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Introduction

 For a coplanar structure there are at most three equilibrium 

equations for each part, so that if  there is a total of  n parts and r 

force and moment reaction components, we have

 This indeterminacy may arise as a result of:-

• Added supports 

• Added members

• General form of  the structure (eg RC)
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Introduction

Advantages

 The maximum stress and deflection 

of  an indeterminate structure are 

generally smaller than those of  its 

statically determinate 

 Tendency to redistribute its load to 

its redundant supports in cases 

where faulty design or overloading 

occurs

 statically indeterminate structures 

can support a loading with thinner 

members and with increased 

stability compared to their statically 

determinate counterparts
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Disadvantages

 Costly to fabricate joints for statically 

indeterminate.

 Because redundant support reactions, 

Great care to prevent differential 

displacement of  the supports.

 any deformation, such as that caused 

by relative support displacement, or 

changes in member lengths caused by 

temperature or fabrication errors, will 

introduce additional stresses in the 

structure, which must be considered 

when designing indeterminate 

structures.
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Statically determinate Statically indeterminate

Equilibrium equations could 

be directly solved, and thus 

forces could be calculated 

in an easy way

Equilibrium equations could 

be solved only when 

coupled with physical law 

and compatibility equations

Stress state depends only 

on geometry & loading

Stress state depends on 

rigidities

Not survivable, moderately 

used in modern aviation 

(due to damage tolerance 

requirement) 

Survivable, widely used in 

modern aviation

(due to damage tolerance 

property)

Easy to manufacture Hard to manufacture 
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Introduction

 Satisfy equilibrium, compatibility, and force-displacement

• Equilibrium:- The reactive forces hold the structure at rest.

• Compatibility:- structure fit together without breaks or overlaps

• Force-displacement:- Structure carries the Load without excessive 

displacements

 For a statically indeterminate structure, they are the force or 

flexibility method, and the displacement or stiffness method.
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Slope-deflection method

Force method

Small degree

of statical

indeterminacy

Large degree

of statical

indeterminacy

Slope-deflection method

in matrix formulation

Numerical methods
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General Compatibility (Force) method

Originally developed by James Clerk Maxwell in 1864 and later 

refined by Otto Mohr and Heinrich Müller-Breslau.

 It is also called Flexibility Method or Method of consistent 

Displacements.

Consider the beam below

8

The beam has 4 unknown reactions 

and 3 equilibrium equations. Hence 

statically indeterminate to first 

degree.

An additional equation is necessary 

and is obtained by superposition 

consider the compatibility of   

displacement at one of  the supports
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General Compatibility (Force) method

 One of  the support (a rocker at B) will be temporarily removed and considered 

“redundant”. The structure which remains is statically determinate and it’s a 

primary structure.
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With no rocker, the load P will 

displace B through ∆𝐵
By superposition, the unknown reaction 

𝐵𝑦 will cause B to displace ∆𝐵𝐵
′

∆𝐵𝐵
′

The first letter: Where the 

deflection is specified

The Second letter: Where 

the unknown reaction acts

Compatibility Equation

Let 𝐵𝑦 be unit, will cause B to displace 𝑓𝐵𝐵 (linear flexibility 

coefficient with units 𝑚/𝑁). If  linearly Elastic,  Any 𝐵𝑦 will 

cause a proportional increase in 𝑓𝐵𝐵. Thus     ∆𝐵𝐵
′ = 𝐵𝑦𝑓𝐵𝐵
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General Compatibility (Force) method

 The compatibility Equation will then become 

 ∆𝐵 is determined through the deflection methods learnt from the energy 

methods.

 The reaction at B is then determined as 

 The other reactions of  the primary structure can be determined using 

equilibrium equation.
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General Compatibility (Force) method

 If  you declare the moment at A as redundant, then you can replace the fixed 

joint with a pin, to remove moment resistant. Similar procedure as before.

11

 Where 𝛼𝐴𝐴 is the angular flexibility coefficient
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General Compatibility (Force) method

 The beam is indeterminate to the second degree and therefore two compatibility 

equations will be necessary for the solution. 
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General Compatibility (Force) method

13



CEE  3222: THEORY OF STRUCTURESMr. MWABA MSc, B.Eng., R.Eng., PEIZ, 

General Compatibility (Force) method
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Maxwell’s Theorem of Reciprocal Displacements; 
Betti’s Law

 The theorem of reciprocal displacements states that the displacement 

of  a point B on a structure due to a unit load acting at point A is equal to the 

displacement of  point A when the unit load is acting at point B, that is, 

𝑓𝐵𝐴 = 𝑓𝐴𝐵

15

 The theorem also applies for reciprocal rotations, and may be stated as follows: the rotation at point B on a 

structure due to a unit couple moment acting at point A is equal to the rotation at point A when the unit 

couple moment is acting at point B. 

 Furthermore, using a unit force and unit couple moment, applied at separate points on the structure, we 

may also state: The rotation in radians at point B on a structure due to a unit load acting at point A is equal 

to the displacement at point A when a unit couple moment is acting at point B.



CEE  3222: THEORY OF STRUCTURESMr. MWABA MSc, B.Eng., R.Eng., PEIZ, 

Maxwell’s Theorem of Reciprocal Displacements; 
Betti’s Law

 When the theorem of  reciprocal displacements is formalized in a more general 

sense, it is referred to as Betti’s law. 

