a) Let u and r be continuous on [a,b]. Then tlir{l u(t)r(t) = Jim [u(t)f(t)i + ult)glt)j + u(t)h{t)k]
o o
= u(to)fite)i + uty)g(ty)i +ultp)hity)k = ultg)r{ty) = ux is continuous for every ty in [a, b].

(b) Let u and r be differentiable. Then $-(ur) = %{u(t)f{t)i +u(t)g()i + u(t)h(t)k]

=L +uw )i+ (‘j‘i—‘g g(t) +u(t) j—f)j +{Lh(t) + vty 3B )i
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= [F(t)i+g(0)) + h(L 4L + u(t)( i385+ dh k) =rduy  dr

dt
d df;. d dh
56. (a) If Ry(t) and R,(t) have identical derivatives on i, then ;:'1 dtl i+ dgtl + dtl k= %%2 -i-ddgt2 + (gltzk

=St e 08 % dh T ) = 1)+ (0 = 80+ o by () =)+
=> 601+ 8y (1 + by (19K = [f(8) + ¢Ji + [gg(t) + ol + hg(t) + calk = Ry(t) = Ry(t) + C, where
C=cpi+cyj+ezk

(b} Let R(t) be an antiderivative of r(t) on i. Then R'(t) = r{t). If U{) is an antiderivative of r(t) on i, then
U'(t) = £{t). Thus U'{(t) = R'{t) on i = U(t) = R{t)+C.

t t i
57. % j r(r) dr = éi_t J [f(m)i+g{r)i + h{7)k] d7 = % j f{r} dri +d h(r) drk

[ R
pr—

g(7) drj "'d

L t
= f(tJi+ g(t)i + hi{t)k = r(t). Since (—% I r{r} d7 = z(t), we have that J r{r}) dr is an antiderivative of

t a
r. If Ris any antiderivative of r, then R{t} = J r{r) dr + C by Exercise 56{b). Then R(a) = I rydr+C
-3 a

t b
=0+C=C=R{a) = J r(t) dr = R(t) - C = R(t) — R{a) = J r(7} dr = R(b) - R{a).

58-61. Example CAS commands:

Maple:
with(plots}:
Xx:=t -> sin{t) - txcos{t);
yi= t -> cos(t) + tasin(t);
=t -> t2;
sl:= spacecurve([x(t),y(t),z(t)], t=0..6+Pi, numpoints = 120, axes=NORMAL):
di= t -> D{x}(t);
dy:= t -> D{y)(t);
dz:=t -> D{z)(t};
£0:= 3+Pi/2:
s2:=spacecurve([x(t0)+t+dx(t0),y(t0)+txdy(t0),z(t0)+txdz{t0),t=—2..2]):
display({s1,s2},title = "Space Curve and Tangent Line at t0=3 Pi/2");

Mathematica:
Clearfx,y,z,t]
) = {xithyithel)
x{t_] = Sinft] —t Cos[t]
yit—] = Coslt] + t Sin[t]

z[t_] "2
{a,b} = {0, 6 Pi};
0 = 3/2 Pi

pl — ParametricPlot3D{ {x[t],y[t],2{t}}, {t,a,b} ]
vit_] = r'[t)
v = v[t0)
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line[t_] = rt0] + t v0
p2 = ParametricPlot3D| Evaluate[ line[t] }, {t,—2,2} ]
Show| pl, p2 ]

62-83. Example CAS commands:

Maple:
with(plots}
Xr=t -> cos(axt):
y:= t -> sin(a#*t):
2=t -> bxt: ar=2: bi= 1
sl:=spacecurve([x(t),¥(t),z{t)], t=0..4*P, numpoints = 400, axes=sNORMAL):
dx:=t -> D(x}t);
dy:=t -> D(y)(t)};
dz:= t -> D(z)(1);
t0:= 3+Pi/2:
s2:=spacecurve([x(t0)+t+dx{t0),y(t0)-+t+cy(t0),z(t6)+t+dz(t0),t=—2..2]):
display({s1,s2},title = " Helix With a = 2 and b = ['};

Mathematica:
Clear[a,b]
x[t_] = Cosfa t]
ylt—] = Sinf[a t]

z[t_] bt

0 = 3/2 Pi;

vit_] = r[t]

vl = v[t0]

lineft ] = r[t0] + t vO

b =1

a = 2

pl = ParametricPlot3D[ {x[t],¥[t],z{t]}, {t,0,4Pi} ]

p2 = ParametricPlot3D[ Evaluate{ line[t] ], {t,~2,2} ]

Show[ pl, p2 ]

11.2 MODELING PROJECTILE MOTION

_ 1000 mY __ o _ 21,00 m _
1. x=(vgcos e}t = (21 krn)ﬁ% = (840 m/s)(cos 60Vt => t = (840 m/5)(cos 60) — 50 seconds
vE vi

2. R= —gg sin 2¢ and maximum R occurs when & = 45" = 24.5 km = -98—/-—— (sin 90°)

= vo = 1/(9.8)(24,500) m?/s% = 490 m/s

v
3. (a) ¢ = o Sn e 2500 m/s)sin45) 7o 5 oconds; R = 2 sin 20 = (500 m/ 52) (sin 90°) = 25,510.2 m
E 9.8 m/s* 9.8 m/s
(b) x = (vg cos @)t => 5000 m = (500 m/s)(cos 45) = ¢ = = ::1“/‘1‘3)'(25 25~ 4145 thus,

y = (vo sin a)t —1gt? = y = (500 m/s)(sin 45)(14.14 5) ~ 5(9.8 m/s?)(14.14 5)? = 4020 m
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|

10.

11.

(v, sin a)? ((50[! m/s)(sin 457)%
2g 2{9.8 m/s?)

{€) ¥Ymax = =6378 m

¥ = ¥o + (v sin et —%gtz = y = 32 ft + (32 ft /sec)(sin 30°) —%(32 ft/sec?)1? = y = 32 + 16t — 16¢2;
the ball hits the ground when y=0=>0=32+ 16t —16t? => t = —lort =2 = t = 2 sec since t > 0; thus,

x = (v cos a}t = x = (32 ft/sec)(cos 30N = 32(\/_)(2) 2 55.4 ft

- X = x5+ (vy cos ajt =0+ (44 cos 457t = 224/2t and y = Yo + (vq sin ot —%gt2 = 6.5 + (44 sin 45"t — 16t2

22234/ 416
= 6.5 + 224/2t — 16t>; the shot lands when y = 0 = t = YEE: 32968 + 7 2.135 sec since ¢ > 0; thus

x = 224/2t 7 (22/2)(2.134839) =2 66.42 ft

x = 0 + {44 cos 40°)t = 33.706t and y = 6.5 + (44 sin 40t — 16t% ~ 6.5 + 28.283t — 16t%;, y = 0
28.283 + 1/(28.283)% + 416
) 2z 1.9735 sec since t > 0; thus x = (33.706)(1.9735) ~ 66.51 ft = the
difference in distances is about 66,51 — 66.42 = 0.09 ft or about ! inch

=t R

E 9.8 m/s?

2 2
. R:f-gsin 200 = ll}m:(v—)(sm 90)=>v0—98m 2 = vo = 9.9 m/s;

{89 m/s)?

98 m/? (sin 2a) = sin 2o = 0.59999 = 2o = 36.87 or 143.12° = o =~ 18.4° or 71.6°
& mfs

. vo=5x10°m/s and x = 40 em = 0.4 m; thus x = {vg cos &)t = 0.4m = {5 x 10° m/s ) (cos 0°)t

= t=008x10%s=8x10"% s; also, ¥y = yg + (vg sin a)t —%gt2

2
=y =(5%10% m/s}{sin 0)(8x 1078 5)- 2(9.8 m/s*)(8x 107% s} = -3.136x 10" m or
—3.136 x 107'% em. Therefore, it drops 3.136 x 10712 em

2

2 V2
R=-2sin 20 = 3(248.8) {t = | —2—
& 32 ft/sec

)(sm 187 = vg = 77,292.84 ft°/sec’® = vg &= 278.01 ft/sec =~ 190 mph

80\/_ 80\35)

Vg = ft/sec and R = 200 ft = 200 = (—32—(sin 2a) = sin 20 = 0.9 = 2o = 64.2° = o = 32.15

()] .,

Ymax = 2(32)
about 32.1°. At this angle, the circus performer will go 31.4 ft into the air at maximum height and will not

. In order to reach the cushion, the angle of elevation will need to be

strike the 75 ft high ceiling.

x = (vg cos a)t = 135 ft = (90 ft/sec}(cos 30)t => t & 1.732 sec; y = (v sin )t —%gt2

= y ~ (90 ft/sec)(sin 30°)(1.732 sec) —%(32 ft /sec? ) (1.732 sec)? = y ~ 29.94 ft = the golf ball will clip
the leaves at the top
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13.

14.

15,

16.

i7.

18.
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vy = 116 fi/sec, o = 45", and x = (v, cos a)t

= 369 = (116 cos 45"t = t ~ 4.50 sec;

also y = (v, sin o)t — %gt:a

= y = (116 sin 45°)(4.50) - £ (32)(4.50)

=2 45.11 ft. It will take the ball 4.50 sec to travel

369 ft. At that time the ball will be 45.11 ft in f
the air and will hit the green just past the pin.

369 fit

X =Xg + (Vg cos a)t = 0 + (v, cos 407t = 0.766 vyt and y = yg + (vg sin a)t — %gt2 = 6.5 + (v, sin 40°)t — 16¢*

~ 6.5 +0.643 vot — 16t%; now the shot went 73.833 ft = 73.833 = 0.766 vt = t = 35,383 sec; the shot lands

148,634

2
when y = 0 = 0 = 6.5 + (0.643){96.383) — 16(9‘5‘;%) = 0 2 68.474 — 20

Vo

22 46.6 ft/sec, the shot’s initial speed

X = (VO Cos Q)t =315 ft = (vo o8 20"‘)‘; = Vg = : ci]é%ﬂu

148,634
= Vo®\E84A

; also y = (vg sin o)t — %gt2

= 341t = (ﬁ%’w)(t sin 207) — £ (32)t2 = 34 = 315 tan 20'~ 162 = t? & 5.04 sec? = ¢ & 2.25 sec

a5
= Yo = [T (cos 207~ 129 It/sec

sin 2@ = sin 20 = 0.98 = 2a = 78.5" or 2a 2~ 101.5" = a ~ 39.3°

\l’2 ‘,2 V?' V2
R= ?0 sin 2o = ?0[2 SN & €os &) = ?0[2 cos {90° — o) sin (30 - o)) = -gg[sin 2(90° - a)]
2 2
R =32 sin 2a = 16,000 m = (o0 /5"
S0 9.8 m/s
or 50.

