21. METHODS OF
DIFFERENTIATION
AND APPLICATIONS
OF DERIVATIVES

1. INTRODUCTION

The rate of change of one dependent quantity with respect to another dependent quantity has great importance.
E.g. the rate of change of displacement of a particle with respect to time is called its velocity and the rate of change
of velocity is called its acceleration. The rate of change of a quantity 'y’ with respect to another quantity 'x’ is known
as the derivative or differentiable coefficient of 'y’ with respect to ‘x!

According to the first principle of calculus, if y = f(x) is the derivative function, then the derivative of f(x) with respect
to x is given by:

Fx) = dy _ lim f(x+h)-f(x)
dx  h-0 h

Note: y’, y,, Dy can also be used to denote the derivative of y with respect to x. Differentiation is the process of

finding the derivative of a function. = sinf > 0; cosa <0

2. DERIVATIVES OF SOME STANDARD FUNCTIONS

Different types of differentiation formulae

d — i ny — n-1
(a) " (constant) = 0 f) ™ (x") = nx
d Xy — QX i X) = X
(b) &(e) =e (9) ™ (@) = a*log,a
@ < (ogx =~ ) < (ogy) = —
X X dx xlog, a
(d) i (sin x) = cos X (i) i (cos x) = —sin x
dx dx

(e) d (tan x) = sec’x ) d (cot x) = — cosec®x
dx dx



21.2 | Methods of Differentiation and Applications of Derivatives

(k) i (sec x) = sec x tan x
dx

(U) i(sin‘lx)z ,—1l<x<1
dx 12

m Lan= 1 xer
dx 1+%°
d _

(n) —(secx) = [x|>1

1
dX |X| IX2_1

(o) i (sinh x) = coshx
dx
d

(p) — (tanh x) = sech?x
dx

(q) di (sechx) = — sechx tanhx
X

(r) i(sinh‘lx) = ! ,VxeR
dx 1+%°

(s) i(tanh‘lx) = L S x+1
dx 1-—x?

(t) i (sech™x) = —

1
dx | x| V1-x2

Jx] <1

(2) di (cosec x) = — cosec x cot x
X

(aa) d (cos™x) = — ! ~1l<x<1
dx 1—x2

@) L (coti)=-—1_ vxeR
dx 1+x°
d ] _

(ac) — (cosecx) = ———| x| >1

1
dX |X| 'X2_1

(ad) d (coshx) = sinhx
dx

(ae) d (cothx) = —cosech?x
dx

(af) di (cosechx) = —cosechx cothx

X
(ag) i (cosh™x) = 1 Jx|>1
dx W21
d :
(ah) — (coth™x) = S X#EE1
dx x2 -1

(ai) i (cosech™x) =

-1
dx [x|Vx2 +1

VxeR

(u) di (e* sin bx) = e* (a sin bx + b cos bx) = Va? +b? e¥sin (bx + tan b/a)
X

(v) di (e cos bx) = e* (a cos bx — b sin bx) = va? +b? e¥cos (bx + tan b/a)
X

dypo X
W) Xl =g 620

. d 1
(@) —log|x|==,(x#0)
dx X

(x) di [x] =0, V x € -I (where [ .] denotes greatest integer function)
X

d

(y) d—{x} =1,V x € R (where {. } denotes fractional part function)
X

MASTERJEE CONCEPTS

If the function is continuous, you do not have to apply the first principle method to check differentiability.
You can go directly for dy/dx and check whether dy/dx exists on both the left and right sides and are
equal. If dy/dx does not exist for either one side or both the sides or if both the derivatives exist, but are

not equal or finite, then the function is not differentiable.

E.g. Let y = sin(x) be a continuous function. Check differentiability at x = ©/2.0n checking for dy/dx =
cos(x) on both the right and left sides, it is found to be equal and finite. Hence, y = sin(x) is differentiable

at x = n/2.
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MASTERJEE CONCEPTS

Misconception:

(i) In dy/dx, dy or dx does not exist individually.

(ii) d_y:i only if both &y and d_x exist.
dx dx dx dy

dy
Rohit Kumar (JEE 2012, AIR 79)

3. PRODUCT RULE

@ ey &,y du RN (O N O - 0
(@) &(uv)— UtV (b) Ix (uvw) = uv +uw +tv

X X dx

4. DIVISION RULE

du dv
Yiax ) " ldx
i [E] = —~~<~——~ 2 wherev # 0 (known as the quotient rule)

dx (v V2

5. CHAIN RULE

dy _dy dt

d _ " I
o b =Fgba) . gy or - = —-.—

Note: (a) d (f(x) = g(x)) = d (f(x)) + d (g(x)), on condition that both f'(x) and g'(x)exist
dx dx dx

(b) a4 (k f(x) = 4 (f(x)), where k is any constant
dx dx

4 2
Hlustration 11y = XX L. dY _ o\ o findpand q. (JEE MAIN)
X2 +x+1  dx

Sol: Differentiate and compare.

2 2
2,932 2 (x +1+x)x+1—x
y:(X +1)° —x :( )2 ( )=Xz+1_xz>j_y=2)<_1:>p=2andq=—1

X2 +x+1 X°+x+1 X

_ (< +1)+ X)X +1-X)

X2 +x+1

3 X
X erz , then findj—y. (JEE MAIN)
e X

Illustration 2: If y =

Sol: Differentiate

e (3x2 +24In2) — (03 +2%)e* _ (3x% +2%In2) - (x® +2¥)
e2x B ex

y':
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-1 -1
Illustration 3: If y = M, fmd(dyj .
tan ™ x + cot ™ x dx )y

Sol: Differentiate and put x = 1.

y= E(‘Ean_lx —cot’lx) ...... [tan1+ cottx = EJ
T 2

= d—y= 2 + 2 = 4 = [d_yj = 4 = g
dx al+x*) nl+x’)  wl+x%) dx ), 2xn =«

Illustration 4: Differentiate the following functions with respect to x:

(i) V3x+2 +; (i) eseczx + 3cos™x (iii) log,(log x)

2%° +4

Sol: (i) Lety= +3x+2 +; = (3x + 2)V2 + (2x% + 412
2% +4
1 -1
-1 ——1
dy 1(3x+2)2 9 342+ L @ +42 L2+ a
X 2 dx 2 dx

1 3
=%(3x+2)72 3) - (j(Zx +4) 2 3 X

2\/3x +2 (2x2 + 4)3/2

sec2 X

(i) Lety = e + 3 cos7ix

y - eseczx ) i(seczx) + 3| = 1 = eSeczx 25ecxi(secx)
dx dx

dx 1 -2

Q.

