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¢) Fi ;

(¢) Find a bound for the number of iterations needed to achieve anl
a : s . ‘
PProximation with accuracy 10~ to the solution of

rzsinz—1=0

on the interval 0, 2] while using the bisection method.

2. (a) Use the fixed-point iteration to find the unique root of the equation

23 + 4z — 10
234+ 422 —10=0, using g(z)=7-— 322 + 8z

in the interval [1,2] with pp = 1.5 as the initial approximation.

(b) Given the function
fa)= (@@~ 1)

(i) Find the multiplicity of z = 1 as a zero of f(z).
(ii) Hence, use the Modified Newton-Raphson’s method to approxi-
mate the same zero starting with zo = 0.

(c) Show that the mapping f(z) = z? maps the strip
S={z: 1< Re(Z) £3}

onto a set of parabolas and describe the parabolas.

3. (a) For the nonlinear system

2 2 2
i+ a5+ 8 125+ 21 + 8
£U1=91(-'171,$2)=—1—'—162——, $2=92($1,f€2)= B2 ]01 :

Show that G = (g1, 92)" mapping
D= {X = (931,$2)t .0 _‘S T; S 15’2 — ]_,2}

into R? has a unique fixed point in D.
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Apply funct; : : |
With); etional iteration to approximate the unique solution in (a)

¢ iy
curacy of 2 significant figures using Newton’s method or the

fixed poing method . (8]
(¢) Find
l2 WZ
lim ,eTfTrT.
Z—y—Tt
4]
4. (a) Given the data (1,0),(2;3),(3,2):
(i) Fit a quadratic spline to the function f(z) defined by this set of
points. [4]
(ii) Use the quadratic spline found in (i) to approximate f (2.5). 2]
(b) Use the appropriate Newton's interpolation method (forward- or
backward-) to find the annual premium at the age of 38, using the
data given in the table below:
Age in years 24 28 32 36 40
Annual premium | 28.06 | 30.19 | 32.75 | 34.94 | 40 '
[10]
(¢) Find all numbers z such that (z + 1)® = 2 + 2. [4]
; ) = oo X
5. (a) Approximate f’(0.4) using the approximation formula flel = a@ 0
f (’L’()) = -2-7L[—3f(1130) + 4f(.’l:0+h) —-f(.’l?o+2h)] + ?f (C),
and the values of f(z) at
z = 0.25,0.30,0.35,0.4,0.45,0.5, h = 0.05,
and where zy < ¢ < zy + 2h. 8]
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e S L
(b) Find a boung for the error i

(a) above.

(¢) Using th ;
8 the Composite Trapezoidal rule, determine the value of n and

h required to approximate

9

x .
/ e’ sin 3z dz
0

to within 104 accuracy.

6. (a) Use Taylor’s method of order two to approximate the solution to

1
y'=z(y2+y), 1<t<3 y)=-2, h=05

(b) Find the image of the semi strip

S={z=z+iy, - <s<g y20

under the mapping f(z) = sinz.

(c) Determine whether the function

f(z) = {EE:LLI ?fz7éz:
=, ifz=u

is continuous at the point z = 1.

End
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e Secant Method:

f(p"-‘i)(pn—i - Pn-2)
I(Pn—-i - f(Pn—R)

Pp =pp.g -

eModified Newton-Raphson's Method:

f(Pn-l)f'(Pn—t)
[f Pa-t)P = f(Pn-1)f"(Pr-1)

Pp=pp-y -

eNewton Forward-Difference Formula:

Pp(x) = Pn(xg + sh) = f[xo] + is(s ~1)...(s -k + 1)h¥ flxo, X1+ - %]
k=1

eNewton Backward-Difference Formula:

Pn(x) = Pnlxn + sh) = f[xa] + Zn:s(s +1)...(8+k~ §)R*f (ks Tn—ts -+ 2 %]
k=1

eChebyshev polynomial of degree n over the interval [—1,1]:

Tn4i(x) = 2xTalx) - Tn-1(x),
where To(x) =1 and Ty(x) =x and

x2 = § [To(x) + Ta(x)]

x3 = 4 3Ty (x) + Ts(x)]

x* = §[3Tolx) + 4T2(x) + Tu(x)]

5 = 5 [10Ty(x) + 5T5(x) + Ts(x)]

x8 = 45 [10To(x) + 15Ta(x) + 6T4(x) + T6(x)]

e Three-Point Formulas:

h2
lan) = o (3l + 4flza + H) = Sl + 2] + 51 (&0

2
) = o 1o+ ) = o = ] = 57 €0



® Five-Point Formulas:

4 1
Fco) = o [~25¢(xe) + 48f (o + K) — 36f o + 2]+ 16fza + 311 = st + 41+ 16

’ 1 : é
o) = g5 [floxo — 2h) — 8f o —h) 8f(xo + h) — flxo + 2R + %‘5!‘5)(6)

® Second Derivative Midpoint Formula:
e L
iz = 2yt — ) -2+ o+l 35/
¢ The O(h?%) approximation to f'(xo):

j—1 i hy _ = h
MR = 2 N; 41](_5)_ 1”! i) j = 2,5

o Difference-equations for Runge-Kutta methods of order four:

wo = Q

ky = hf(ti, wi)

ko = hf(ty + 5. w1 + 3k1)

ks = hf(t + 5. w1 + 3k2)

ky = hf(ts1, Wi + Rs)

wisy = w + §{R1 + Ok + 2ks + Ra)
and

Wiy = a1, Wy, = a2, vers Wiy = Om

Ky = hfi(ty, Wij, Wags o W)

Koy = hfilty + %, Wiy, + iKm. Wa, + iKi,Q:-m Wi, + %Ki.m)

Kz = hfi(ty + bW+ $ Ko Woy + 5K ves Wy + 5Ko,m)

Ky = hfilty + h, Wiy + K31/ Wa,y + K32 oes W, + Kz,m)s

for 1= 1,2,
Wiyt = Wiy + §(Kyp + 2Koa + 2K,y + Kult)