2

(2vg) . avi | v . . o
R= —g — sin 20 = — sin 2a = 4| & sin o | or 4 times the original range. Now, Jet the initial range be

g

2
R= ng sin 2¢. Then we want the factor p so that pvy will double the range = £

{pvq) 2

V5
sin 2o = 2 -g—sm 2

=>pl=2=p= \/5 or about 141%. The same percentage will approximately double the height.

(vo sin a)? 3 3(vy sin a)? . 1 .2 . 3(vgsin a)? ) 1 .2
Ymax = gy @ 1 nmx:—gg—a.ndy:(\,rG sin a)t—~§gt =>———8g—=(v0 sin a)t.—igt
= 3(v, sin a)? = (Bgv, sin a)t —4g’t? = 4g%? — (8gv,, sin a)t +3(vy sin @) =0 = 2g1 — 3v, sin a =0 or
0 0 0 0 E 0
3v, sin a v, sin o i
2gt—vysine=0=t= 0—2g-— ort =2 T Since the time it takes to reach y, ist, . = Yo ng a,
then the time it takes the projectile to reach %of ¥rax 15 the shorter time t = Yo ;;n ¢ or half the time it takes

to reach the maximum height.
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19. % = J (—gj) dt = —gtj+ C, and g-%(ﬁ) = (vg cos a)i+ (vg sin a)j = —g(0}j + C, = (v; cos @)i+ (vg sin o)
= C, = (v cos a)i + {vq sin )i = g—% = (vgcos a}i+ (v sin e —gt)j; r= I[(VO cos o)i+ (vg sin o — gt)j] dt
= (vgt cos a)i+(v0t sin o —%gtz)j + G, and 1{0) = x4i +ygj => [vo(0) cos afi +[v0(0) sin —%g(o)z]j +C,

= Xgl+ Yol = Cp = xgl + ¥oi = T = (xg + vt cos Or)i+(y0+vut sin a—%gtz)j = X = Xg + vl cos & and

¥ = yg+ Vot sin oz—%gt2

20. From Example 3(b) in the text, v, sin o = {/{68){64) = v, sin 57 = 65.97 = v, = 79 ft/sec

21. The horizontal distance from Rebollo to the center of the cauldron is 90 ft = the horizontal distance to the
90g )t 8= (90)(32)

Vg 8in o _Wt

nearest rim is x.—.gﬂ——%(m) =84 = 84 = xy + (vq cos a)t%0+(

= t = 1.92 sec. The vertical distance at this time is y = yp + (vg sin ajt -%gt2
2 6 + /(681(64) (1.92) — 16(1.92)% = 73.7 ft = the arrow clears the rim by 3.7 ft

22. Flight time = 1 sec and the measure of the angle of elevation is about 64° (using a protractor) so that

(17.80 sin 647)?
2(32)

sin 128° =2 7.80 ft => the engine traveled about 7.80 ft in 1 sec => the engine

_ 2vysin a _2vqsin 64"
=—g '3
R_ﬁ‘ o R_uzwﬁ
=g s 2o = 1L = 75

velocity was about 7.80 ft/sec

=> vy = 17.80 ft/sec. Theny_ . = 7 4.00 ft and

23. When marble A is located R units downrange, we have x = (vgcos ajt => R = (vgcos o)t = 1 = WC%TG':' At

2
that time the beight of marble A is ¥ = yg + (v sin o)t —%gt2 = (vg sin a)(\h%ﬁ)“%g(vac%)

2
= y=Rtan o —%g(:ﬁ-). The height of marble B at the same time t = % seconds is
0
2
h = R tan af—%gtz =R tan a —%g(zR—z) Since the heights are the same, the marbles collide regardless
V5 cos ‘o

of the initial velocity v;.

24. (a} At the time t when the projectile hits the line OR we have tan g8 = %;

x = [vg cos{a — )]t and y = [v, sin (@ — B)]t —%—gt2 < 0 since R is

below level ground. Therefore let |y | = %gtﬁ —[vgsin(a— B}t >0

so that tan § = [vg cos (2 — Bt T vpcos(a—f8)

= vy cos (o — f§) tan =%gt—vg sin (o — 3}

2v, sin{a — §) + 2vy cos (o — §) tan §
g
when the projectile hits the downhill slope. Therefore,

=t = , which is the time
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x = {VU cos (e — 7)) [2v0 sin (& — 8) + 2;0 cos(a—G) tan 8

2
= -;—Q{n::c:;s2 {a— f2)tan B +sin{a—~f) cosf{a~ ﬁ)]. If x is maximized, then OR is maximized:

2
dd—zzggg[—sin 2(a—p) tan B +cos 2{a—B)] =0 = —sin 2{a — B) tan J+cos Ha—F} =0

=tan f=cot2(a—B) 2> 2{a—-B)=H -5 = a—ﬁ:%(QO"-—ﬁ) = a:%(90°+,8)=%0f ZAOR.
(b} At the time t when the projectile hits OR we have tan g = %;
x = [vy cos{a + B)]t and y = [v, sin (& + ,fi')]t—-%gt2

[vosin(a+f)ji—1a® [vosin(a+p)—Let
[vg cos(a+ )]t = vg cos (o + B)
= vg cos{a+ f) tan f = v, Siﬁ(ﬂr*i-ﬁ}ﬂ%gt

v i —2 ¢
vy sin (o + 8) "gg cos (& + ) tan ’8, which is the time

= tan =

=1 =

when the projectile hits the uphill siope. Therefore,

2vgsin{o+ ) — 2vy cos(e+ #) tan 8
g

x = {vq cos(a + )]

9 2
= —gg[sin {e+ B) cos (@ + B) — cos? (a + ) tan ﬁ']. If x is maximized, then OR is maximized:

2
%:%[cos2(a+ﬁ)+sin 2a+ B) tan F] =0 = cos 2{a+ F) +sin 2{a+ B} tan =10

= cot 2{a+ 3) +tan § =0 => cot 2(a+ F) = —tan # = tan(-B) = Aa+ 5) =90° - (-5)

=90+ 8 = a=1(90'~ ) = L of ZAOR. Therefore vy would bisect ZAOR for maximum range uphill

25. a(t) = —gk = v(t) = ~gtk + C; v(0) = vy => C = vy = v(t) = —gtk + v, = r(t) = —%gt2k+vct+Cl;
0)=0=>C, =0=>r(t) = —%gtzk-i-vut

de dr _ < dr _ -_k . — - d
It d—:——mgtj—kr+C=>d—:——gtJ—mr+C,,r(O)_0=>CI_v0=>d—:

2
26.m%=~mgj-—k = m
dr

dt

+ %r = vy —gtj = elk/m)e [g{ +%r] = elk/mjt [vp—gti] = etk/m)t -g—: + glk/m)t (%r)

= —gtj~—r¥—lr+v0 =
2
=vg elk/mt _ gy olk/mIty  [ntegrating we get e(K/mNy — -If‘lvo elk/m)t _ g[% gelk/m)t _ %e(kfm}t]j +C

2
= r:—mf\ro—g(mt—T—z)j-i-Ce_(k"’m]t

k
) A . (vg sin &)’ ) v% ]
27. From Eq. {7) in the text, the maximum height is y = — g and this occurs for x = g sin 2o
2 s
v{ sin o cos a . . . . .
= —U—*-—g— These equations describe parametrically the points on a curve in the xy-plane associated

with the maximum heights on the parabolic trajectories in terms of the parameter (launch angie) a.
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. 4 2 2 , ]
oL 2 vg sin?a cos’a ("0 sin “)(1 ~sin’a) vg sina vg sint o
Eliminating the parameter o, we have x* = = = —

g’ g’ g g’

2 4 4 252 4

2 Vo) Vo Yp 2 ( "o) Yo
A2 hy+Li=—L=x+aly-2) =2,
Y (2g Y mg?-] % ig) T 16g?

"3 2 2 2 2"’% 2
=E(2y)—(2y) = X* +4y° — £ y=0=>x"+4

where x > 0.
28. (a b
(a) v (b)
Y
o = 4 =16
x x
(c) d
y (d)
¥
o=x/3
X X
a==n2
11.3 ARC LENGTH AND THE UNIT TANGENT VECTOR T
1. r=(2cos t)i+ (2 sin t)j+ Btk = v = (=2 sin t)i + (2 cos t)j + v/5k
2
=>|\r|=\/(—»2$in t)2 + (2 cos )2 +(/5) = V4 sin®t + 4 cos’t+5=3 T=rF
o™ ™
=(—%sin t)i+(% cos t)j+—V3§k and Length = J Ividt = j 3dt=[3t]] = 3n
0 0
2. r=(6sin 2t)i+ (6 cos 2t}j+ 5tk => v = (12 cos 2t)i + {—12 sin 2t)j + 5k
;*rlv]z\/(l2cos2t}2+(—l2sin 20)2 4+ 5% = /144 cos® 20 + 144 sin22t+25=13;T=|—::|
T T
= (42 cos 20)i— (12 sin 2¢)j + ;k and Length = J lvidt = l 13 dt = [13t]] = 137
D 0
" e, 2.3/2 s 41f2 - 2(1{2)2_, L ¥ _ 1 - \/‘_3
3. r=ti+ 5t k= v=14+t7k > Ivi= V14 4+ =414+ T== i+
3 W JT+e 1+

8
8
and Length = I \/l+tdt=[%(1+t)3’!2] =%2—
)
0
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4r=Q2+0i-(t+Di+ik 2> v=i-j+k = vi= 1P+ ()2 + P =8 T =iyt L
V3 V33
3
and Length = J \/gdt =[\/§t]§=3\/§
Q

. r:(co«se’t)j+(sin3t)k =>v =(—3 cos? 1 sin t)j+(3 sin?t cos t)k = |v|

= (—3 cos’t sin t-)2 +(3 sin®t cos t)z = \/(9 cos?t sinzt)(cos2t + sin? L) =3 |cos t sin t};

2, o i 2
T=Y =—3cos t51nt-+351n I'005t‘k:(--::i:)st)j+(sin t)k,if0<t <%, and

f¥i™ 3)costsint|”  3lcostsint] 2
w2 xf2 w2
: , 3 3 T3
Length = I 3lcos t sin t|dt = J Jcostsintdt= f 5 sin 2t dt :[——cos 2t] =5
4 0 2

6. r=6t3%i-2t3% - 3t3%k = v = 183 —6t% — 9t%k = |v(= \/(1a3t2)2 +(—662) +(=9:2) = Vadn? = 2142,

2
_ov _18t%2. 6t?. o?., . 2. 3 _ 2 a0 312
1

22

7. r=(t cos t)i+ (Lt sin t)j+—3~t3/2k = v={(cost—tsint)i+(sint+t cos t.)j+(\/§t1/2)k

=>|v]=\/(cos t —t sin t)% + (sin t + 1 cos t)2+(\/§t)2:\/l+t2+2t=\(’(t+1)2=|t+1|=t+1,iftzﬂ;

w ka

_ . . . Qt_lfz 2 2
T = l_:le = (____________“_cos tt +tlsm t)l+(51n tt++t1cos t)j +(\/t'—+ T k and Length = J (t+1}) dt = %+ t| = %—+ T
0
0

8. r=(tsint+cost)i+(t cost—sint)j => v=(sint+1t cos t —sin t}i+(cos t —t sin t —cos t))

=(tcosti—(tsint)y =iv|= \/(t.cos t)% + (—t sin t)2=\/?=|t|=tif\/§$t.§2;'1‘=r-}l
2

2
- i 3 i i j 2
S g |

2

to

9. Let P(ty) denote the point. Then v = {5 cos t)i— (5 sin t)j+ 12k and 26x = J V25 cos?1 4 25 sin®t + 144 dt
0

t
0
= J 13 dt = 13ty = ty = 27, and the point is P(27) = (5 sin 27,5 cos 27, 247) = (5,0,247)

1]
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10.