J

1

1-x°

2 2
= 2 sec x (sec x tan x) e**¢ X + 3[— J =2 sec? x tan x e**¢ *— [

log(logx)

(using change of base formula)
log7

(i) Let y = log,(log x) =

1 d 1
.—(logx) = ————
logx  dx xlog7logx

dy 1 1
2 - = = (log(lo ==
ax  log7 (09( 0gx)) = log7

Illustration 5: Find :_y ify =3 tan x + 5 log x + Jx-3er + E
X X

Sol: Chain rule.

We havey = 3 tanx + 5 log x + Jx-3e + 1
X

Thus,j—y = di(Btanx+5log x+/x -3¢ +lj
X

= %(3 tan x) + %(5 log, x) + %(\/;)— %(3@) + %(lj = 356C2X+§(Iogea)'1+ %x

X

(JEE MAIN)

(JEE MAIN)

(JEE MAIN)

1
2-3e*-x2
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Illustration 6: Let f, g and h be differentiable functions. If f(0) = 1, g(0) = 2, h(0) = 3 and the derivative pairwise
products at x = 0 are (fg)' (0) = 6, (gh)'(0) =4 and (hf)' (0) = 5, then compute the value of (fgh)' (0).
(JEE ADVANCED)

Sol: Product rule

(fgh)' = f'gh + thg’ + fg -~~~ (i)
(fg) (0) =6 = (fg’ + gf') (0) = 6

(gh) (0) =4 = (gh" + hg) (0) = 4

(hf) (0) = 5= (hf' + fh") (0) = 5

(fgh)’ %(Zf’gh + 2fg'h + 2fgh’) = %(f’gh + figh + fg'h + fg'h + fgh' + fgh')

%[h(f'g +1g) + g(Fh + ) + fig'h + gh?)] = %[h(fg)’ + g(fh)’ + f(gh)]

= (fgh)' (0) = %[(3)(6) +(2)5) + (D= %[18 +10+4] =16

6. TRIGONOMETRIC TRANSFORMATIONS

In case of inverse trigonometric functions, it becomes very easy to differentiate a function by using trigonometric
transformations.Given below are some important results on trigonometric and inverse trigonometric functions.

(@) sin2x =2sinxcosx = _2tanx_
1+tan® x
o2
(b) cos2x=2cos?x-1=1-2sin’x = cos?x—sin’x = “izx
1+tan®x
2tanx . . .
() tan2x= ——— (n) sin 3x = 3 sin x—4 sin3x
1-tan®x

o3

(d) cos 3x = 4 cos®x — 3 cos X (o) tan3x = M
1-3tan®x
(e) sintx + costx=tan?x + cot?x =sec!x + cosec?x = I
(f) sin?(—x) = —sin'x (p) cost(—x) = m—costx
(d) tan?(-x) = —tan'x (q) cosec? (—x) = — cosec™ x
(h) cot? (—x) = m—cot!x (r) sec!(—x) =m—seclx
(i) sintxzxsinty= sin*l(x\/1 -yt y\/l -x%) (s) costx+ costy=cost(XYF V1-x*y1-y?)
Xty
(j) tanix ttanly =tan? H (t) 2sin'x =sin™ (2xxll—x2 ) (Be aware of ranges for x’)
o X 1[ 2x J 1( 2x J 1-x°
-1 = - - B = B S| = T - 5| = -1
(k) 2cos?tx =cost(2x*-1) (u) 2tanx =tan 1_2 sin 142 cos 14x2
- 1-x

(1) i tanx = tan?| 7 (v) 3sinx = sin™ (3x — 4x°)

3x—x°
(m) 3 cosx = cos™ (4x3 — 3x) (w) 3tanx = tan™ —1 32
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V1+x2 +1j d

X , find o (JEE MAIN)

Illustration 7: If y = cot’{

Sol: Substitute a suitable trigonometric function in place of x and simplify.

Putting x = tan 6, we have

secO+1 1+cos6 0
y= cot™ “tano = cot™? “sine = cot(cot 6/2) = > == tan'x

dy 1 1

X E'1+x2
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MASTERJEE CONCEPTS
To differentiate a complex function, put x in some trigonometric form so that the function can be easily
differentiated and then put back x in the form of an inverse trigonometric function.
E.g. Find the derivatives of sec [1/(2x? — 1)] with respect to V1 -x% atx =1/2.

Sol. Putting x = cos6, we get

1
— l—— _ -1 = = —y2 — i

u = sec 2c0520-1 " sec(sec20) = 20 andy = V1—x sin®

Sou = ZSin‘ly 2%2 2 = L ThUS,E =4

dy J1i-y? e dyl,1/2
Ravi Vooda (JEE 2009, AIR 71)
a—X ) dy
Illustration 8: If y = /(a—x)(x—b) —(a—b) tan™? Y—b | find O (JEE ADVANCED)

X

Sol: Use Substitution to simplify the given expression and then differentiate.

Let x = a cos?0 + b sin%0

S.a—X=a-acos?0-bsin?0 = (a— b) sin%0 (D)
Xx—b =acos?0 + bsin?0-b = (a—b) cos?0 ... (i)
-y = (a—Db) sind cosb — (a — b) tan™! (tano)
y= @D G _a-be
)
Then, d_y = do = (a—b)cosZQ—(a—b) = 1__C0529 = tan 6= a-x [From (i) and (ii)]
dx (dxj (b —a)sin20 sin20 x—b
do

7. LOGARITHMIC DIFFERENTIATION

If differentiation of an expression is done after taking log on both the sides, then it is known as logarithmic
differentiation. This method is used when a given expression is in one of the following forms:

(@) (f0)9%
Lety = (f(x))9®
Taking logarithm of both the sides, we get log y = g(x) log f(x)

Differentiating with respect to x, we get

1dy _ 1o ' dy _ (90, .
J dx g(x) . 0 f'(x) + log f(x).g'x) = Ix y{f(x) f'(x) +logf(x).g (X)J

= Lo (%f'(x) + Iogf(x)g'(x)]
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Short method: The derivative of [f(x)]9¥can be directly written as:
d ) g [ d
—(f())7 = f(x)7* | —{g(x)logf(x)}
dx dx

(b) Product of three or more functions

_ - ') . g'(x) , h'(x)
Ify = f(x).g(x).h(x), then y f(x).g(x).h(x).[ ™ + 9 + h(x)}

100
Illustration 9: If f(x) = [ (x—n)"*™" find f'(101)/f(101). (JEE ADVANCED)
n=1

Sol: Use logarithms followed by differentiation.