 Briefly stated: 

 The virtual work 𝑑𝑈𝐴𝐵 done by a system of  forces σ𝑃𝐵 that undergo a displacement 

caused by a system of  forces σ𝑃𝐴 is equal to the virtual work 𝑑𝑈𝐵𝐴 caused by the 

forcesσ𝑃𝐴when the structure deforms due to the system of  forces σ𝑃𝐵. In other words, 

𝑑𝑈𝐴𝐵 = 𝑑𝑈𝐵𝐴. 
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General Compatibility (Force) method-Generalised

 When computing the flexibility coefficients, 𝑓𝑖𝑗 (𝑜𝑟 𝛼𝑖𝑗), for the structure, it will 

be noticed that they depend only on the material and geometrical properties of  

the members and not on the loading of  the primary structure. Hence these 

values, once determined, can be used to compute the reactions for any loading.

 For a structure having n redundant reactions, 𝑅𝑛, we can write 𝑛 compatibility 

equations, namely:
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General Compatibility (Force) method- symmetry

 The analysis of a statically

indeterminate structure can be

simplified if the structure has

symmetry of material, geometry,

and loading about its central

axis. In particular, structures

having an asymmetric loading

can be replaced with a

superposition of a symmetric

and antisymmetric load.

18
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Force Method for beams

Consider a trussed cantilever 

bridge, such as the one shown in 

the photo.

 It consists of  two cantilevered 

sections AB and CD and a center 

suspended span BC that was 

floated out and lifted in place.

 The span BC was pinned at B and 

suspended from C by a primary 

vertical member CE.
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Force Method for beams

 Although this is a 25% reduction in the 

maximum moment, unfortunately any slight 

settlement of  one of  the bridge piers would 

introduce larger reactions at the supports, 

and also larger moments in the beam

 The beam then becomes statically determinate by introducing pins in the span at point E and 

F as shown and yet continuity of  the span is maintained. 

 In this case any settlement of  a support would not affect the reactions. The cantilevered bridge 

span works on the same principle.
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Example 1

Determine the reaction at the roller support B of  the beam shown 

in the figure. EI is constant.
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Solution 1

By inspection, the beam is statically indeterminate to the first degree. The 

redundant will be taken as By so that this force can be determined directly
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Solution 1

By inspection, 

the beam is 

statically 

indeterminate 

to the first 

degree. The 

redundant 

will be taken 

as By so that 

this force can 

be determined 

directly
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Example 2

Draw the shear and moment diagrams for the beam shown in the 

figure. The support at B settles 1.5 in. Take 𝐸 = 29(103) 𝑘𝑠𝑖, 𝐼 =
750 𝑖𝑛4.

24
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Solution 2

 By inspection, the beam is indeterminate to the first degree. The center support B will be chosen 

as the redundant, so that the roller at B is removed. Here 𝐵𝑦 is assumed to act downward on the 

beam.

25
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Solution 2
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Example 3

Determine the reactions at the supports for the beam shown in 

Figure. EI is constant.
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Solution 3

28



CEE  3222: THEORY OF STRUCTURESMr. MWABA MSc, B.Eng., R.Eng., PEIZ, 

Solution 3
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Force Method of Analysis: Frames

 The force method is very useful for solving problems involving statically

indeterminate frames that have a single story and unusual geometry, such as

gabled frames. Problems involving multistory frames, or those with a high

degree of indeterminacy, are best solved using the slope-deflection, moment-

distribution, or the stiffness method discussed in later chapters.
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Example 4

 The saddle bent shown in the photo is used to support the bridge 

deck. Assuming EI is constant, a drawing of  it along with the 

dimensions and loading is shown in the figure. Determine the 

horizontal support reaction at A.
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Solution 4
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Solution 4
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Force Method of Analysis: Trusses

 The degree of indeterminacy of a truss can usually be determined

by inspection; however, if this becomes difficult, 𝑏 + 𝑟 > 2𝑗.

 The force method is quite suitable for analyzing trusses that are

statically indeterminate to the first or second degree.

34
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Example 5

Determine the force in member AC of  the truss shown in the figure 

below. AE is the same for all the members

35
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Solution 5
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Solution 5
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Example 6
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Determine the force in each member of  the truss shown in the 

figure below. if  the turnbuckle on member AC is used to 

shorten the member by 0.5 in. Each bar has a cross-sectional 

area of  0.2 𝑖𝑛2, and 𝐸 = 29(106) psi.
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Solution 6
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Composite Structures

40

 Composite structures are composed of  some members 

subjected only to axial force, while other members are 

subjected to bending. 

 If  the structure is statically indeterminate, the force method 

can conveniently be used for its analysis. The following 

example illustrates the procedure.
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Example 7
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The simply supported queen-post trussed beam shown in the photo is to be

designed to support a uniform load of 2 𝑘𝑁/𝑚. The dimensions of the structure

are shown in the figure below. Determine the force developed in member CE.

Neglect the thickness of the beam and assume the truss members are pin connected

to the beam. Also, neglect the effect of axial compression and shear in the beam.

The cross-sectional area of each strut is 400 mm2, and for the beam 𝐼 =
20(106) 𝑚𝑚4. Take 𝐸 = 200 𝐺𝑃𝑎.
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Solution 7
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Solution 7
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Solution 7
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