11

12.

13.

14.

5.

16.

Let P(t,} denote the point. Then v = (12 cos t)i+ (12 sin t)j + 5k and

tg tg

—137 = J \/144 cos®t + 144 sin®t + 25 dt = J 13 dt = 13ty = ty = —w, and the point is
0

P{—x} = (12 sin {—#},—12 cos (—7),~B7) = (0,12,-57)

r={(4cost)i+(dsint)j+ 3tk = v=(—4sint)i+(4dcost)j+3k = |vi= \/(—4 sin t)% 4 (4 cos t)2 + 32
t

25 = b = s(t) = j 5dr-5t=>Length_s(2) 52”
1]

r=(cost+tsint)i+(sint—tcost)j=>v=(—sint+sint+tcost)i+{cost—cost+tsint)j

= (tcos t}i+ (t sin t)j =>{vI= \/(t tos t)z-i-(t.cos t)? = :\/t_z-—-t, since%ﬂtgw:s(t):

_ TN at (%)2 _ R
= Length = s(7) -S(f) =% -5 =

O
=
=9
3
!
It‘*‘
[

r =(et €os t)i+(et sin L)j +ek = v= (et cos t — et sin t)i—{-(et sin t + ' cos t)j+etk

t
= jv|= \/(e" cos t — e sin t.)2 +{et sin t + €' cos L)2+(et)2 = =3 = /3 = (1) = J V3e dr
0

3e' — /3 = Length = s(0) — s(~In 4) =0-(\/§e_1n4—ﬁ):3\T/§

r= (1+20)i4+ (14+3t)] + (6 -6tk = v=2i+3j-6k = 1vi= /22 + 32 4+ (—6)2 =7 = s(t) = J Tdr=T¢
= Length =s{0) —s{-1) =0~ (-T) =7 ’
r=(v2)i+(v2)j +{1 =tk = v = v/Zi+ 2 — 2tk = 1vi= (V2] +(V3) + (-20)2 = VA + 422
= 2v/1+ 2 = Length = J 21+t dt [ (t\/1+z§+ ]n(t+\/1+t2))];=ﬂ+ln(1+\/§)

G

Let the helix make one complete turn from t =0 to t = 2=, z
Note that the radius of the cylinder is 1 = the circumference T
of the base is 2. When t = 2, the point P is {cos 27,sin 27, 27) !
= (1,0,27) = the cylinder is 27 units high. Cut the cylinder !

along P} and flatten. The resulting rectangle bas a width equal m

to the circumference of the cylinder = 2r and a height equal to -

2w, the height of the cylinder. Therefore, the rectangle is a

square and the portion of the helix from t =0 to t = 2» is its

diagonal. @'4 ______ 3y
- t=0



17. (a)

(b)

(<)

(d)

(e)

18. {a)

(b)
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r=(cos t}i+(sin t}+{l—cost)k, 0 <t <2r > x=cost,y=sint,z=1—cos t = x? 4 y?

= cos*t 4 sin®t = 1, a right circular cylinder with the z-axis as the axis and radius = 1. Therefore

P{cos t,sin t,1 — cos t) lies on the cylinder x2 +y2 =1t =0 = P(1,0,0} is on the curve; t :% = Q(0,1,1)
is on the curve; t = # = R(-1,0,2) is on the curve. Then IS-E) =—-i+}+kand PR = —2i+ 2k

i j k
= PQxPR=| -1 1 1 |=2i+ 2k is a vector normal to the plane of P, Q, and R. Then the
-2 0 2

plane containing P, Q, and R has an equation 2x + 2z = 2(1) + 2(0) or x+2z = 1. Any point on the curve
will satisfy this equation since x +z =cos t + {1 —cos t) = 1. Therefore, any point on the curve iies on the
intersection of the cylinder x 4+ y* = 1 and the plane x +2 = 1 = the curve is an ellipse.

v = {(—sin t)i + (cos t}j + (sin t)k = 1vI= v/sin?t +cos’t +sin’t = /1 4 sin’t = T:%

_ (=sin t)i+ (cos )i+ (sin )k T(0) =, T(E)— mb 3, S T(3_1r)z 1i-k

V1 +sin%t 2] /2 2 V2
a=(—costli—(sint)j+(cost)k;n=1t+kis
normal to the planex +2=1 > n-a= —cos t 4 cost z

=0 = a is orthogonal te n = a is parallel to the

plane; a(0) = —i+k, a(-g*) =-J, 3(32—“) =]

27
jv|=v1+sin’t (See part {(b) = L = J. V1 +sin®t de
0
L = 7.64 (by Mathematice)

t = {cos 44)i + (sin 4t)j + 4tk => v = (—4 sin 4t)i + (4 cos 4t)j + 4k => |vi= \/ (—~4 sin 4t)% + (4 cos 4t)> + 42
w2

= /32 = 4,/2 = Length = j 13 d=[av2)) =2l

o

= (cos %)i+(sin %)j+%k = v= (*% sin %)|+(% cos %)jﬁ-%k

2

an
2 4 2
=~Fv1=\/(-—%sinﬁ) -i-(%cos-t-) +(%) = ;li--f—%:—?:bl.ength:‘[ —-\é—idt=|:—\'2@t] =27/2
D
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{¢) 1={cos t)i—{sin t)j—tk = v =(—sin t)i— (cos t)j—k = {v|= \/(—sin )2+ (—cos t)2+(=1)? = /T+1

= \/5:,- Length = T ﬂdt:[ﬂt]gzr=2r\/§

—ir

11.4 CURVATURE, TORSION, AND THE TNB FRAME

I r=ti+ln(eos f = v=i+(T8)j =i~ (tan )i = 1vi= /12 + (- tan t)* =

—‘%<t<%=”‘r=|%|=(s—e%;"f)i (sect) (c

2t =|sec t| = sec t, since

2

)i —(sin t)}; % = (—sin t}i— (cos t)j

@)
‘ [+\/—sm t}% + (— cos t)2—1=>N=d—T —sin t)i— (cos t}]; a={—sec? t.]_]
[
i j k
2 2
= VvXa= 1 —~tant O ———(—seczt)k:bivxal:\(‘(—seczt) = sec t:’n_lvxat SEC t'—cost
[\r|3 sec>t
0 —sec’t 0

2. r=In(sec thi+tj> v= (secsiécta:nt) = (tan )i+ = tvi=4/(tan t) )2 + 1% = V/sec?t = |sec t|=sec t,

: _ _{tan t}\- 1
smce—%<t<%:>T_i~——:l_(g%2T)l—(sec t.)J {sin t)i+ {cos t)], _(cos t)i — (sin t)j
(d_T
| 1_ (cost.)2+(—51nt)2—1=>N=—-§*T-=(cost)l—(smt]_|,a...(sec t)i
kd
i J
2 2
> vxa=|tant 1 ={—sec?t)k = |vxal= \/(—sec?t) :sec%:;-x:lvxaizsecst_cost
2 |v13 sec” t
sec’t 0 0

=2+ 3)i+(5-t2)j 2> v=2i—2tj = (vi= P +(-21)* = 2V/1 +1° = T = = ey —=2t;
2\/1+zf’ 24/1 +1°

=\/11+t25_\/1t+t2-i;%’Tr=(x/%5)3“(\/1115)3 1= \d.l —\/((\/%‘)2 ( m) )2

H i dt -t - P . .
= = = N= = i— jja=-2) = vxa=| 2 -2t 0 |=-4k
2 2 2 27"
1+ 2F 1+t |d’1‘| V14t 1+t
(1+12) gt 0 -2 0
Sivxal=4/(-4)° =42« =lvxal_ L

IvP (2\/1+t§) 2(v’1+t2)3
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. r=(cos t+¢tsin t)}i+(sint —t cos 1)j = v = (L cos t)i+ (i sin t)j = |vi= \/(tcos t}2 + (t sin t)? = ViZ =]t

tcos t)i+ (tsint
=t, smcet>0=rT——{*|=( )It( sin t)j = {cos t)i+ (sin t)], _(-sm t)i+ (cos t)j

(%)
| Iu\/(—smt)2+(cost)2-'l=>N—'—-§I—T— (—sin t)i + (cos t)j; @ = (cos t —t sin t)i + {sin t + t cos )
kS
i j k
= vxa= t cos t tsint Q
cost—tsint sint+tcost 0
2
= {(t cos t)(sin t +t cos 4} — (t sin t){cos t ~t sin )]k = t’k = [vxa|= (t2) =t2:x=]—‘:5!33-]:%:%
v t

= @42+ v=2i+ 2 mivi= /P @) =2ViF 2 o a»r:%rvl“—‘2(%)[1-{-9)_1}2(20

2t 2t 2
a= 2J=>[a|_2=>aN_1f|ar2 a= T+ N
T /ie 2 1+t 1+t. Vi+tZ V1+4t2

2
. e=In{t2+1 i+(t—2tan‘1t > v= 2t i+{1- 2 j= 2t i b =113,
( ) 3 t2+1 REE il Y S ' Z )
‘/ % V(2= 1Y 9 ot2 at
= |v|= (2 )+(2_ )=1=>a,r=0;a— 1+ gj
t“+1 t5+1 (241 (2+41)

al= 2 —2t? 40 F__ 2 an = J1aP ~ak = VIaP— 0 =|aj= —2 .
:'"J H( | =@ sV e iy

(4241 24+1)

= (G)T']'(tzil)ﬂz(tzil)lq

i § ok
(@) r=xi+ i V=it i > a= (i vxaz| 1 fx) 0 |=f(xk
0 f{(x) 0
= tvxal= () =|P'(x) | and 1vi= 12470 F = 1+ [P F = x=h
e
=
1+ (re)]
d ) d2 —sec? sec?
(b)y___ln(cosx)=>ﬁ:(ﬁ)(—smx):-—tanx::sﬁ:use(:?x::»n:[1+|(_tan:)12]3n_—_|sec3il