100

f(X) — H(X_ n)n(101—n)
n=1

100 fI(X) 100 n(].Ol _ n)
Inf(x) = » n(A01-n)In(x—n) = =
n; f(x) n; X—n
' 100 _
f'(101) _ Zn(101 n) _ 100x101 - 5050
f(101) = 101-n 2
Illustration 10: Find the derivative of (sin x)©. (JEE MAIN)

Sol: Take logarithms on both sides and differentiate.

g A oenlons
™ (sin x)©sx = (sin x)cosx &{COSX 0g(sinx)} | = (sin x)©s* [cos X . cot X — sin X . log sin x]
X

Illustration 11: Find the derivative of x*with respect to x. (JEE MAIN)
Sol: Use logarithms to find the derivative.
Lety = x* or y=x

logy = x log X = exinx

d
ldy _ X (lj + log x (or)j—y - d el = exn o (x In x)
X X

y dx dx
dy =x(1 +logx) (or) = ex'”x{x.lﬂnxl}
dx X

&XX = x (1+|°9e x) (o) =x{1 +Inx)

Hence i(xx) =x(1 + Inx)
dx

sinx

Illustration 12: Differentiate x*"* with respect to x. (JEE MAIN)

Sol: Similar to the previous illustration.

sinx

First method: Lety = x



- logy = log x™ = sinx log x

Differentiating we get, 1dy_ sinx
y dx X

+ cos x log x

dy (sinx j ,
s == = | ——+cosxlogx | x5
dx X

Second Method: y = x5 = gsinxlogx

d . sinx sinx .
Therefore,ol—y=es'”x"’gX » +cosxlogx |- | 222 4 cosxlogx |xi
X

X

cosfl(x+1)

Illustration 13: Differentiate e with respect to x.

Sol: Similar to the previous illustration.

Lety = €05 4 Then, d ecosil(”l).ﬂ[cos*l(x+1)]
dx dx

c057l (

= e x+1) -1 ) i(X + 1) — -1 cosfl(x+1)

Illustration 14: Differentiate x™, x > 0, with respect to x.

Sol: Let y = xsinx
Taking logarithm on both the sides, we get logy = sin xlog x
dy

Therefore, l =sin xi(log X) + Iogxi(sin X)
y dx dx dx

1 dy Nt dy sinx s
—.—= =(sinx)= + |OgXCOS X— =Yy _+COSX|OgX = xsinx
dx X X

X
+cosxlog x}
y dx X

Illustration 15: Find f'(x), if f(x) = (sin x)*"*, for all 0 < x <m.

Sol: Similar to the previous illustration.

log y = log(sin x)s"* = sin x log (sin x)

Then,l d_y = i(sin x log (sin x)) = cos x log (sin x) + sin x.. Li (sin x)
y dx  dx sinx dx

= cos x log (sin x) + cos x = (1 + log (sin x)) cos x
= j—y = y((1 + log (sinx)) cos x) = (1 + log (sinx)) sin x*™ cosx
X

1
Illustration 16: Differentiate x“°* * with respect to x.

1
Sol: (i) Lety = x° %

sLyin x

Then,y = e

Differentiating both the sides with respect to x, we get
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(JEE ADVANCED)

(JEE ADVANCED)

(JEE ADVANCED)

(JEE MAIN)
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” c;j_x (cos™x . log x) :j—i = x“’s_:L X {Iog x.%(cos‘1 X) + cos x.%(log x)}

d -1
_y: gcos x.logx

dy s 1y —logx costx
=>-—2 =X +
dx /1 2 X
-1
(i) Let (sinx)®® X

s1 x.log sinx

Then,y = e
Differentiating both the sides with respect to x, we get

d_y — ec057l x.logsinx

I % (cosx . log sin x)

:>d—y = (sinx)cos_l" cos™t x.i(log sin x)+log sinxi(cos‘l X)
dx dx X

S (sing  xdcos Lcosx+|og sin x| ——
dx “sinx /l—xz

::—y = (sin x)cosf1 X {cos:L X. COtx — Iogsmx}
X

\/1—x2

: ; dy ; ; sinxSInX ™
Illustration 17: Find I’ ify = (sinx) (JEE ADVANCED)
X
Sol: Write the given expression as y = (sin x)* and proceed.
We have y = (sin x)Y, Therefore, log y = y log sin x

Differentiating both the sides with respect to x, we get

ld_y =yi(|og sin x) + (log sin x) d_y =y c?)ﬂ + log sin x d_y
y dx dx dx sinx dx
dy dy y? cotx _ y? cotx

= l—Iogsinx —— =ycotxor —= = -
y dx dx 1-ylogsinx 1-logy

8. DIFFERENTIATION OF IMPLICIT FUNCTION

If in an equation, both x and y occur together, i.e. f(x, y) = 0, and the equation cannot be solved for either x ory,
then x (ory) is called the implicit function of y (or x).

Eg.x®+y3+3axy + c =0, x + y* = a, etc.
Working rule for finding the derivative
First method:
(a) Every term of f(x, y) = 0 should be differentiated with respect to x.
(b) The value of dy/dx should be obtained by rearranging the terms.
Second method:

dy = —of /ox of

If f(x, y) = constant, then —= = , where —and 6_f are the partial differential coefficients of f(x, y) with
dx  of /oy ox oy

respect to x and y, respectively.




Mathematics | 21.11

Note: Partial differential coefficient of f(x, y) with respect to x can be defined as the ordinary differential coefficient
of f(x, y) with respect to x keeping y constant.

oz OX

2 2
Eg. z=xy= 6y_X '6x_2Xy
Illustration 18: If y = >INX then prove that JY. = (L#y)cosx+ysinx (JEE ADVANCED)
14 COsX dx  1+2y+cosx—sinx
1+ sinx
1, CosX
l1+.tow

Sol: Write the R.H.S. in terms of x and y. Then differentiate the equation on both sides.

sinx _ (1+y)sinx
1+((cosx)/(1+y)) - 1+y+cosx
On differentiating both the sides with respect to x, we get

dy +2yﬂ + d—ycosx—ysinx: dy

dx dx dx dx

We have, y = :>y+y2+ycosx=(1+y)sinx

sinx + (1 +y) cos x

dy _ (1+y)cosx+ysinx
dx  1+2y+cosx—sinx

= cdj—y{l+2y+cosx—sinx}=(1+y)cosx+ysinx =
X

Illustration 19: If f(x) = x+ 1 1 , then compute the value of f (100) . f'(100). (JEE MAIN)
2X + 1
2X +
2X + ...
1
Sol: Same as abovey —x = 1
2X + 1
2X +
2X +.....00
= y-x= _ = Y-XKx+y)=1 = y*-x=1
2X+y—X

= ({fX)?2=1+x* = 2(f(x) x f'(x) = 2x
= f(100) . f'(100) = 100

(lnx)(mx)oo

Illustration 20: If y = ((|nx)'“X) , then find j—y. (JEE MAIN)

X
Sol: Same as above

Iny =y In(Inx)

