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Introduction

All energy methods are based on the conservation of energy

principle, which states that the work done by all external forces

acting on the structure, 𝑈𝑒, is transformed into internal work or

strain energy. 𝑈𝑖 , developed in the members when the structure

deforms.

𝑈𝑒 = 𝑈𝑖
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Castigliano’s Theorem

 This method is also called 

Castigliano’s second theorem, or the 

method of least work.

 It states that the displacement (slope) of  

a point is equal to the first partial 

derivative of  the strain energy in the 

structure with respect to a force (couple 

moment) acting at the point and in the 

direction of  displacement

4

Assumptions on structures.

1. constant temperature

2. unyielding supports

3. linear elastic material response.

 The equation is a statement 

regarding the structure’s 

compatibility. 

 The above derivation requires 

that only conservative forces be 

considered for the analysis. 

 These forces do work that is 

independent of  the path and 

therefore create no energy loss.
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Castigliano’s Theorem for Trusses

Recall that the strain energy for an 

axial force is given by 

 Substituting this in

We get formula using the theorem
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𝑈𝑖 =
𝑵𝟐𝑳

𝟐𝑨𝑬

∆=෍𝑵
𝝏𝑵

𝝏𝑷

𝑳

𝑨𝑬

 Each member force N must be 

expressed as a function of  P. 
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Castigliano’s Theorem for Trusses
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Example 1

Determine the vertical displacement of  joint C of  the truss 

shown in the figure. The cross-sectional area of  each member is 

𝐴 = 400𝑚𝑚2 and 𝐸 = 200 𝐺𝑃𝑎
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Solution 1

 A vertical force P is applied to the truss at joint C, 

since this is where the vertical displacement is to 

be determined

 Since P does not actually exist as a real load on 

the truss, we require P = 0 in the table below
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Example 2 + Solution

4- 9

Members of the truss shown consist of

sections of aluminum pipe with the

cross-sectional areas indicated. Using E

= 73 GPa, determine the vertical

deflection of the joint C caused by the

load P.

• Apply the method of joints to determine the axial

force in each member due to Q.

• evaluate the derivative with respect to Q of the

strain energy of the truss due to the loads P and Q.

• Setting Q = 0, evaluate the derivative which is

equivalent to the desired displacement at C.

SOLUTION:

• For application of Castigliano’s theorem, introduce

a dummy vertical load Q at C. Find the reactions

at A and B due to the dummy load from a free-

body diagram of the entire truss.
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Solution 2

4- 10

SOLUTION:

• Find the reactions at A and B due to a dummy load Q at C from

a free-body diagram of the entire truss.

QBQAQA yx 4
3

4
3 

• Apply the method of joints to determine the axial force in

each member due to Q.

QFF

QFF
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DECE

4
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Solution 2

4-

11

• Combine with the results of Sample Problem 11.4 to evaluate the derivative with 

respect to Q of the strain energy of the truss due to the loads P and Q.

 QP
EQ
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y i

i

ii
C 42634306

1
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


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








• Setting Q = 0, evaluate the derivative which is equivalent to the desired

displacement at C.

 
Pa1073

10404306
9
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


N
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Castigliano’s Theorem for Beams and Frames

 The internal bending strain energy for a beam or frame is given by 

𝑈𝑖 = =𝑀2𝑑𝑥/2𝐸𝐼. Substituting this equation into ∆𝑖׬ 𝜕𝑈𝑖/𝜕𝑃𝑖 and 

omitting the subscript 𝑖, we have
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Castigliano’s Theorem for Beams and Frames

 If  the slope 𝜃 at a point is to be determined, we must find the partial 

derivative of  the internal moment 𝑀 with respect to an external 

couple moment 𝑀′ acting at the point.
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 For shear and torsion, we have the 

following and their partial derivative.
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Castigliano’s Theorem for Beams and Frames
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Example 3

Determine the displacement of  point B of  the beam shown in the 

figure. Take 𝐸 = 200𝐺𝑃𝑎, 𝐼 = 500(106)𝑚𝑚4.

15



CEE  3222: THEORY OF STRUCTURESMr. MWABA MSc, B.Eng., R.Eng., PEIZ, 

Solution 3

 A vertical force P is placed on the beam 

at B as shown in the figure.
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Example 4

Determine the slope at point B of  the beam shown in the figure. 

Take 𝐸 = 200𝐺𝑃𝑎, 𝐼 = 60(106)𝑚𝑚4.
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Solution 4

 Since the slope at point B is to be determined, an 

external couple 𝑀’ is placed on the beam at this 

point. Two coordinates, 𝑥1 and 𝑥2, must be used 

to determine the internal moments within the 

beam since there is a discontinuity, M’, at B.
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Example 5
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Solution 5
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Solution 5
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Example 6

Determine the slope at point C of  the two-member frame shown in 

the Figure below. The support at A is fixed. Take 𝐸 = 29000 𝑘𝑠𝑖, 
𝐼 = 600𝑖𝑛4.
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Solution 6

 A variable moment M’ is applied to the 

fra-me at point C, since the slope at this 

point is to be determined. Due to the 

discontinuity of  internal loading at B, 

two coordinates, 𝑥1 and 𝑥2, are chosen 
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Solution 6
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