- j _I x
Sec X = C0s X, since —5 <X <5
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(¢) x = x; gives a point of inflection = ""{xy) = 0 (since { is twice differentiable) = x =10

i § k
8. (a) r=f(t)i+g(t)f=xi+y) > v=xi+ij>a=xi+¥i=>vxa=| £ § 0 |=(xF-y%k
¥ 0§ 0

lvxal__ |KY YX|
vF (32 +7 _23/2

= |vxal=[%y ~jy¥|and |vi= V5 +§° > k=

(b) et} = ti+In(sint)j, 0 <t <7 =>x=tand y=In(sint) =>x=1,¥=0; y_COStﬁ_cott,y:—csczt

sin t
|—csc?t—0]  esc?t
= K= ==m==sint
{1+ cot?t P2 esct
¢) r(t) = tan™? (sinh t)}i +In (cosh t)j = x = tan™! (sinh t} and y = In(cosh t) = x = coslht =1
( ) (t}) { ) ( )J ( ) b4 ( ) 1+sxnh2 cosh &
3
t t
=sech t, ¥ = —sech t tanh t; y”%ﬂ: tanh 1, ¥ =sech?t = |sech t +sech t tanh® i—lsechﬂ

(seu:h2 t + tanh? t)
=secht

9. (a) rt) = f(t)i +g(t)j = v = f{1}i+g'(t)j is tangent to the curve at the point (f(1},g(t});
n-v={—g'(Oi+ )] [P+ /()] = —g' () + F()8'(t) = 0 —n-v = —(n-v) = 0; thus,
n and —n are both normal to the curve at the point

(b) ¥(t) =ti +e2j = v =i+ 2e®j = n = —2¢%i +j points toward the concave side of the curve; N = & and

It
{4
ln)= 3 +1=> N=—=2__j 1

i
\/1 +4e4" \/1 +4e?t

(¢) r(t) = 3 T tj = v= \/_1 +i=n= t#] points toward the concave side of the curve;
4

N:%andlnl-d \/—=>N———(V -t21+t_|)

16, (a) r(t) = ti +%t3j = v =1i+t% = n = t% — j points toward the concave side of the curve when t < 0 and

n = —t%i + j points toward the concave side whent>0ész(tzi—j)fort{Oand
N=—2 . (~%i+j)fort>0
V1+t?
b) From part (a),ivi=+1+t?=>T= 1 i+t% :::d—T—=————-1+t2j)+ 1 2tj
(b} part (a), v m( )= % (1+t4)3'{2( \/T?’( )
=t b (1t —2t3 21tf 1__ 20t 3
- m[‘*“‘( % )’}‘ li-) > 1 1— Vel A e A
(1+¢%) (1+1t%) +1) (1+¢4)
21¢l (L{) (1+t") 23 o1\t 2 0. Th 1
= :N= = —1+-5) | = . € NOTma,
1+t4 ‘él' 21t [(1+t4)3/2]( tzj) ‘”( \/1+t‘1 \/1+ ) ?
t
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N does not exist at t = 0, where the curve has a point of infleciion; (g{ = { so the curvature & —|dT|
=0
= d—d% gtlu-()att:D#N—l%—Tlsundefined Since x =t and y = % ﬁy:%xs, the curve is the

cubic power curve which is concave down for x = t < 0 and concave up for x =t > 0.

1L r=(3sin D+ (3 cos 1))+ 4tk = v=(3 cos t)i+ {3 sin t)j+ 4k = [v|= \/(3cost)2+( 3 sin 1) + 42

= \/ﬁ=5 = Tzl%lz(% €08 t)i—(%sin t)j+%k = ‘gf (-%sin t)i~(—g-cos t)j
d

T
dT( = B gn i Y (B cost) = 3 _d_)_“ _ -
::’Iﬁ —\/(—5-5111 t) +( 5cost) —5=>N_]QI1 (—sin t)i—(cos t)j; 3= (=3 sin 1)i+ {3 cos t)j
dt
i j k
= vxa=] Jcost —3sint 4 = (12 cos t)i— (12 sin t)}j -9k = |vxa]

~3sint —3cost 8

= /(12 cos )2+ (~12 sin )2 + (-9)> = VB = 15 = « _"I"‘;' B=ZdiB=TxN
¥

5
i ] k
= %cost —-gsint. % =(% cos t)i—(%sin L)j-—%k;%:(—:} cos t)i+ (3 sin t)j
—sint —cost 0
3ecost —3sint 4
—~3sint =-3sint 0
-3 t in t 1]
I D 3 sin _ =36 sin?t — 36 cos®t _ _ 4
lvxap 152 25

1. r=(cost+tsint)i+(sint—tcos t}j+ 3k => v={(Lcost)i+ (tsint)] =>|v(= \/(L cos t)2 4+ (t sin t)? = v/t2

=|tl=t, 1ft>0:>T-—|% (cos t)i—(sin t)j, t >0 :»dﬁ—Tﬁ(—sm t) + (cos t)j

a1)
] ’— (—sin t)? + (cos t)* __1ﬂN*%:(—-sint)i+(cost)j;a=(cost-—tsint)i+(sint+tcost)j
£
1 ] k
=S vxXa= tcost t sin t 0
cost—tsint sint+tcost (]

2
= {(t cos t)(sin t +t cos t) — {t sin )(cos t —t sin t)]k = tZk = lvxa|= (12) =2
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i j k
=>K___|V><Pal=t_§=%;B—_—TxN= cost  sint 0 = (cos?t +sin?t )k = k;
" —sint cost 0
tcost tsin t 1}
cos t —t sin ¢ sin t+tcost 0
da . . o ~2sint—tcost 2cost—tsint 0
(—ﬁ=(—25mt—tcosL}1-+-(2cost-—tsmt.)_|:rr= TP
= 0 =
fvxaf

13. r= (e cos t)i+ (e sin t)_] +2k=>v =(et cos t —et sin L)i+(et sin t +e° cos t)j =
Ivi= \/(et cos t —e' sin L)2+(et sin t + €' cos t)2: \/2e2°=e°\/§;

T:lz(cos t —sin t)i+(sin t +cos t)j ic_!_’f_(—sin t—cost)i+(cos t — sin t)]

MRS V2 RN VE V2

2 ; (41) |
=>|d__T}= —sint—cost\" | cost—sint\" _ | L N= dt/_ f—cost —sint i+ ~sint+cost i
dt V2 V2 |4T ] V2 V2 ‘
i j k
a= (—2(3t sin t)i—i—(?et cos t)j = vxa=| etcost—etsint e'sint+ecost 0 = 2e2%k
—2e" sin ¢ 2el cos t 0

=>1v><a|:\;‘(Qezt)z:?em:fn:wxal— 2% _ 1

tvP _(et\/ﬁ)a_et\/i;

i i k

B=TxN=| cost—sint sint+4cost 0
V2 V2

—cost—sint —sint+cost 0

V2 V2

il

f— p—

(cos t —sin t)(~sin t + cos t) —%(-cos t —sin t){sin t + cos t)]k

B rs

(coszt —2cos tsin t+sin2t)+%(coszt + 2 sint cos t + sinzt)]k =k;

L



14,

15.
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( 2e! sin t — 2e* cos t) +(Qe cos t — 2e' sin t)]

dL
e cost—elsint et sint+e cost
—2¢t sin t 2el cos t 0
—2¢t sin t— 2 cost  2e' cos t — 2t sin t
= T = =0

!vxa]2

r=(6sin 20)i+ (6 cos 24)5+ 5tk = v = (12 cos 2t)i— (12 sin 2t)j + 5k
= 1v1= 1/(12 cos 2t)* + (—12 sin 2t)* +52 = /169 = 13 = T =%

(13 cos 2L) (1% sin 2&) 13k=>%’:tr ( %g sin Qt) (%g cos 2t)

dT 24 24 24 (%I)
:>.—l:\/( 13 sis 2t) (——1—~3—cos 2t) zl—::-N:m—-(—sm 2t)i — (cos 2t)j;

dt

dt
i j k
a=(—24sin 2t)i—~ (24 cos 2t} => vxa=] 12cos 2t —12sin 2t 5
—24 sin 2t -24 cos 2t 0

= (120 cos 2t)}1 ~ (120 sin 21)j — 288k = |vxa|= \/(120 cos 2t)? + (120 sin 2t)% + (—288)2 = 312

i j k
lvxal. 312 _ __2__ _ —| 12 12 3
= K= P =135 = 169’ B=TxN= 13cos2£ 13sm 2t i3
—sin 2t —cos 2t 0
=y cos 21;) ( sin ?t)_{ — 12, da — (43 cos 21)i + (48 sin 20);
12 cos 2t —12 sin 2t ]
—24 sin 2t —24 cos 2t 1]
—48 cos 2t 48 sin 2t 0 -
R o __(®eHH8) _ 5.1.2_ 10
v xaf (312)? 3137716

3 2
r:(%)i+(t—)j,t>0=»V=t25—§—tj:>|v;= \/t4+ti:t 1941, 51ncet>0:>T:%l

1027

2
2 2
__t . 1 :_.dT_ 1 : t } | 1 —t
= i+ == 1 j= = [ RN (| ———
dT i j Kk
Lt F_IITﬁNz(';'})=\/21 li_\/gL 1j;8=2ti+j:>v><a: 2 v 0 = -tk
5= 74+ te+
(2417 Idt' % 1 ¢
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% 2
:""'“|=\/(:§=t":>x=“'“'= 1
IvP

t _ )
3_ L]
(tv2+ 1) t(t2+1)3'!2

t2 ot 0
i j k 2t 1 it
2 0 ]
B=TxN= - 1 0 —_-—k;d—a=2i:»1-— =0
\/t-2+l \/t2+l dt lvxaf
1 ~t 0
VEE+1l V41

16. r:(cosst.)i-i—(sinst)j, D<t g % = v= (—3 cos? t sin t)i+(3 sin®t cos t)j

/ z 2
= 1vi= V(-3 cos® L sin t) +{3 sin?t cos t)” = /9 cos®t sin?t + 9 sin?t cos?t = 3 cos t sin t, sinceU<t<%
(&)
=Y — (- i 4 (sio 0 = 9T — (sin )i i = 9T | = \/sinZt + cos?t = _\dt
:>T“l\f|"_( cos t)i + (sin t)j = N = (sin £)i+ (cos t)_]=>|dt = v/sin“t + cos 1;_I=>N_‘£l
t

= (sin t)i+ (cos t)j > a= (6 cos t sin®t—3 cos3t)i+(6 sin t cos?t — 3 sinat)j

i J k
=% vxa= -3 cos?t sin t 3 sin®t cos t 0
6 cos t sin®t —3 cos®t 6 sin t cosZt — 3 sin® ¢ 0

= (—18 sin’t cos®t + 9 cos®t sin*t — 18 sin?t cos?t + 9 sin?t cos4t)k = (—9 sin?t costt ~ 9 cos?t Sin4t)k
Jvxal