1—y|n(|nx)j Ly

1 _y \ 1 y (
= =2 + In(Inx). ~—In(nx) | = 22— =
Xy n(Inx).y =y [y ( )] rindi "

y xInx y
=y = y2
Y= (nx)(@ = In(nx)y)
y
Hllustration 21: If log (6 + y?) = 2 tan~ [;j then prove that j—y =Xy (JEE ADVANCED)
X  X-y

Sol: Differentiating both the sides of the given relation with respect to x,
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We get, a log(x® + y?)] = 24 Jian (Y
dx dx X
dy

2 x—=-y.l
= 1 .i(x2+y2)=2.;.i(xj = 1 {2x+2yd—y}=2. X dx
x2+y2 dx 1+(y/x)2 dx | x x2+y2 dx x2+y2 X
dy dy dy dy dy dy  x+y
2. _— :2 _ + —_ = _— = _— —_ = — + _ =
- {X+ydx} {X dx y} X ydx X dx Y 2dx =) ey = dx x-y

9. DIFFERENTIATION OF PARAMETRIC FORM

x and y are sometimes given as functions of a single variable, E.g. x = ¢(t) and y = y(t) are two functions, where t
is a variable. Then in such cases, x and y are called parametric functions or parametric equations and t is called the

parameter. To find 3—y in parametric functions, the relationship between x and y should be obtained by eliminating
X
the parameter t and then it should be differentiated with respect to x. However, it is not convenient to eliminate the
dy dy dy/dt

parameter every time. Therefore, =~ can also be found by using the formula — .
dx dx  dx/dt

E.g.If x = a(0 + sinB) and y = a(1 - cos0), then find j—y
X

Sol: Given that % = a(l + cosh), d_y = a(sind)
do do

Therefore, x =0(0 +sin®). y =a(l—cos 6)

dy
d_y = @ = ﬂ = tang
dx  dx a(l +cos0) 2
do

Note: It may be noted here that :—ycan be expressed in terms of the parameter only without directly involving the
X

main variables x and y.

Illustration 22: Find j—y if x = a cosd and y = a sin®. (JEE MAIN)
X

Sol: Differentiate the two equations w.r.t. 6 and eliminate 6.

Given that x = acos 6 and y = a sinf

Therefore, d—X = —asino, d_y = a coso.
do do

dy

Hence, dy_ do _ acgse = - cot0.
dx  dx —-asin®

do

Illustration 23: If x = a sec?0 and y = a tan®0, where qe R, find % ato = g (JEE MAIN)
X

Sol: Differentiation of Parametric form.

dy
2 2
dy _ do _ 3atan’x sec’® _ Etane; Atezﬁ,dy: E(\/E—l)
dx dx 2asecOxsecOtand 2 8 dx 2

do
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d
Illustration 24: If x = cosecO - sinB and y = cosec"® — sin"6, then find d—i (JEE ADVANCED)
Sol: Differentiation of Parametric form.
X = cosec 0 —sind
= X2+ 4 = (cosec 0—-sin0)? + 4 = (cosec 0 + sin 0)? . (i)
and y? + 4 = (cosec"® —sin"0)?+ 4 = (cosec"® + sin"0)? ... (i)
dy
Now dy _ de) n(cosec"0)(-cosecdcot) —nsin™ Bcos
" dx dx —cosecOcotO—cosh
do
n(cosec"®cotd +sin" BcosO _ ncotB(cosec"®+sin"0) _ n(cosec"d+sin" 6)
(cosecOcot 6 + cos0) cotO(cosecO +sin0) (cosecO +sin0)
Illustration 25: Find j—y if x = at’and y = 2at. (JEE MAIN)
X
Sol: Given that x = at? y = 2at
Therefore, dx = 2at and d_y = 2a.
dt dt
dy
Hence,d—y: dt _ ﬁ = 1
dx  2at t
dt
Illustration 26: If x = cos’t and y = sin®t, then find j—y for [t € [Ogn (JEE MAIN)
X
dy
el 5
Sol: d—X = — 3 cos’t sint (# 0) :d_y =3sin’tcost :d—y - dt 3sin” tcost =—tant
dt x dx  _3cos’tsint
dt
4
Illustration 27: If y = sec 4x and t = tan x, then prove that dy_ 16t(1——t) (JEE ADVANCED)
dt  (1-6t? +t%)?
Sol: Write y in terms of t and differentiate.
2
2
1 l+tan’2x _ 1+(2t/(1_t ))
- - 25, 2
cos4x 1-—tan”2x 1_(2t/(1_t2))
-t 4 1+tt-200 4417 14t 4212 dy _ 16ta-t")
1-t9)2 -4t 1+t"-22-4 1+t*-6t® dt  (1-6t2+t%)?
1+Int 3+ 2Int d dy Y
Illustration 28: If x = +2n andy = +an , then show that yd—y = ZX(d—yJ +1 (JEE MAIN).
t X X

Sol: Differentiation of Parametric form.

dy _ dy/dt
dx dx/dt
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dy _ t(0+21/1)-@B+2Int)l _ 2-3-2Int _ (1+2Int
dt 2 R 2

dx  t(0+(1/0)-@+Int2t  t-_2t—2tint _1-2-2Int _ [1+2|ntJ

a - t4 t4 -t3 t3
d dy \’

= _y =t = 2X —y +1=2'1+|nt't2+1= 3+ 2nt =yt=yd—y
X dx t2 dx

10. DIFFERENTIATING WITH RESPECT TOANOTHER FUNCTION

Suppose u = f(x) and v = g(x) are two functions of x. To find the derivative of f(x) with respect to g(x), i.e. to find % the
v

du _ du/dx
formula — =

dv  dv/dx
respect to x and then the derivative of f(x) with respect to x is divided by the derivative of g(x) with respect to x. The

procedure is demonstrated in illustration 29.

is used. Thus, to find the derivative of f(x) with respect tog(x), both are differentiated with

Illustration 29: Differentiate sin?x with respect to e«. (JEE MAIN)

Sol: Differentiate both the functions with respect to the common variable and use parametric form.

Let u(x) = sin’ and v(x) = e“>*. We want to find the value of % = du/dx
dv dv / dx

Clearly, % = 2 sin x cos x and j—v = @ (—sin X) = — (sin X)
X X

du 2sinxcosx 2cosx
Hence, — = : = - .
dv (_smx)ecosx @CosX

\/1+x2 —\/1—x2

Sol: Similar to the previous illustration.

