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What will be covered

1 Determine the shear stresses in a circular shaft due to
torsion

2 Determine the angle of twist
3 Analyze statically indeterminate torque-loaded members

4 Deal with solid non-circular shafts and thin-walled tubes



INTRODUCTION

— Torgue (T) iIs a moment that tends to twist a member
about its longitudinal axis.

— In the design of machinery (and some structures), the
problem of transmitting a torque from one plane to a
parallel plane is frequently encountered

— The simplest device for accomplishing this function is
called a shaft

— The torsion problem is concerned with the determination
of stresses in shaft and the deformation of the shatft.



Comparisons between Axial Deformation and
Torsion

Axial Deformation Torsion
Axial Force (F) Torque (7))
Elongation (e) Twist angle (o)
Normal stress (o) Shear stress (7)
Extensional strain (€) Shear strain (7y)
Modulus of elasticity (E) Shear modulus (G)
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« Assumptions:
— Linear and elastic deformation
— Plane section remains plane and undistorted
Figure 1

Circles remain
circular

. Longitudinal
lines become
twisted

remain straight

Before deformation
(a) After deformation

(b)
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Figure 2 Figure 3
Notice the deformation of the rectangular
| element when this rubber bar is subjected

to a torque.

-

Deformed
plane

Undeformed
plane

The angle of twist ¢(x) increases as x increases.
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* Linear distribution of stress: —_— = ETmax
C

 Torsion — shear relationship: Figure 4
0 Shear stress 1 varies linearly
T = jp(r)dA = jp(—}madi from Zero (at axis) along radial
A A \C line of the cross section to
Tmay at outer surface

.
T = ™ | H2dA
C {'D —’f p*dA =]
2
_Tc _
Thax = ] —, Torsional

Formula
Similarily, 7 = z—p/

p = radial distance
¢ = outer radius of shaft
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« Polar moment of inertia

C C
— For solid shatft: J = _[,Osz= J‘pz(zﬂpdp) — zﬂjp3dp = zﬂ(ljp“
A 0 0 4 0
J="¢*
2

— For tubular shaft: J = E(c;‘ _Ci4)
2

. Figure 6b
Figure 5 Figure 6a )

Shear stress varies linearly along
cach radial line of the cross section.

(b)
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The pipe shown below has an inner diameter of 80 mm and an
outer diameter of 100 mm. If its end is tightened against the
support at A using a torque wrench at B, determine the shear
stress developed in the material at the inner and outer walls
along the central portion of the pipe when the 80-N forces are
applied to the wrench.

80 N box
@,

%? '772()() mm A
. b 3 :

~ : 80 N
P’ 300 mm
B 1

(a) J
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Solutions

* The only unknown at the section is the internal torque T

ZMy _ O' 80N
) i -Z -
80(0.3) + 80(0.2) — T = 0 T} &35

00 mm

T=40N-m 4\/
; 80 N

* The polar moment of inertia for the pipe’s cross-sectional
area is

J= g[(o.os)“ ~(0.04)" |=5.796(10"°) m*
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* For any point lying on the outside surface of the pipe,
p=C,=0.05m

Tc, 40(0.05)
] _5.796(10‘6)

=0.345 MPa (Ans)

T =

& 300m{1

(b)
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« And for any point located on the inside surface, p=c¢, =0.04 m

 40(0.04
o _Te_ _40(004) 506 vpa (Ans)

) _5.796(10‘6)

« The resultant internal torque is equal but opposite.

Figure 7

7 = 0.276 MPa

N =) = 0.345 MPa



Angle of Twist

(b)

* For constant torqgue and cross-sectional area:

_TL

T




Angle of Twist (2of2)

 Sign convention for both torque and angle of twist

— positive if (right hand) thumb directs outward from the
shaft

Figure 8




Example 2

A rod specimen of ductile cast iron was tested In a
torsion-testing machine. The rod diameter was 22
mm, and the rod length was 300 mm. When the
applied torque reached 271.4 N-m, a shear strain

of 2,015 micro-radians was measured In the
specimen.

What was the angle of twist in the specimen?



Example 2 - SOLUTION

The polar moment of inertia for the specimen is
g1
] = > (11 mm)* = 22,998 mm*
The shear stress in the specimen at the specified torque is:

Tc (2714N-m)(11 mm)(1,000 mm/m)
] 22,998 mm*

T =

= 129.81 Mpa



Example 2 - SOLUTION

From Hooke’s law, calculate the shear modulus from the specified
shear strain and the calculated shear stress:

2
r =Gy L= Lo JOBINIMMT _ o) s 4 Nimm?
y 2,015x107 rad

The magnitude of the angle of twist in a 300 mm length of the
specimen Is

_TL (271.4 N -m)(300 mm) (1,000 mm/m)
¢= JG (22,998 mm*)(64,422.4 N/mm?)

3.15°

0.0550 rad