= (—9 sin?t cos? L)(coszt +sin? L)k = (—9 sin?t coszt)k = |vxal=09sin’t cos?t = k = ~——-[3—
|v
i i k
—cost sint 0 1: -k (—é% = f{t)i + g(t)] where

_ 9cos?tsin’t _ 1 BeTxN —
" {3costsini)® Jcostsint’

sint cost 0

fit) = -5%(6 cos t sin®t— 3 cosst) and gt} = ac—lt-(ﬁ sin t cos®t—3 sinat)

~3cos?tsin t 3 sin®t cos t 0
6 cos t sin®t — 3 cos®t 6 sin t cos?t — 3 sin®t 0
i(t) g(t) 0
= T = ] = G
jwxal

7. r= ti+(acosh %)j, a>0= v=i+(sinh %)j = Ivi= \/1+sinh'~’(§): \/coshz(%)zcosh%

= T:—-"—:(sech %)i+(tanh %)j = Q&Iz(v%sech % tanh %)i+(% sech? %)3

iv|

dT
) tanh?® (%)—% 1 sech? (%) = 3‘; sech (%) = N= (—t‘—) = (—tanh %)i +(sech %)j;

32

4
_!.Q.:
|3

i

-q_\
l—

3

2]

[=n

[ ]
e
wler
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1 ] k
a:(-éccsh %)j:vxa.: 1  sinh }—1) 0 =(%cosh%)k:>lvxal:%cosh(%)ﬁ fg:L!l’.f‘lai'
0 Leosh(}) o
3
ECOSh(%) 1 gech?( & ‘t Jt da _ 1 . p(t);
= hS(L) = 5 sech (g); B=TxN= sech(—a) tanh(g) 9 =k; di— 7 smh(z)_]
e —tanh(%) sech -;_- 0

T =

18. r={cosh t)i + (sinh t}j +thk = v = (sinh t)i— (cosh i)j+ k = 1v| = \/s'mh:?t +(—~cosh t)2 +1 = /2 cosh t

—ﬁ sechzt)i—(ﬁ sech t tanh t)k

Pt

1 1 secht)k;‘»%—?:

= T:%:(ﬁ tanh t)i—%j-f(%

dT
= ‘Q%lz \/% sech4t+%sech2t tanh®t = —\}—5 sech t = N:ﬁ:ll—,ﬂ: (sech t)i- (tanh t)k;
at

i i k
a=(cosh t)i— (sinh t)j => vxa=| sinht -cosht 1 = (sinh t}i+ (cosh t)j—k

cosht —sinht 0

=>lvxa1=v/sinh2L+cosh2t+l=\/§cosht=ﬁmzlvxalz \/E;OSht :%sechgt;
v (ﬁ) cosh3t

i j k
B=TxN=|-"_tanht =L L.gecht|={-1tanht)i+-—=j+{—Lsecht)k;
V2 NN NG V2T A2
sech t 1) —~tanh t
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sinht —casht 1

cosht —sinht 0
d sitht —cosht 9 . ! )
a_ (o s : - - =t 1
qt = {(sink 1)i—(cosh t)j = T = oy abywen 3 sech®t

19,

r=(acost)i+(asint)j+btk=>v=(—asint)i+(acost)i+bk=|vi= \/(—a, sin t)% + (a cos t)% + b?

\/;Qﬂf:‘*a/rzil\rl:(];a.=(—awst)i+(—as'mt)j::»lalz\/(—acosL)Q"~+-(—-::nsint)2 Va? =|al
> ay=+/laf—ak=+jaf -0’ =lai=1al= a= (0)T+laIN=]aIN
20. r=(14+3t)i+{(t-2)j—3tk => v=3i+j—3k = |vi= 32+12+(—-3)2=\/ﬁzt-aT:%Lv[:O;a=0
= ay=+flaf -5 =0=>a=(0)T+(0)N=20
2 r= (4 i+ 2+ 0k B V=i 42k = vi= 12+ 224 (2)2 = VBT = ap = (5 +47) Y28y

—at(5+42)" " o ag(l) = %:% a=2k = a(l) = % = [a(1) | =2 = ay = \flaP - ah = /22 - (4)’
= /8- 2\/':;,3(1)__ 2y

N

%

22, £ = (t cos t)i + {t sin t)j + t%k = v = (cos t —1 sin t}i+ (sin t + ¢ cos t)j+ 2tk

-1/2
=>1v|:\/(oost—tsint]2+(sint+tcost)2+(2t)2=\/5t2+1=>aT=%(5t.2+1) !(101:)
3t = ap{0) = 0; a = (=2 sin t —t cos t}i + (2 cos t — L sin t)j + 2k = a(0) = 2j + 2k = |a(0)|

= V122 =92 = ay = (ol —ad = /(24/2)" - 02 = 2/2 = a(0) = (0)T + 2/2N = 2,/2N

23. r= t2i+(t+%t3)j+(t-

IRV

1.3
3t

)k = v=2i4+(14+t)j+{1 -tk > 1vi= \ﬂ2t)2+(1+t2)2+(1—t2
=1/2(t4+ 2% +1) = /2(1 +t7) = ap = 2/2 = ap(0) = 0; a = 2i + 2j— 2tk = a(0) = 2i = |a(0)[=2
= ay = laP-ab = V07 =2 = a(0) = (0)T + 2N =2N

94, r={e cos t)i+(et sin t)j+ 2k = v= {e* cos t — et sin t)i+ (et sin t + et cos t)j + /2e'k

=iv|= \/(et cos t — e sin t)2+(eL sin t +¢* cos t)2+(\/§et)2= Vie? =2 => ap =2¢' = a(0) = 2;

(e® cos t —e* sin t —e' sin t —e* cos t)i+ (et sin ¢ + et cos t + € cos t —et sin t)j + +/2e'k

= (~2¢! sin t)i + (2€* cos t)j + /2e'k = a(0) =2j+\/§k=>|3(0)|= y 2?2 +(/2 = V6
=>a.N=1f|a.|2—a,21-=\)(\/§)2—22:V’i#&(O):?T-!-\/EN
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¥

25. r=(costli+ (sint)j—k => v={(—sin t)i+ (cos t)j = Iv|= \/(—smt)2+(cost)2—1=;—T v

= (—sin t}i + (cos t)j = T(g) _£ i+ \é_ i ‘é?* {—cos t)i—(sin t)j = |dT = \/(— cos t)? + (—sin t)?
dT i j k

=1=>Nz(rdT'—'(—cost)l—(smt)J;"N(%):———?i-—gj;B:TxN: —sint cost 0 =k
dt —cost —sint 0

= B(%) = k, the normal to the osculating plane; r(%) = gi-«!—-@j -k=>P= (—Vzi-é, #,—1) lies on the

osculating plane =% O(X - —?)—i- 0(y - §)+ {z —(~1)) =0 = 2z = —1 is the osculating plane; T is normal

ﬂ)(x ﬂ)+(£)(y"{g)+0(z—(—1)) =0= -£x+£

to the normal plane = (— 5 - 3

= —~X +y = 0 is the normal plane; N is normal to the rectifying plane

=> (-ﬁ)( ﬂ)+( ﬂ)(y——‘@-)+ iz~ (-1))=0=> —-\/—Ex—gy =-1=x+y=+/2is the

AT A N 7 2 Z
rectifying plane

26. r = (cos t)i+ {sin t)j + tk = v = (—sin t}i+ (cos t)j + k = |v(= V/sin®t + cos’t +1 = /2= T :-%—
) - 1 1 A | .
= ——=sint )i+ cos b |+ —— 1 k=d ( cost)l+(—_—51nt)]=>
( Ve ) (\/§ ) vk Ol V2 &

dT
1 cos? t+1 sin*t=-L = N =(—dt—) (—cos t)i— (sin t)j; thus T(0) = —=j +-1_k and N(0) =
2 /2 |_T| \/5 V2
dt
t 3 k
1 1 1 - 1 . . .
= B0 =} 0 —= --= j=-—=j+—=k, the normal to the osculating plane; ={0} =1 = P({1,0,0) lies on
(0) \/5 \/§ \/5] \/’2- Er (0) ( )
-1 0 0

the osculating plane = 0(x — 1) *\—}.Qz(y —-0) +%(z —~0} = 0 = y—z =0 is the osculating plane; T is normal

1 1 . .
1o the normal plane = 0{x —- 1) + —%={y -0} +—=(z—0) =0 = y +z = 0 is the normal plane; N is normal to
P { ) \/i(y ) \/5( ) ¥ P
the rectifying plane = —1(x —1) + 0(y —~0) + 0(z — 0} = 0 = x = 1 is the rectifying plane

27. Yes. If the car is moving along a curved path, then x # 0 and ay =« ivP#0=>a= arT+ayN #0.

28. [v|constant = ap = Hd? IvI=10 = a = axN is orthogonal to T = the acceleration is normal to the path

2. alv=alT=arp= O:dtm 0 = iv|is constant
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38.

31

2.

33.

34.

a(t) = aT + ayN, where aT‘:ad—tlvlzac-lE(IO) =0 and ay = x }v¥ = 100k => a = 0T + 100xN. Now, from

O 2 _ 2

= = ; also,
[H-(f'(x)ﬂ”2 L+ 20T (144

2372’

Exercise 7(a), we find for y = f(x) = x® that x =

1(t) = ti +t%j is the position vector of the moving mass = v =1+ 2tj = tv|= /1 + 4t?