2
VI+x2 +41-x _ (“1+X2+“1_X2) _ 1+x2+1-x° +241-x*

let u=

= {\/1+x2—\/1—x2J (L+x%)=(1-x°) 2%

x° (o + ((—4x3) /(2V1-x* )D - (1 +1-x* ij
4

/ 2, 1.2
Illustration 30: Differentiate [ L+x+v1-x J with respect to V1-x*. (JEE ADVANCED)

1+41-x* du
_ - 9L _

= u-=
x° dx X
du ((—ZXS)/(\/1—X4))—2X(\/1—X4+1j du _ox x4+(\/1—x4)(1+\11—x4)
- a - X4 - &= 1_X4 X4

= —2 - (x“ +ﬂ+1—x4) %(WJJJ (i)

x'V1-x

Letv = V1-x*
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dv 1 dv -2x° .
= (4% =>— = (1)
dx  2y1-x* dx - J1-x*

du du, dv du -2X 2 V1-x* du  (@+V1-x%)
—=——:>—=—\/1—x+1—3:>—=—6

dv dx  dx dv. 4 /1—x4 2% dv X

11. DIFFERENTIATION OF DETERMINANTS

To differentiate a determinant, one row (or column) at a time should be differentiated, keeping others unchanged,
which is illustrated by the examples given below.

i irre = |0 900 o e [ 00 900 | f00 g
uix) v(x) dx uix)  v(x) u'(x) v'(x)
aso 3 (Fog) = Fe0 g |, | fx) g'(x)
dx u'(x) v(x) uix) v'(x)
f g h
(iDIfFx)=[¢ m n| Wheref g, h ¢, m n,u, v ware functions of x and differentiable, then
u v w
f' g H g h| |f g h f' g h f g h f g h
Fx)=1¢ m n| + m nf{+//{ m n| =>FX)=|¢ m n|+|/{ M n|{+|/ m n
u v w u v w u' v w u v w u v' w u v w
secH tan’ 0 1
Illustration 31: If f(x) = | secO tanx x |, then find f'(0). (JEE MAIN)

1 tanx—tan® O

Sol: Above discussed method.

0
f'(x) = | secO
1
= f(0) =

1

secO tan’0 1

0 sec’d 1|+

0 0 secO tan’ 0 1 sech tan’6 1
tanx X |+ 0 sec® x 1|+ |secO tanx x
tanx—tan® 0 1 tanx—-tan® O 0 sec?x O

secd tan’0 1
tan6 0

sec’0 0

secO = (tan?0 — sec?0) — sec?0 (0secO —secO)= — 1 — (sec®0) (0 - 1)

0 0

12. SUCCESSIVE DIFFERENTIATION

If the first derivative j—y of a function y = f(x) is also a differentiable function, then it can be further differentiated

with respect to x. The derivative thus obtained is called the second derivative of y with respect to x and is denoted

d2y

2
y &Y ¢ &y
dx? dx?

n

d'y
dx"

Similarly,

d3y

is also differentiable, then its derivative is called the third derivative of y and is denoted by —

dx

denotes the n™ derivative of y. This process is known as successive differentiation and all these
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derivatives are called as successive derivatives of y.

The following symbols are also used to denote the successive derivatives of y = f(x):

Yo Yor Yar ceeeveeene Yo

dy d?y d’ dy d
SRVARRV AR L =2, = —Z ... - , = Dy, D?%y, D, .......... D e, where D =—
Yiyhy y I Gl dd " y, D%, DY, y ( i
The following symbols are used to denote the value of the nt derivative at x = a.

n

y,(a), y"@), [d Z] , D"y(a) & f(a)
dx ea

MASTERJEE CONCEPTS

n

n
Misconception: d—z # (d_yJ

dx dx Rohit Kumar (JEE 2012 AIR 79)

13. N*" DERIVAVES OF SOME STANDARD FUNCTIONS

(@) Dax +b)"=m(m-1) (m-2) ......... (m-n+1)a"(ax + b)y™n

|
a"(ax + b)™™; D"(x™) = M ymon

(b) Ifm e Nandm > n, thenD"(ax + b)™ =
(m—n)! (m—n)!

() D"ax + b)"=nlam D"(x") =nl!

1 n n 1 n
n _ (D'nla" | Jd2 - 1)'n!
(d) D [ax+bj RS D (Xj =

(ax + b)™* '

X
n-1 n-1
© Dloglax + by = CH =Dl puog x = EH (=11
(ax+b)" X"

(f) Dn(eax) = ahed
(g) D"(@™) = m" (log a)" a™

(h) D"{sin (ax + b)} = a"sin (ax+b +n§); D(sin x) = sin(x+ngj
(i) D"{cos (ax + b)} = a"cos (ax +b+n§); D" (cos X) = cos (x+ngj
. . . ab
(j) Dr{e¥sin (bx + ¢)} = (@ + b?)"2 e**sin be +Cc+ntan —]
a

(k) D"{e*cos (bx + €)} = (@ + b?)™2 e cos[bx +c+ntan’! 9]
a

1 X I B Lo O BN PR H a
o o (tan 1_] _ ()" (n-1)!sin" Bsinnd where 6 =tan‘1(;J

a a"

1
(m) Dr(tan™x) = (-1)"*(n - 1)! sin"0 sin 6, where 6 = tan™ (;j
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14. LEIBNITZ THEOREM

If u and v are two functions such that their n'" derivative exists, then the nt" derivative of their product can be found
by the following formula:

D"(uv) = (D"u)v + "C,D"™'u. Dv + "C,D™?u. D?v +....+...+"C_Du. D"V + ....... + u.Dv

The nt" derivative of a product of two functions can be found out by using this theorem. While using this theorem,
the second function in the product is the function whose successive derivative starts to vanish (if it is possible) after
some stepsand the first function is a function whose n* derivative is easily known.

Illustration 32: If y = x° cos ¥, find Dy. (JEE MAIN)

Sol: Leibnitz theorem
Choose cos x as the first function and x? as the second function

D"(cos x, ¥°) = D*(cos x) (x°) + "C,D"*(cos x) (Dx’) +"C,D"*(cos x) . (D) + "C,D™3(cos x) . (D*¢)

3 nm 2
= x3cos x+7 + Nn.3x°cos | X +

(n—l)n]+ (n-1)

6X.Ccos | X+
2 1.2

(n—2)nj ,nn-1n-2) (x +(n—3)nj
2 123 2

= x3cos [x +n?nJ + 3nx? sin(x +n?nJ_ 3n(n - 1)x cos(x +n?nj -nin-1) (n-2) sin(x +n?n]

APPLICATION OF DERIVATIVES

1. THE INTERPRETATION OF THE DERIVATIVE

If y = f(x) be a given function, then the derivative/differential coefficient f'(x) or :_y
X
trigonometric tangent of the angle v (say), which the positive direction of the tangent to the curve at P makes with

the positive direction of the x-axis. Therefore,j—y represents the slope of the tangent.
X

at the point P(x,, y,) is called the

Thus, f'(x) = dy =Y Ya
X(xq.y1)
Then,
dy
(a) The inclination of the tangent with x-axis = tan‘la

(b) Slope of the tangent = j—y
X

(c) Slope of the normal = - ax
dy

Figure 21.1

2. EQUATION OF TANGENT

(a) Equation of tangent to the curve y = f(x) at A(x,, y,) is given by y -y, = (:—y) (x=x,)
X
(x1.y1)

If the tangent at P (x,, y,) of the curve y = f(x) is parallel to the x-axis (or perpendicular to the y-axis), then

Y =0, i.e its slop will be equal to zero.
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= m= [d_yj =0
dx
(x1.y1)

The converse also holds true. Thus, the tangent at (x,, y,) is parallel to the x-axis.

