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Introduction

11 - 3

 In this chapter we will show how to determine the elastic

deflections of a beam using the method of double

integration and two important geometrical methods,

namely, the moment-area theorems and the conjugate-

beam method. Double integration is used to obtain

equations which define the slope and the elastic curve.

The geometric methods provide a way to obtain the slope

and deflection at specific points on the beam. Each of

these methods has particular advantages or disadvantages,

which will be discussed when each method is presented.

3



CEE  3222: THEORY OF STRUCTURESEng. Denis MWABA MSc, B.Eng., R.Eng., PEIZ, 

Deflection Curves

4



CEE  3222: THEORY OF STRUCTURESEng. Denis MWABA MSc, B.Eng., R.Eng., PEIZ, 

Deflection curves

11 - 5

 Deflections of structures can occur from various sources,

such as loads, temperature, fabrication errors, or

settlement.

 Deflections must be limited in order to provide integrity

and stability of roofs, and prevent cracking of attached

brittle materials such as concrete, plaster or glass.

 A structure must not vibrate or deflect severely in order to

“appear” safe for its occupants.

 Deflections at specified points in a structure must be

determined to analyze statically indeterminate structures.
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Deflection curves

11 - 6

 We consider having linear elastic material response.

 For beams and frames, deflections are most often caused

by internal bending

 Internal axial forces cause the deflections of a truss.

 The deflection diagram represents the elastic curve or

locus of points which defines the displaced position of the

centroid of the cross section along the members.

 Supports that resist a force, such as a pin, restrict

displacement; and those that resist moment, such as a

fixed wall, restrict rotation.
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Deflection curves

7

 If the shape of the moment diagram

is known, it will be easy to construct

the elastic curve and vice versa.

 In this particular beam, there must be

an inflection point at the point where

the curve changes from concave down

to concave up, since this is a point of

zero moment.
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Deflection curves

8

 The deflection curve

also helps engineers in

locating the steel

needed to reinforce a

concrete beam,

column, or wall.

 In concrete, they are

used to determine the

location and quantity

of reinforcing rods
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Deflection curves
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Deflection curves
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Elastic Beam Theory
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Elastic-Beam Theory

 We create the relationship between the internal 

moment and the displacement and slope of  its 

elastic curve.

 From the figure, the strain at the neutral axis is 

given by 

𝜖 =
𝑑𝑠′ − 𝑑𝑠

𝑑𝑠
=

𝜌 − 𝑦 𝑑𝜃 − 𝜌𝑑𝜃

𝜌𝑑𝜃
= −

𝑦

𝜌

 But 𝜖 = 𝜎/𝐸 and 𝜎 = −𝑀𝑦/𝐼
1

𝜌
=
𝑀

𝐸𝐼
and thus 𝑑𝜃 = 1/𝜌𝑑𝜃 =

𝑀

𝐸𝐼

EI in this equation 

is referred to as the 

flexural rigidity

12
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Double Integration Method
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Double Integration Method

M is expressed as a function of  

position x, then successive 

integrations yields

𝜃 = tan𝜃 =
𝑑𝑣

𝑑𝑥
= න

𝑀

𝐸𝐼
𝑑𝑥

Thus 

𝑣 = නන
𝑀

𝐸𝐼
𝑑𝑥 𝑑𝑥
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 it is important to 

use the proper 

sign for M

 positive deflection, 𝑣 is upward, and as a result, the

positive slope angle 𝜽 will be measured counterclockwise

from the x axis.

 If the beam is supported by a roller or pin, then it is required

that the displacement be zero at these points. Also, at a fixed

support the slope and displacement are both zero.
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Double Integration Method

15

 If  a single x coordinate cannot be used 

to express the equation for the beam’s 

slope or the elastic curve, then 

continuity conditions must be used to 

evaluate some of  the integration 

constants. 

 If the beam is supported by a roller or pin, then it is required that the displacement be

zero at these points. Also, at a fixed support the slope and displacement are both

zero.
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Double Integration Method
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Example 3.1

Determine the equations for the slope and deflection of  the beam 

shown in the figure below by the direct integration method. Also, 

compute the slope at each end and the deflection at the midspan of  

the beam. EI is constant.
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Solution 3.1
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Solution 3.1 cont.
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Solution 3.1 cont.
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Example 3.2

 The beam in the figure is subjected to a load P at its end. Determine 

the displacement at C. EI is constant.
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Solution 3.2
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Solution 3.2
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Moment-Area Theorems
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Moment-Area Theorems

 Theorem 1: The change in slope

between any two points on the elastic

curve equals the area of the 𝑀/𝐸𝐼
diagram between these two points.

25

The notation 𝜃𝐵/𝐴 is referred to as the angle of the tangent at B measured with respect to the tangent at A. If 𝜃𝐵/𝐴 is

counterclockwise, M/EI diagram is +ve and vice versa. 𝜃𝐵/𝐴 is measured in radians
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Moment-Area Theorems

 Theorem 2: The vertical deviation of

the tangent at a point (A) on the elastic

curve with respect to the tangent

extended from another point (B) equals

the “moment” of the area under the

𝑀/𝐸𝐼 diagram between the two points

(A and B). This moment is computed

about point A (the point on the elastic

curve), where the deviation 𝑡𝐴/𝐵 is to be

determined.

26

 Recall from statics that the

centroid of an area is determined

from ҧ𝑥 𝑑𝐴 =  𝑥𝑑𝐴 . Since


𝑀

𝐸𝐼
𝑑𝑥 is an area of the

𝑀/𝐸𝐼diagram, we can also write
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Moment-Area Theorems
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Example 3.3
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Solution 3.3
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Solution 3.3
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Example 3.4

31

Determine the slopes and deflections at points B and C of the cantilever

beam shown in the figure by the moment-area method.
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Solution 3.4
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Solution 3.4
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Solution 3.4
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Solution 3.4

35



CEE  3222: THEORY OF STRUCTURESEng. Denis MWABA MSc, B.Eng., R.Eng., PEIZ, 

Solution 3.4
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Example 3.5
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Solution 3.5
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Example 3.6
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Solution 3.6
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Conjugate Beam Method
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Conjugate Beam Method

 This method was developed by Muller 

Breslau and relies only on the principles 

of  statics.

 Shear 𝑉 compares with the slope 𝜃, the moment 

M compares with the displacement 𝑣, and the 

external load 𝑤 compares with the 𝑀/𝐸𝐼 diagram. 

 Thus a beam having the same length as the real 

beam, but referred to here as the “conjugate 

beam,”

 𝑀/𝐸𝐼 diagram derived from the load w on the real 

beam. 
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Conjugate Beam Method

 Theorem 1: The slope at a point in the 

real beam is numerically equal to the 

shear at the corresponding point in the 

conjugate beam.

 Theorem 2: The displacement of a point 

in the real beam is numerically equal to 

the moment at the corresponding point 

in the conjugate beam.

 The shear and moment developed at the 

supports of  the conjugate beam account 

for the corresponding slope and 

displacement of  the real beam at its 

supports

 neglecting axial force, statically 

determinate real beams have statically 

determinate conjugate beams; and 

statically indeterminate real beams
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Conjugate Beam Method
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Example 3.7
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Example 3.7
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Example 3.8
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Example 3.8

48



CEE  3222: THEORY OF STRUCTURESEng. Denis MWABA MSc, B.Eng., R.Eng., PEIZ, 

Example 3.9
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Example 3.9
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Example 3.9
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