=T= —\/T—L‘F(l +2t3}. At (0,0): T{0) =i, N(0) =] and x(0) =2 = F = ma = m{100«)N = 200m};
+

(VB2 T(vD) =3+ 2vE) =14 225 N(vD) = - Y214 15, and w(v3) = & > F = ma
= (100 = (222 )( 2V, 1) 40gz/§ ;200

57 W +3J mi-+gr

mj

a=apT+ayN, wherew:%lv!zd%(constant) =0 and a =« IvF = F=ma=mx|vPN = |Fl=mx|vP
= (m lvlz)n:, a constant multiple of the curvature « of the trajectory

ay=0=«x v =0 = x = 0 (since the particle is moving, we cannot have zero speed) = the curvature is zero
so the particle is moving along a straight line
|2a]
(1+4a2:2)
tx) = -3 | 2a( 2 2)_5;2( %) oy _ ' '
= &'(x) = 2|2a.i 1 +4a*x 8a°x}; thus, €'(x) =0 = x=10. Now, «'(x) > 0 for x < 0 and &'{x} < 0 for

2

—3/2
y =ax® = y' = 2ax = y” = 2a; from Exercise 7{a), x(x) = =[2al{1 + 4a%x?) /

x > 0 so that x(x) has an absolute maximum at x = 0 which is the vertex of the parabola. Since x = 0 is the

only critical point for x(x), the curvature has no minimum value.

r=(acost)i+(bsint)i=>v=(-asint)i+-(becost)j =>a=(-acostli—(bsint)j= vxa

i b] k
=|—asint beost 0 = abk = |vxa|=|ab|=ab, since a > b > §; s(t) = 1vxiaai
v
—acost —bsint o
2 / 2 2 ; 2 -
= ab(a? sin?t + b? cos®t) (t)—-——(ab)(a sin?t + b? cos t.) (2&. sin t cos t — 2b? sin ¢ cos t)

= —--g—(a.l:v)(a.2 —bz)(sin 2t)(a? sin®t + b? coszt.) ; thus, «'(1) =0 = sin 2t = 0 = t = 0, 7 identifying

points on the major axis, or t = %, 3—275 identifying points on the minor axis. Furthermore, «'(t) < 0 for

t<t< 5 7 and for 7 < t < 3% s k' (1) >0 for <b<wand 5 3 < 4 < 27, Therefore, the points associated

with t =0 and t = = on the major axis give absolute maximum curvature and the points associated with t =%

3

and t = 2% on the minor axis give absolute minimum curvature.
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2 2
35, nzg—a—zz-d—x=;ub—2;d—n=0$a2+b2={):>a= +b = a=>bsincea, b > 0. Now,d">01f
a’+b? T da (a2 +b2) da da
a(bandg"<01{a>b=t-r:lsatama.xlmumfora_ba.ndm(b) zb 2=Lis the maximum value
b?+4b2 " 2b

36. From Example 6, {v|=1t and ay =t so that aN_x;vF:>n:-—NF %-%, t#ﬂ:;-p:%:t

37 r={(xg+ At)i+ (yp+ Bt)i +{zg+ Ct)k = v=Ai+Bj+Ck =>a=0= vxa=0= x = 0. Since the curve
is a plane curve, v = (.

a?+p?’

38. From Example 7, the curvature of the helix r(t) = (a cos t)i+ (a sin t)j + btk, a, b> 0 is k = 2. also
1vi= v/aZ +b% For the helix r(t)={3cost)i+(3sint)j+tk,0<t<4rm,a=3andb=1=>x=—_39

3

$2+12 10

4

47
and |v|= 0:>K=J%V dt_{~—t] = 127

0 /i

b
39. (a) From Exercise 36, x:%a.nd lvi=t=> K= J (%)(t) dt=hb—-a

b =x2=>x:tandy=t2,-—oo<t<oo=vrt —_ti+t2j=>v=i+2tj=>:v|= 1+4t;alsoa:2j
¥ LY 2
i j k

=vxa=| 1 2t 0 =2k=~lvxa|=2=»x—|‘;x|3a'| . Then
v

06 2 o (\/1+4tf)

o o0 8]
K= I % (V1+4?)at J 2_dt=_lim J
e (»/1+4t) ENRE Y

b
= ali.rgoo [I;an"1 2t]2+ bli.rglo [tarl_1 2t]0 = ali.r_nﬂo (—l;a.n_1 2&)+ blixréo (t.a,n_l 2b) = —’25-4-% =

b

. 2
dt + lim J dt

14 4t2 b—voo . 1 + 42

40. (a) r=ti+(sint)j => v=i+(cos t)j = |v|= 12+(cost)2=v1+cos§t=>1v(~725)|= 1+cosz(%)=l;

k
a={(—sint)j=>vxa=| 1 cost 0 =(—sint)k=>vaa.i=\,-"(-sin t)2=fsintf=>|vxa.l(-;—')

= sin(%)|=1:~m(g—)= P =13=1=>.0=%=1and the center is(%,ﬂ):b(x—%)2+y2=1
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) r=@moi-(t+1)is v=(%)i-(1 —Eli)j = v(1) = 2 and |v(1)| = 2 a:(—t%)i—(t%)j

i x
>a(l)=-2i—-2 = (vxa)()={ 2 0 0 =—-4k=>|\rxa.|(1):4=>x(l)=lTx;i=—2%=%
¥
-2 -2 0

=>p= % = 2. The circle of curvature is tangent to the curve at P{0,—2) = circle has same tangent as the

curve = v{1) = 2i is tangent to the circle = the center lies on the y-axis. If t # 1 (4 > 0), then (t — 1)2>0

+1
t

sides of (0, —2) = the curve is concave down => center of circle of curvature is (0,4} = X+ (y+4)¥ =4

=22 +1>0=>t?4+1>2 =

>2$incet>0=>t+%>2=>—~(t+%)<-—2=>y<—2 on both

is an equation of the circle of curvature

41. If a plane curve is sufficiently differentiable the torsion is zero as the following argument shows:

e=ft)i+gt)j = v=_({1)i+g{t)i=a=1"{)i+g"(t)i =:~ = f'(t)i + g (L)
fit) g 0
') g'"(t) 0
f{ﬂ(t) gH!(t’) 0

= r= =10

Ivxal

2_12
42, meExa.mpIe?,f:%:‘r’{b)— a? - b? 2 =0 . 7(b)=0= —a—-_b—gzﬁ 3al-b?=0=b=ta
i @+ (ot )
b=asincea, b>0. Alsob<a= 1 >0andb>a=>f’<[}sofmuoccurswhenb:a.=>rmxzﬁ
a‘+a
1
2a
43. #f(t) = f{t)i+gt)i+ h(t)k = v=F)i+g'(t)i + D' (t)k v-k=0=>h'(t) =0 = h{t) = C
= r(t) = f(t)i+ g(t)j + Ck and r(a) = f(a)i+ g(a)j + Ck =0 = f(a) =0, g(a) =0 and C =0 = h(t) = 0.
v

44. From Example 7, v = —(a sin )i + (a cos £)j + bk = jv| = /a% + b? => T =5

=1
|
ph——

(

=¥
=

ﬁ[ (a sin t}i+ (a cos t)j + bk] \/———[ —(a cos t)i~(asin t)j] => N=

Ea
dt
i j k
. . . i b
=—(cost)i—(sint)j; B=TxN=|——2gnt _acost Db _
( Ji—(sin )5 ;;z’.§+b5 ;ai-&bi vaZ4b?
—cos ¢ —sgin t 0

w _bsint . bcost : a

dB dB
= - + k=52 b tH+ (bsint)j| =52-N=
Val bt Valibh Jalib? 4t ;7.3 gl (b cos i+ (b sin 0] a’+b
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b

—_1 {dB _ 1 —__ b C o - . .
= 7= (EN) = (— TIT bz)(_ T bz) =7 which is consistent with the result in

Example 7.

45. y = x* = '(x) = 2x and f’(x) = 2

[2] 2
= K = ==
(142007 (11242

46. y = "%’ = f{x) = x% and f"(x) = 3x?

|3x2] _ 3x*
3/2 7 372
(1+Gey) ) /

= K=

47, y =sin x = f(x) = cos x and {"(x} = —sin x
[—sinx| _  Isin x|

(1 + cos? )()3‘(2 (1 + cos® x)sﬂ

= K=

48. y = e* = f'(x) = ¢* and {"{x) = &*
je* | e*

= E= 372 372
(1 +(e")2) {(1+e¥)

49-56. Example CAS commands:

Maple:
with(plots):
X=t-> 83— 2%t"2 -t
yi= t -> 3=t/sqri(l +¢2);

y

XZ

X
1 2
4'1'
X
\
X
1 2
y
1
K\
0.5
1 2 3 4 5 X
05—
-1
¥
al
B yse'
3 \
2 /K
_—i X
-1 «0.5 0 0.5 1 1.5 2

1035
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dx:=t -> D(x)(t);

dyi=t-> D{y)(th

ds:={ -> sqrt{(dx2)(t) + (dy"2)(1));

d2x:= 1 -> D(dx)(1);

d2y:= t -> D{dy){1);

kap:= t - abs{dx(t)*d2y(1) — dy{t)*d2x(t))/((d=s){t)¥3;

a:=t -> x0 — {1 /kap(t))=(dy(t)/ds(t));

bi=t -> x0 + {1/kap(t))*(dx{t)/ds(t));

sl:= plot{[x{t),¥{t), t = —2..5], —15..5, —10..4, scaling=CONSTRAINED):
display{s1);

t0:=1: x0:= x(t0): yh:= ¥(t0):

circler= ((x—a(t0))"2 + {y—b{t0))2 = (1/kap(10)}2);
s2:=implicitplot{circle, x=—15..6,y=-10..5,scaling=CONSTRAINED):
s3:=plot{[a(t0),b(t0),x0,50]):

display({s1,52,s3});

Mathematica:
Clear([x,y,t]
] = {x[t)yit)
xft_] =3 — 2 €2 — ¢
yit_] = 3 t / Sqrt[l+t2]

{ab} = {-25}

td = I

pl = ParametricPiot[ {xft},y{t]}, {t.a,b},
AspectRatio -> Auiomatic ]

v0 = 1'[t0]

s¢ = Sqrt[ v0 . v0 ]

k0 = Abs{ x'[t0] y"[t0] — y' [t0] x [t0] ]/s0°3

N[%]

nd = { ~y'[t0], x"[t0] } / sO
) = rftd]

el = 0 + 1/k0 nO

Note: Plot the circle parametrically rather than implicitly:

cire = ParametricPlot] Evaluate[c0 + 1/%0 {Cos[t],Sin[t]}],
{t,0,2Pi}, AspectRatio -> Automatic ]

line = Graphics[{Line[{cD,10}]}]

Show[ pl, circ, line |

57-60. Example CAS commands:

Maple:
with(linalg):
xi= t-> tkcos(t);
yi=t -> tasin(t);
=t -> i
t0:=sqrt(3);
ri= vector((x(),¥(6),2(t));
vi= vector{[D{x)(t0),D{y)(t0),D{z}(t0)]):evalf("’,5);
a:= vector(|D@@2)(x)(t0},(D@@2){y}{10),(D@@2)(z){t0))):evalf(” 5);
ji= vector([D@@3){ x)(t0},(DE@@I){(y)(t0),(DE@@3I)(z)(t0)]):evatf(”,5);
s:= sqrt{dotprod(v,v)):-evalf(",5);
tvec:= scalarmul({v,1/s):evalf{” 5);
at:= dotprod(a,tvec):evalf(’’,5);
nlvec:= add(a, — scalarmui(tvec,at)):evalf(’,5);
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an:= sqrt(dotprod(nlvec,nlvec)):evalf(” 5);

nvec:= scalarmul(nivec,]/an)evalf(”,5);

bvec:= crossprod(tvec,nvec):evalf(” 5);

k:= an/s2:evalf(” 5);

vca:= crossprod(v,a):evalf(’’,5);

taw:= (dotprod(vca,j))/{dotprod{vca,vca)):evalf(’,5);