N
dx (
X1.¥1)

(b) If the tangent at P (x, y,) of the curve y = f(x) is parallel to the y-axis (or perpendicular to the x-axis), then ¥
=1/ 2 and its slope will be infinity, i.e.

m - (d_y] -
dx
(x1.y1)

The converse also holds true. Thus, the tangent at (x,, y,) is parallel to the y-axis.

- [d_yj -
dx
(x1.y1)

(c) If atany point P (x, y,) of the curve y = f(x) the tangent makes equal angles with both the axes, then at the
point Py =x/4 or3n /4 Thereforeat P tan ¥ =dy/dx =+ 1.

The converse of the result also holds true. Thus, at (x,, y,), the tangent line makes equal angles with both the axes.

5
dx B
(x1.y1)

(d) Concept of vertical tangent: y = f(x) has a vertical tangent at the point x = x, if Y
. f(x, +h)—f(x
Lim X *M =) _ or — oo, but not both.
h—0 h
E.g. The functions f(x) = x}* and f(x) = sin x both have a vertical tangentatx = 0 X
But f(x) = x3, f(x) = |x| and f(x) = 0 !f x<0 have no vertical tangents at x = 0.
1 if x>0
Fi 21.2
(e) If a curve passes through the origin, then the equation of the tangent at the fgure
origin can be directly written by equating the lowest degree terms present in the
equation of the curve to zero.
Y

E.g.
(i) x> +y>+2gx + 2fy = 0

Equation of tangentis gx + fy = 0 \

(i) x* + y3=3x%y + 3xy? + X2 —y? = 0

>X

Equation of tangent at the origin is x?—y? = 0

i) x® +y*-3xy =0

(iii) y Yy Figure 21.3
Equation of tangent is xy = 0

Note: This concept is valid only if the powers of x and y are natural numbers.

(f) Same line could be the tangent and normal to a given curve at a given point.

E.g. In x® + y3 — 3xy = O (folium of Descartes), the line pair xy = 0 is both the tangent and normal at x = 0.

Some common parametric coordinates on a curve that are useful for differentiation
(a) For x¥3 + y?® = a%3, take parametric coordinates x = a cos*qand y = a sin0.
(b) For \/; + \5 = \/gl take x = a cos*@ and y = a sin“6.
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n n
(c) X_n + Z—n = 1,where x = a (sin 0)¥"and y = b(cos 0)*".
a

(d) Forc?(x* + y?) = x%y? take x = csec O and y = ¢ cosec 6.
(e) Fory?=x3, takex=t*andy =t

Illustration 33: If the tangent to the curve 2y3 = ax? + X3 at the point (a, a) cuts off intercepts a. and B on the
coordinate axes, where a2 + b? = 61, the value of |a|is ___. (JEE MAIN)

(A) 16 (B) 28 (C) 30 (D) 31

Sol: (C) Write the equation of the tangent and find the value of o and B in terms of a. Then use a? + b? = 61 to find

the value of a.
dy _ 2ax+3x?

—= The value of this slope at (a, a) is 5/6.
dx 6y2

The slope of the tangent is given by

X Y -4

+

-a/5 a/6

Hence, the equation of tangentisy —a = % (x-—a)=>

Thus, the x-intercept a is —g, and the y-intercept B is 2.

2 2

Froma2+b2:61,weget;—5+§—6 =6l >a?=25x36 =|a]|=30

3. EQUATION OF NORMAL

Equation of normal at (x, y,) to the curve y = f(x) isgiven by the following formula:

-1 d
Y-y)=7——"K-%x) = (y—yl)(d—yj +(x=-x)=0
(dy] X (x1.y1)
(x1.y1)

Some facts regarding the normal

(a) Slope of the normal drawn at point P (x,,y,) to the curve y = f(x) = —(%J
(x1.y1)

(b) If the normal makes an angle of 6 with the positive direction of the x-axis, then — j_x = tano or 3_y = —cotO
y X
. . dx dy
(c) If the normal is parallel to the x-axis, then —=0or —= =
dy dx
. . dx dy
(d) If the normal is parallel to the y-axis, then ol o or v 0
y X

(e) If the normal is equally inclined from both the axes or cuts equal intercept, then —[j—xj =+1 or(j—yj ==+1
y X

d

2
1+ (dyJ
dx

(f) The length of the perpendicular from the origin to the normal is P’ =
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(9) The length of the intercept made by the normal on the x-axis is x, +y, [j—yjand the length of the intercept
X

on the y-axisis y,+ x; dx
dy

Illustration 34: Find out the distance between the origin and the normal to the curve y = e* + x? at the point

whose abscissa is 0. (JEE MAIN)
1 2 3 2

(A)—= B) = © — D) =
N3 N N3 B

Sol: (B) Write the equation of the normal and find the distance of origin from the normal.

The point on the curve corresponding to x = 0 is (0, 1)
CI—y:2e2X+2x:>d—y =2
dx dx|, _,

Therefore, the equation of the normal at the point (0, 1) is

y-1=(-1/2) x-0)=2y +x-2=0

Hence, the distance of the point (0, 0) from this line is i

5
4. LENGTH OF TANGENT, NORMAL, SUBTANGENT AND SUBNORMAL

4.1 Tangent

dv
y 1+[dy]

X
PT = MP cosec ¥ = yy/1+cot’y = | ———2

dy
dx

4.2 Subtangent

Figure 21.4

y
TM=MPcot¥ = | —2——
‘(dy/dX)

4.3 Normal

GP =MPsec¥ = yyl+tan’y =

2
dy
1 —_7

4.4 Subnormal

MG = MP tan y = ‘ y(d—yj
dx

Illustration 35: For the parabola y? = 16x, the ratio of the length of the subtangent to the abscissa is .
(A)2:1 B)1:1 QX:Y (D) X2:Y (JEE MAIN)
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. y
Sol: (A) The length of subtangentis | ———
) ? 9 (dy / dx)
Differentiating, 2y d_y =16 Hence, d_y:§
dx dx vy
y2

Thus, the length of the subtangent is y? = — = 2X
y

8
Therefore, the ratio of the length of the subtangent to the abscissa = 2x:x =2 : 1.

_16x
8

Illustration 36: Find out the length of the normal to the curve x = a(0 + sin0), y = a (1 — cos 0) at 6 = ©/2.
(JEE MAIN)

2
Sol: Use differentiation of the Parametric form. Length of the normal = |1+ (j—yj
X

= = =tan —= | L =
dx (dx] a(1 + cos0) 2 dx 4

de

(dyj
do i
dy _ _asin® - t3 0 (dy} :tan[n] -1

Moreover, at 6 = g y = a{l—cosg] =a

{ 2
Therefore, the required length of the normal =y 1+{j—yj = afl+1 = 2a
X

Illustration 37: The length of the subtangent to the ellipse x =acost, y = bsintatt=mn/4is .