Mathematica:
x[t.] = t Cos[t]
¥[t_] = t Sinft]
zZt_ ] =t
t0 = Sqrt[3);

v = N[ ' [10] ]
= N[ r"t0] ]

i = N[ «"[t0] ]

s = Sqrt[ v . v ]

tvee = v / s

at = a , tvec

nvec = a — at ivec

an = Sgrt{ nvec . nvec |
nvec = nvec / an

bvec = Cross| tvee, nvec |
k = an / s2

vca = Cross[ v, a |

tau = {vca . j}/{vca . vca)

11.5 PLANETARY MOTION AND SATELLITES

L. T—z N ¥ S B Y 4r* (6,808,000 m)?
GM GM (6.6720 x 1071 Nm2kg~2}(5.975 x 10 kg)*

72 3.125 x 107 sec® = T a2 v/3125 x 10? sec? = 55.90 x 102 sec = 93.2 min

2
2. e =0.0167 and perihelion distance = 149,577,000 kmn and e = évMﬂ

{149,577,000,000 m)v2

—1 = v2x9.02 x 10% m?/sec®
(6.6720 x 10711 Nm?kg~2)(1.99 x 1030 kg) 0 m’/

= 0.0167 =

= vy \/9.02 x 10° m?/sec? = 3.00 x 1¢* m/sec

T2 _ 422 GM 2
3. 92.25 min = 5535 sec and 3"GM:>3' a2 T
6.672 11 Nm2kg=2)(5. 16%% k 3
2 (6672010 m%gz 5975 X107 &) (555 oy = 3,004 x 109 m = a v /5,007 X 10 o

= 6.763 x 10° m ~ 6763 km; the mean distance from center of the Earth — 12,757 km + 1823 km + 589 km

= 6765 km
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e

) 10~ Nm2ke=2)(6. 23 o) 3
=(6 6720 x 1073} Nm?kg )£62418x10 kg } (98,340 sec) 1049 x 102 m® = 2 ~ VI X 0 o3
)

= 2.19x 107 m = 21,900 km
(b) 2a = diameter of Mars + perigee height + apogee height = D + 1499 km + 35,800 km
= 2(21,906) km = D + 37,800 km = D = 6561 km

4. (a) T = 1639 min = 98,340 sec and mass of Mars = 6.418 x 1023 kg = a° = iﬂ T2

2
5. a=22030 km = 2.203x 10" m and T? = 4LM a3

%

2
T2 = = L4 2.203 x 107 sec)® ~ 9.857 x 10° sec?
(56720 10-T Nem?kg-2){6.418 x 107 kg) <)

= T 2 v/9.857 x 10% sec? & 9.928 x 10" sec 2 1655 min
6. (a) Period of the satellite == rotational period of the Earth => period of the satellite = 1436.1 min

(6.6720 x 10711 NmZkg2)}{5.975 x 10%* kg )} (86,166 sec)?
472

2
= 86,166 sec; a° = G4M—;r = a% =
T

3
a2 7.4973x 1072 m® = a & V74.973 x 1071 m® & 4.2167 x 107 m = 42,167 km
(b) The radius of the Earth is approximately 6379 km = the height of the orbit is 42,167 — 6379 = 35,788 km
(c) Symcom 3, GOES 4, and Intelsat 5

2
7. T = 14774 min = 88,644 sec = o® = GML
L

-11 2, =2 3 2 3
_ (6.6720 x 10~ NmZ’kg )‘(16.2418 x 10% kg) (88,644 sec)’ _ §.593 x 107 m® = & o /5503 TP
T

25 2.043 x 107 m = 20,430 km

2
8. Period of the Moon = 2.36055 x 10° sec = a® = G:l;[\
T
—-11 22 24 6 2 3
_ (6.6720 x 1071 Nm®kg~2)(5.975 x 10%* kg)(2.36055 x 10° sec) 5,627 x 105 m® = a ~ VA B2 X 105 B

472

72 3.832 x 10° m = 383,200 km from the center of the Earth, or about 376,821 km from the surface

-11 2, ,—2 24

/i . Nm*k 5975 x1 k

9. r:G—IQ‘d::-v"z:GTM=>|v|= GTM:\/(GG’QOXI[} m rg )( 978 x 10 g)zl.9966x10?r_1"2 m/sec
Vv

2 2
10. Solar System: L = dx 2 2.97 x 10719 sec? /m>;
Y 2% {6.6720 x 107! Nm2kg=2)(1.99 x 10°° kg) /

-2 2
Earth: . A 2 9.903 x 10714 sec? /m?;
a® (66720 x 107! Nm?kg™2)(5.975 x 1024 kg) /

T? 47 -12 .2, 3
Moon: == 7z 8.046 x 107"~ sec ;
a® ~ (6.6720 x 1071 NmZkg~2){7.354 x 10?2 kg) /m
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2
_ToVh 2 GM(e+1) }GM(e-i—l}
11.E—GM 1-_—;'\’0——0 :5""{) T, ;
Circle: e-0:>v0_1fG—M
Ellipse: 0 <e <= /5 <y, < /200

Parabola: e=1= vy = 2(3_0M
Hyperbola: e > 1 = vy > 1}2§GM
12, ¢ :—G—2 =v?= —GI.—M = V= GM which is constant since G, M, and r (the radius of orbit) are constant
13. AA =1 [r(t+ At) “(‘-)|:> 2 r(t+At) (t)\ ’r(H—At) Atr{t)+r(l:) xr(t)|
(i + Aty —rx(t Mt + At) —r(t t+ At t
S G UL U r(t)xr(t)l LARELRS.UN (t)] = Jim LAY oY,
% xr(t)|_2|r(t}x ’:%—Irxfl

2.4 2y
) /T_ e = T2 :( ?2r )(1 ):(472’—32)[1 —(%— ) ](from Equation 32)
Tg Vo

2
14. T:(?r“‘?
oo v

2,4 2

_(47:2.34)[__ 3% +2(rov§)] (4,, 2 )[QGMrﬁvo—-rgvg] {4n% )(QGM—rDvU)
- 7.2
o Vo

r2va f| GiM? GM G*M? r,G*M?
IGM — v 2.3 g2 2
_ 2.4 ovo 2\ 2 43 1 2 : 2 _ 4x°a T _ 4r
=(4r%a )( U,CM )(GM)_ (4n?a )(2a)(GM' ) (from Equation 35) = T° =y = ~3 = &y

15. (a) Let r,p(t) denote the vector from planet A to planet B at time t. Then ryg(t) = rp(t) —r,(t)
=[3 cos (xt) — 2 cos (27t))i + [3 sin (wt) — 2 sin (2xt)]j

=3 cos (mt) — 2{cos® (rt) —sin? (wt) )]i + [3 sin{mt) — 4 sin (7t) cos (7t)}j

=[3 cos(nt) — 4 cos? (wt) + 2]i +[(3 —4 cos{mt)) sin (7t)]j = parametric equations for the path are
x{t) = 2+ [3 ~ 4 cos (nt)] cos(xt) and y(1) = [3 — 4 cos{mt)] sin (xt)
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(b} Setting # = nt and r = 3 —4 cos £, we see that

x—2=rcos 8 and y =r sin § = the graph

B
of the path of planet B is the limacon |
t = 3 —4 cos § shown at the right. The
planet A is located at x = -2.
\4/,

Path of B

16, (i) Perihelion is the time t such that |r(t}|is a minimum.
(ii) Aphelion is the time t such that |r(t)}is 2 maximum.
(iti} Equinox is the time t such that r(t)-w=10.
(iv) Summer solstice is the time t such that the angle between r(t) and w is a maximum.

(v} Winter solstice is the time t such that the angle between r{t) and w is a minimum.

CHAPTER 11 PRACTICE EXERCISES
Lor{t)=(4cost)i+(y/2sint)j= x=costand
5 2
— ; Y .
—\/.2‘31ntz>m+f—l, } 2 o

v = (—4 sin t)i + (/2 cos t}j and

._.!,_.
=)
+
Ny,
"
=] -
]
-
ek
=
L}
B [
=
-9
=

a=(—4 cos t)i—{4/2sin t)j: 1(0) =i, v(0) = /2j, -4 _l..(‘m/4
a{l) = —4i; r( )_2\/_:+] v( ):—2\/_1-1-;, -

a(%)_—_—Zﬁi—-j;!v:: x/lﬁsin t+ 2 cos’t
::-a,r:%]v{: 14 sin t cos ¢ ;att=0 ap =10, al\—\/la.l2 K= T :%:2;
2

\/16 sin?t + 2 cost

T 7 7 /s 49 _ 4\/_
a.tt...4. aT_vf"g_—l_3'aN— 9 9 = iVIQ
2

2
2. r{t) = (/3 sec t)i+(\/§ tan t)j = x = \/gsec tand y = \/5 tan t = ‘%——-%:seczt—tanzt =1;

= x2—y?=3; v=y/3secttan t)i+{/3 sec’1)j and

a-—(\/gsecttan t+\/_sec t)i-{ Qﬁsec t tan t)j; r0) = \/_1 v(D) = \/Ej,a((])z\/ﬁi;
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Ivi= /3 sec®{ tan®t + 3 sec?t

Y
2 .2
d 6 sec?t tan>t + 12 sec’t tan t Hoxt-oy"=3 .
= = —|¥|= H o
o dt 2\/3 sec®t tan‘t + 3 sectt AHy(0) ,/
Il /./'
att=0: ap =0, ay=Viaf—0= /3, a(c) .
A M N S
\.
o V31 N
T3S T
NOT TO SCALE

—-3/2 —3j2
Cr= kot 53 = v —t(1+t?) !i+(1+t2) /j
VIi+? 1+t
372 -3f2
;“»ivl:\/[—t(1+t2) ff+[(1+t2) ’(]2= i 5. We want to maximize |v]: g—l-‘ﬂ:--—"-;-t—z-and
1+t At (1 42)
—-—dd't"'=0=>-—~——-__2“22:0=>t:0. Fort<0,—_2t‘22>0;fort>0,——_ “2t22<0=>1v|mxoccurswhen
(1+¢2) (1+12) (1+12)
t=0 =V, =1
. r:(et €05 t)i+(et sin t)j:»v:(e‘cos t —et sin t)i—k(r;:"sint—}-et cos t)j
= a={e' cos t —e' sin t —e* sin t—etcost)i+(e°sin t+e' cost+ecost—esint)j
= (—Zet sin t)i+(2e° cos t)] Let # be the angle between r and a. Then § = cos 1 (%1‘:')
= cos—] —2¢* sin t cos t + 2% sin t cos t “cos_l(—g—-)—cos_lﬁ*lfor all &
- 2 2 2 2 |~ VI -2
\/(et COS t) +(e" sin t) \/(—2&t sin t) «{—(2\9t cos t) 2
i j k
5 v=3i+4janda=56i+18) =>vxa=| 3 4 0 |=25k=>|vxal=251vi=+3*+42=5
| 5 15 0
Ivxal _25_1
= == — ===z
"TONE 55

i

LR
/2

[1 +(y’)2]1
=e*(1+ ezx}_aﬂ ~3e°*{1 + ez")_&}'2 =e*(1+ ez")_sﬂ[(l +e2X)— 3| =e*(1+ 92")_5!2(1 - 2¢2x);

d—::0$(1—2e2x)=0=>ezx-—-%=>2x:—ln2=>x:—lln2=—ln\/§=>y=L;thereforercis at a

d 3 ‘/2‘
maximum at the point (—ln V2, VL/E)

—3/2 —-3/2 —5f2
:e"(1+¢2") / ﬁ%f:e"(1+e2x) / +e* —~%(1+ez") ;(262)‘)
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10.