(A) A (B) B (C) B/ 2 (D) A/ N2 (JEE MAIN)

Sol: (D) Similar to the previous illustration.

% =—asintand d_y =bcost Therefore, d_y =- Ecot (m/4) =- E
dt dt a

Xli—r/a a

. T a a
bsm—x——‘ = —

V2

Therefore, the length of the subtangent = ‘y%

r=n/4

5. ANGLE OF INTERSECTION OF TWO CURVES

The angle of intersection between two intersecting curves C, and C, is defined G T
as the acute angle between their tangents (T, and T, or the normals) at the
point of intersection of the two curves.

m -m
1+mm,

tan y =

, where m  and m, are the slopes of the tangents T, and T, =

at the intersection point (x,, y,)

Note: If the two curves intersect orthogonally, i.e at right angle, then ¢:E.
Hence, the condition will be Z

28

Figure 21.5
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Illustration 38: Which of the following options represents the tangent of the angle at which the curves y = a*and
y = b¥(@ # b > 0)intersect? (JEE ADVANCED)

logab ) loga/b © logab

*) 1+logab 1+ (loga)(logb) 1+ (loga)(logb)

(D) None of these

Sol: (B) Differentiate the two curves and use the formula for angle between two lines.

Intersection of the two curves is given by a* = b*, which implies that x = 0. If a is the angle at which the two curves

intersect, then

tang o MM _ a“loga-b*logb ~  (loga/b)
1+mm,  1+a*b*(loga)logb) 1+ (loga)(logb)

(Putting x = 0)

6. RATE MEASURE

Whenever a quantity y varies with another quantity x, satisfying the rule y = f(x), then (;I_y (or f'(x)) represents the
X

rate of change of y with respect to x and j—y (or f'(a)) represents the rate of change of y with respect to x at x = a.
X

X=a

Illustration 39: The volume of a cube increases at the rate of 9 cm®. How fast does the surface area increase when
the length of an E.g. is 10 cm? (JEE MAIN)

Sol: Rate measurer.
Let x be the length of the side, V be the volume and S be the surface area of the cube.

dx
Thus, (Zl_\t/ =9cm’/s = 3XZE =9cm’/s = d—X = icm/s :>d_S = %(6%) =12x [ 3

dt X2 dt X_Z

ds
dt

= } = 3.6 cm?/s
x=10cms

Illustration 40: A man of height 2 meters walks away from a 5-meter lamppost at a uniform speed of 6 meters per
minute. Find the rate at which the length of his shadow increases. (JEE MAIN)

Sol: Use similarity to establish the relation between the rate at which length of shadow increases and speed of the
man.

B
Let AB be the lamp-post. Let at any time t, the man CD be at a distance x metres from the
lamp-post and y metres be the length of his shadow CE.
D

Then, % = 6 meters / minute [given] ()
Clearly, the triangles ABE and CDE are similar X—>ley—>
A C E
ﬁ = ﬁ = E = u :>3y = 2Xx
Ch CE 2 y Figure 21.6

3 d_y =2 %:3d—y = 2(6) [Using (i)]= ﬂ = 4 meters / minute
dt dt dt dt

=

Illustration 41: An object has been moving in the clockwise direction along the unit circle x? + y> = 1. As it passes
through the point (1/2, \/5/2), its y-coordinate decreases at the rate of 3 units per second. The rate at which the
x-coordinate changes at this point is units per second.

(A) 2 (B) 33 ©) 3 D) 23 (JEE MAIN)
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Sol: (B) Differentiate and proceed.

We find that% when x = 1 andy = ﬁ given that dy __ 3 units/sand x? + y? = L.
dt 2 2 dt
Differentiating x* + y? =1, we get ZXQ + Zyd—y =
dt dt

PUttin9X=%,y= \/5/2 and dy = -3, we get l% \/5

pr > + - -3)=0 :% = 3\/§(increasing)

Illustration 42: A given right circular cone has a volume p.The largest right circular cylinder that can be inscribed
in the cone has a volume g. The ratio of p to g is ) (JEE MAIN)

(A)9:4 (B)8:3 7:2 (D) None of these

Sol: (A) Let H be the height of the cone and a is its semi-vertical angle.
Let x be the radius of the inscribed cylinder and h be its height.
h=QL=0OL-0Q=H-xcota

p = %n(H tan o)’ H ()
V = volume of the cylinder = nx? (H — x cot o) 0
d—V = (2Hx — 3x% cot a) i\
dx X

|1
Hence,d—V:O =x=0 Q

dx
2
x:gHtana,d—V =-2nH <0, so
3 dx?| 2 ¢ p
x:gHtana
Figure 21.7

X

V is maximum when x = % Htanoaandq=V__ = TE%HZ tanzo% H= gp [using (i)]

Therefore,p:q=9:4

7. APPROXIMATION USING DIFFERENTIALS

To calculate the approximate value of a function, differentials may be used, wherein the differential of a function is
equal to its derivative multiplied by the differential of the independent variable.

dy = f'(x)dx or df(x) = f'(x) dx

MASTERJEE CONCEPTS

For the independent variable ‘X, increment Ax and differential dx can be made equal, but the same
cannot be applied in case of the dependent variable 'y, i.e. Ay # dy.

Therefore, the approximate value of y when the increment A x is given to the independent variable x in
y = f(x) is

y+Ay=f(x+Ax):f(x)+3—y.Ax
X

= f(x + Ax) = f(x) + f'(x) Ax
Vaibhav Gupta (JEE 2009 AIR 54)
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Illustration 43: Find the approximate value of the square root of 25.2. (JEE MAIN)
Sol: Consider a function f(x) = Jx and differentiate to get the derivative. Then replace x by x+Dx and proceed.

Let f(x) = \/; so f'(x) = iWe can write 25.2 as 25 + 0.2

2x

By taking x = 25 and Ax = 0.2, now f(x + Ax) = f(x) + f'(x). Ax

= \/; + L.Ax:\/£+ L.O.Z

2x 225

= 5+£=5+0.02=5.02
10

Illustration 44: What is the approximate change in the volume V of a cube of side x meters caused by increasing
the side by 2%? (JEE MAIN)

Sol: Differentiate the equation V = x* and use the relation AV = j—vAx.
X

Let A(x) be the change in x and AV be the corresponding change in V

Given that 2 x 100 = 2
X

We know thatV = x3 .. j—v = 3x?
X

Therefore, AV = Y Ax =  AV= 3x2Ax = 3 x 25 = 0,06 'm?
dx 100

The approximate change in volume is 0.06 x>m?.

Illustration 45: What is the approximate value of cos 40°7? (JEE ANDANCED)

(A) 0.7688 (B) 0.7071 (C) 0.7117 (D) 0.7
Sol: (A) Take a function f(x) = cos x and proceed.
T T T

Let f(x) = cos x. 40°=45°-5° = — - —_ x 5= — - radians
4 180 4 36

A differential is used to estimate the change in cos x

When x decreases from = to =~ — I
4 4 36
f'(x) = —sin x and df (x)= f'(x) h = —h sin x

Withx = = and h = — -, df is given by
4 36

df = —f(h = - (-lj sin [E] n L _m2 g6

"3 72

cos 40 = cos 45 + 0.0617 =0.7071 + 0.0617 = 0.7688.

8. SHORTEST DISTANCE BETWEEN TWO CURVES

It has been found that the shortest distance between two non-intersecting curves is always along the common
normal (wherever defined).
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Illustration 46: Find out the shortest distance between the line y = x — 2 and the parabolay = x> + 3x + 2.

(JEE MAIN)
Sol: The distance would be minimum at the point on the parabola where y = X"+ 3x + 3y y
the slope of the tangent is equal to the slope of the given line. / )
y=X-
Let P(x,, y,) is the point closest to the liney = x - 2 P=(x y1) /
dy X' NO X
Then,— = slope of the line 7/
dx
(x1.y1) /
= 2x+3=1= x =-landy, =0 )
Therefore, point (-1, 0) is the closest and its perpendicular distance from the Y
line y = x — 2 gives the shortest distance. Figure 21.8
= Shortest distance = 3 units
2
Illustration 47: Which of the following points of the curve y = x? is closest to (4, — %2)? (JEE MAIN)

(A) @1 (B) (2, 4) Q) (2/3,4/9) (D) (4/3,16/9)

Sol:(A) Using distance formula find the distance of the given point from the curve and find the minima.

Let the required point be (x, y) on the curve.

Hence, d = \/(x—4)2 +(y+1/2)* should be minimum, which is enough to consider.
D=(x-42+(y+1/2?=(x-4)2+ (x2 + 1/2)?

D'=4x3+4x-8

Now for critical points

D'=0sox*+x-2=0 =>x=1

Clearly D" at x = 1is 16 > 0.

Thus, D is minimum when x = 1. Hence the required point is (1, 1).

PROBLEM-SOLVING TACTICS

e Reduce any fractions to be as basic as possible.

e Recognise when we can use the chain rule. it enables us to differentiate functions that often seem impossible
to differentiate. Whenever you see a nested function, try to assess if the chain rule is needed (it usually is).

e We always want to start a long chain of differentiation by differentiating the last part of the function to touch
the input - in short, the outermost part of the function.



21.26 | Methods of Differentiation and Applications of Derivatives

FORMULAE SHEET

£ 0 i(cu) = c%
dx dx dx
i(uiv)—%id—v i(uv)zuﬂ +v%
dx dx dx d dx dx
du ud—v dy dy du
i u dx  dx - = 5 7
= dx du dx
dx (v v2
d n — n-1 d n — n-1 du
&X = Nnx &U nu dX
d du
a*=(na)a —a'=(na)a dx
d d %
&e =e &e =e dX
d 1 d 1 du
— |Og X = — |og u-= -
dx 7° (Ina)x dx ¢ (Inayu dx
d d 1 du
—Inx= = — lnu==="2
dx X dx u dx
d . d . du
—sin X = cos X —sinu =cosu—
X dx dx
d . d . du
— COS X = —Sin X —Ccosu=-sinu—
dx dx dx

d
—tan x = sec? x
dx

d , du
—tanu = seccu—
dx dx

d 2
— cot x = — cosec® x

d , du
— cot u = — cosec ud—

dx dx X

d d du
—sec X = sec X tan x —secu=secutanu —

dx dx dx

d d du
—— COSec X = — Ccosec x cot x — cosec u = —cosecu cotu —
dx dx dx
i sinl x = 1 i sinlu = 1 %

dx 132 dx /1—u2 dx

itan’l X = 1 itan*l u= 1 E

dx 1+x? dx 1+u? dx




* Equation of tangent to the curve y = f(x) at A(x,, y,) isy

* Equation of normal at (x,, y,) to the curve y = f(x) is (y —

Mathematics | 21.27

(x=x,)
X1.¥1)

_y o= |9y
Vi (dxl

&)
dx (x1.¥1)

y) = (x=x,)

* Length of Tangent, Normal, Subtangent and Subnormal

&
Y. 1+ &
Tangent: PT = MP cosec ¥ = ym = r
ay
dx
y
Subtangent: TM = MP cot¥ = | ————
’ ‘wy/dm

Normal: GP = MP sec ¥ = y1+tan’y =

2
dy
1 —_7

Subnormal: MG = MP tan ¥ = ‘ y[j—y]
X

* Angle of Intersection of Two Curves

m, —m
tany = | L2

1

1+mm,

where m, and m, are the slopes of the tangents T, and
point (x, y,)-

/

T, at the intersection
Figure 21.10

JEE Main/Boards

Example 1: Show that the function f(x) = | x | is
continuous at x = 0, but not differentiable at x = 0.

Sol: Evaluate f'(0*) and f'(0").

We have f(x) = { X, x=0
-x, x<0
Since lim f(x) = lim f(x) = 0 = f(0)

x—0" x—0"

The function is continuous at x = 0
We also have
x—0

lim — =
X

f(x)-1(0) _
- =

lim
x—0"

f(0") =

x—0

lim f0)-f(0) lim —(=x)-0 _
X T x>0 X -

f(0) = -1

x—0"

Since, f'(0*)#f'(07), the function is not differentiable at
x=0

Example 2: Find the derivative of the function f(x),
defined by f(x) = sin x by 1*tprinciple.

Sol: Use the first principle to find the derivative of the
given function.

Let dy be the increment in y corresponding to an
increment dx in x. We have

y =sin x

y +dy = sin (x + dx)