11.

12.

13.

r=xit+yi=v= ((i;t(l-'-(:lt.l and v-i=zy = zllt =y. Since the particle moves around the unit circle
d d d . d
2+yi=1, 2x3’t{+2yd)£_0=>d¥ -—%dg?:d{ ;—(,(y}z—x. Smceﬁ—’{:yanda%:—x,wehave

v =yi—xj = at (1,0}, v = —) and the motion is clockwise.

db’_3 2 dx d) 2 dx

Jy=x>=9 1t a = %x HT' If r = xi+ yj, where x and y are differentiable functions of t,
. _d
then v _Q—’Eh}—d{_] Hence v-i=4 = a =4and v-j= d{ %—xz dx . 3(3)2(4] =12 at (3,3). Also,
_dx. 4%, 2 YdxV , (1. 2Yd% o d
a—a?v +dt21 nd (3x)(dt) +(3x )dtT Hence a-i= 2=>dt2 2 and
a-j= ‘;—y %(3)(4)2 +%(3)2(42) = 26 at the point (x,y) = (3,3).
d dr 1 dr Jdr _

r - —
orthogonal tor=0= E55%a@ r-+-2 i 2 dt (r r} => r-r =K, a constant. If r = xi + yj, where
X a.nd y are differentiable functions of t, then r-r = x*> + y% = x? + y2 = K, which is the equation of a circle

centered at the origin.

(b) v= (7 — 7 cos wt)i + (7 sin =t)j r(f) = {m — sin mi + (1 — cos mj
-l
= a={2” sin xt}i +(x® cos m)j; Ya() = n} I A B
v(0) = 0 and a(0} = =%j; y v{1) = 2wi
v(1) = 2xi and a(1) = —7%; 2
v(2) =0 and a(2) = ﬁ'zj;
. > X
v(3) = 2ri and a(3) = —7% v0r=0[ 2 >4 6 &
v(Z) = a(3) = -fr!j
ajly = -7

{c) Forward speed at the topmost point is |v(l)|z|v(3) | = 27 ft/sec; since the circle makes :,12- revolution per

second, the center moves 7 ft paraliel to the x-axis each second = the forward speed of C is 7 ft/sec.
¥ = yo + (vg sin )t -%gt? = ¥ = 6.5+ (44 ft/sec)(sin 45°)(3 sec) -%(32 ft/sec?)(3 sec)? = 6.5 + 66+/2 - 144

as —41.36 ft = the shot put is on the ground. Now,y =0 = 6.5 +22\/§t.— 16t2 =0 = t 2 2.13 sec (the
positive root) = x == (44 ft/sec){cos 45°)(2.13 sec) & 66.42 ft or about 66 ft, 5 in. from the stopboard

(v sin @)® [(80 £t /sec){sin 457)]°
= —a—=Tft+ = 57 ft
Ymex = Yo+ — 3, (2) (32 fi/sec?)
: 12 1
3 __ ) 1 .2 _y_ (vg sin o)t —58° (v 8in o) — 5 8t
x = (vg cos a)t and y = (v sin cr)t—-z-gt =>tan g == Goewa)t = V508 a

2v, sin @ — 2vg cos o tan ¢

= Vg os o tan ¢ = v, sin @ —%gt =t= £ » which is the time when the golf bal}
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hits the upward slope. At this time

x = (vg cos c.{)(2% sin o —2;0 cos o tan qé) y
= (%)(vg sin o cos & -vg cos? o tan qﬁ). Now
‘---ﬁ f'
OR = ( )(vgsinacosa~vgcoszatan qb) P /,h:
cos ¢ = g cos ¢ P .
- i
_( COSO:) sma__cosorta.n¢ q\{¢ 1
- cos ¢ cos ¢ o - 1 X

(2"0 cos a)(sm & €08 ¢ —cos a sin q&)

cos? &

(2\'0005&
g cos’ ¢

) [sin (@ — @)]. The distance OR is maximized when x is maximized:

2v
g{’;.—( )(cos 2a +sin 2 tan ¢) = 0 = {cos 20+ sin 2& tan ¢) = 0 = cot 2o +tan ¢ = @
¢

= cot 20=tan(—¢)=>2a=-g—+¢_—_;.a=§+%

2
- Y0 _ [ Rg | {12,975 ft}(32 ft/sec?)
i4d. R = 3 sin 2o = v, = s oa for 4325 yards: 4325 yards = 12,975 ft = v ‘/ (Sin 907

(14,256 ft)(32 ftfsec?)
(sin 90"

2 2
15. (a) R= % sin 2o = 109.5 ft = (m)(sin 90°) = v = 3504 ft%/sec? = v, = /3504 ft?/sec?

7 59.19 fi /sec
(b) x = (vg cos a)t and y = 4 + (v, sin o)t —%gtz; when the cork hits the ground, x = 17775 ft and y = 0

7z 644 ft/sec; for 4752 yards: 4752 yards = 14,256 ft = v, = 675 ft/sec

= 177.75 = (vo -\%)t and 0 = 4 +(v0 %)t =167 = 162 = 4 4+177.75 = ¢ = VIILT

_qm. 75)\f WITTVE 21 58 st fsee
/18175

16. {a) x = vg(cos 40°)t and y = 6.5 + vy(sin 40"}t --—gt2 = 6.5 + vy(sin 407t — 16¢2%; x = 262 ft. and y = 0 ft

5 262.4167 262.4167 1, . - 2 2
= 26275 = vo(cos 40°)t or vy = {cos 40t and 0 = 6.5 +[—_*-(cos S )t](sm 40t — 16t° = t° = 14.1684
262.1167

t & 3.764 sec. Therefore, 262.4167 = vy(cos 40°)(3.764 sec) = vy~ (cos 40°)(3.764 5e0)

= v = 81 ft/sec

(vq sin a)? - (91)(sin 407)

(b) Ymax = Yo 78 ~6-5+Wﬁﬁﬂ ft

2
17. x* = (vg cos? a)t2 and (y +%—gt2) = (Vg :z;inzar)t.2 = x? +(y +%gt2) = v%tz



1044 Chapter 11 Vector-Vaiued Functions and Motion in Space

PRy
£5 4
18 5= 4 V&P = 20 :.»5&2+y2—§2=k2+3&2—(—,? yﬁ)
t ;;)’c§+y§ X4y

19.

20.

21,

22,

23.

_ (&2 + %)%+ 9%) - (xzx +2xky§ +3250) _ &2 4?82 —oksyy _ (¥ -yx)

x +y J'C2+512 }-c2+}-,2

af2
-2 -2 .2
Y e e BLS o y>c|=> i AL

Vi +yE T ey -t [xy-ix]

(i) = [Jt. cos(%xaz) df}]i+[;[ sin(%wﬂz) dﬂ]j = v(t) = cos(-’r—;g)i +sin (-%E)_‘[ = |vl=1;

0
i J k
2 2 2 2
a(t) = —t sin ZL }i+ mt cos| T j=> vxa=| cosl I sin| ZL- 0
2 2 2 2
mt? mt?
-7t sm( 5 ) e cos( 5 ) 0
_ _lvxal
—rtkﬁx—ﬁ—wt |v(t)l—--—1:‘»s—t+C =0=s(0)=0=C=0=k=ms
v
. d¢ _1 =1
b:aB=>B:%:s¢=%+%=~—g=§=-rc=!-a-|=a—smcea>0

r=(2cos t)i+{(2sin t)j+t’k = v=(—2sin t)i+ (2 cos t}j + 2tk = |v|= \/(vQ sin 1)% + (2 cos )2 + (2t)2
7/4

11'{4
=24/1 +t? = Length = J 2¢/1+t% dt = [t\/1+t2+ln|t+\/1+t2” 1/1+f6+1n( 1+%)
]

r = (3 cos t)i+ (3 sin }j + 263k = v = (~3 sin t)i+(3 cos 1)j + 3t/ %k

3
3 3
=iv|= ‘\/(—3 sin t}2 4 (3 cos t)2+(3tuz) =+/9+9t=3./14+t = Length = I 3J/1+t dt=[2(1+t)3!2]9
0
=14
r:%(1+t)3?'2i+%(1—t)3f'2j+%tk=>v=%(1+t)“2i—%(1—~t)1f’2j+%k

:w:\/[gu+:>”2]2+[—§u-t)”zf+(§)2=1:>'r=§(1+t)”2 2a-9+dk

. —1/2: —1/2. . . 2
=10 =i s =074 @07 0 =i » 40|
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i § Ok
= N(0) = ﬁwﬁj;a(o)ﬂm)xmm: £ -2 1 3\[ \1/—3+ \4/51;
1 1
ALy
V2 V2
=1 1/2, 1/2 1 —Z
g(1+t)" Fitg (1 t) )= a0) = !+3]andv(0) 1 _]+ k2>v(0)><a.(0)
i ] k \/—
2
| 2 2 1 |__1:,1:, 4 _V2 _|vxa|_(T)_\/§_
| 3 "3 3 |Togitgitgkival=F o) = st =T
1 1
3 390
2 _2 1
3 73 3
11
3 3 90
1 1
-% = 0 1y 2
. _a/2, - 66 3)\18
az—%(1+t) 3/21+%(1 )3/2]:.“»3(0) —-r+é]=>:r(0) v xaP *((\)/(582)—%;
3

— 44 :
=0= (9 9,0) is the point on the curve

24, r = (et sin 2t )i + (et cos 2t }j + 2e*k = v = (e* sin 2t + 2¢* cos 2t)i + (e* cos 2t — 2t sin 2t)j + 2e'k

=|v|= \/(e sin 2t + 2e* cos 2t.) + e cos 2t — e’ sin 2t.) +(2e) =3t =>T:lr
=(%sin 2t+%cos2t)i+(§cos2t-§sin 2t)j+§k::-T(0)=§i+33+3k
% (g cos 2t—%sm 2t)l+(—%sm 2t—%cos 21;)]::?((11'{[0) g ]:':-l (0)|—~2\/_
i k
(Ql_i‘) 12 2 1 2 4 2 5
SNl =— = —=i—-=%5; BO) =T{0)xN(0) =| £ 7 5 I= i+ T— k;
1o_2
N3 5
a = (4e! cos 2t — 3¢ sin 20)i+{ -3¢’ cos 2t 